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Über Halbleiter sollte man nicht arbeiten,
das ist eine Schweinerei; wer weiss ob es
überhaupt Halbleiter gibt.

–W. Pauli 1931



Foreword

I first heard of k·p in a course on semiconductor physics taught by my thesis adviser
William Paul at Harvard in the fall of 1956. He presented the k·p Hamiltonian as
a semiempirical theoretical tool which had become rather useful for the interpreta-
tion of the cyclotron resonance experiments, as reported by Dresselhaus, Kip and
Kittel. This perturbation technique had already been succinctly discussed by Shock-
ley in a now almost forgotten 1950 Physical Review publication. In 1958 Harvey
Brooks, who had returned to Harvard as Dean of the Division of Engineering and
Applied Physics in which I was enrolled, gave a lecture on the capabilities of the k·p
technique to predict and fit non-parabolicities of band extrema in semiconductors.
He had just visited the General Electric Labs in Schenectady and had discussed
with Evan Kane the latter’s recent work on the non-parabolicity of band extrema
in semiconductors, in particular InSb. I was very impressed by Dean Brooks’s talk
as an application of quantum mechanics to current real world problems. During my
thesis work I had performed a number of optical measurements which were asking
for theoretical interpretation, among them the dependence of effective masses of
semiconductors on temperature and carrier concentration. Although my theoretical
ability was rather limited, with the help of Paul and Brooks I was able to realize the
capabilities of the k·p method for interpreting my data in a simple way. The tem-
perature effects could be split into three components: a contribution of the thermal
expansion, which could be easily estimated from the pressure dependence of gaps
(then a specialty of William Paul’s lab), an effect of the nonparabolicity on the ther-
mally excited carriers, also accessible to k·p, and the direct effect of electron-phonon
interaction. The latter contribution could not be rigorously introduced into the k·p
formalism but some guesses where made, such as neglecting it completely. Up to
date, the electron-phonon interaction has not been rigorously incorporated into the
k·p Hamiltonian and often only the volume effect is taken into account. After finish-
ing my thesis, I worked at the RCA laboratories (Zurich and Princeton), at Brown
University and finally at the Max Planck Institute in Stuttgart. In these three orga-
nizations I made profuse use of k·p. Particularly important in this context was the
work on the full-zone k·p, coauthored with Fred Pollak and performed shortly after
we joined the Brown faculty in 1965. We were waiting for delivery of spectroscopic
equipment to set up our new lab and thought that it would be a good idea to spend
idle time trying to see how far into the Brillouin zone one could extend the k·p band
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viii Foreword

structures: till then the use of k·p had been confined to the close neighborhood of
band edges. Fred was very skilled at using the early computers available to us. We,
of course, were aiming at working with as few basis states as possible, so we started
with 9 (neglecting spin-orbit coupling). The bands did not look very good. We kept
adding basis states till we found that rather reasonable bands were obtained with
15 k = 0 states. The calculations were first performed for germanium and silicon,
then they were generalized to III-V compounds and spin-orbit coupling was added. I
kept the printed computer output for energies and wave functions versus k and used
it till recently for many calculations. The resulting Physical Review publication of
Fred and myself has been cited nearly 400 times. The last of my works which uses
k·p techniques was published in the Physical Review in 2008 by Chantis, Cardona,
Christensen, Smith, van Schilfgaarde, Kotani, Svane and Albers. It deals with the
stress induced linear terms in k in the conduction band minimum of GaAs. About
one-third of my publications use some aspects of the k·p theory.

The present monograph is devoted to a wide range of aspects of the k·p method
as applied to diamond, zincblende and wurtzite-type semiconductors. Its authors
have been very active in using this method in their research. Chapter 1 of the
monograph contains an overview of the work and a listing of related literature. The
rest of the book is divided into two parts. Part one discusses k·p as applied to bulk
(i.e. three-dimensional) “homogeneous” tetrahedral semiconductors with diamond,
zincblende and wurtzite structure. It contains six chapters. Chapter 2 introduces
the k·p equation and discusses the perturbation theoretical treatment of the cor-
responding Hamiltonian as applied to the so-called one-band model. It mentions
that this usually parabolic model can be generalized to describe band nonparabol-
icity, anisotropy and spin splittings. Chapter 3 describes the application of k·p to
the description of the maxima (around k = 0) of the valence bands of tetrahe-
dral semiconductors, starting with the Dresselhaus, Kip and Kittel Hamiltonian. A
problem the novice encounters is the plethora of notations for the relevant matrix
elements of p and the corresponding parameters of the Hamiltonian. This chapter
lists most of them and their relationships, except for the Luttinger parameters γi , κ ,
and q which are introduced in Chap. 5. It also discusses wurtzite-type materials and
the various Hamiltonians which have been used. In Chap. 4 the complexity of the
k·p Hamiltonian is increased. A four band and an eight band model are presented
and Löwdin perturbation theory is used for reducing (through down-folding of
states) the complexity of these Hamiltonians. The full-zone Cardona-Pollak 15 band
Hamiltonian is discussed, and a recent “upgrading” [69] using 20 bands in order to
include spin-orbit effects is mentioned. Similar Hamiltonians are also discussed for
wurtzite.

In order to treat the effects of perturbations, such as external magnetic fields,
strain or impurities, which is done in Part II, in Chap. 5 the k·p Hamiltonian is
reformulated using the method of invariants, introduced by Luttinger and also by the
Russian group of Pikus (because of the cold war, as well as language difficulties, it
took a while for the Russian work to permeate to the West). A reformulation of this
method by Cho is also presented. Chapter 6 discusses effects of spin, an “internal”
perturbation intrinsic to each material. Chapter 7 treats the effect of uniform strains,
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external perturbations which can change the point group but not the translational
symmetry of crystals.

Part II is devoted to problems in which the three-dimensional translational sym-
metry is broken, foremost among them point defects. The k·p method is particu-
larly appropriate to discuss shallow impurities, leading to hydrogen-like gap states
(Chap. 8). The k·p method has also been useful for handling deep levels with
the Slater–Koster Hamiltonian (Serrano et al.), especially the effect of spin-orbit
coupling on acceptor levels which is discussed here within the Baldereschi–Lipari
model. Chapter 9 treats an external magnetic field which breaks translational sym-
metry along two directions, as opposed to an electric field (Chap. 10) which break
the translational symmetry along one direction only, provided it is directed along
one of the 3d basis vectors. Chapter 11 is devoted to excitons, electron hole bound
states which can be treated in a way similar to impurity levels provided one can sep-
arate the translation invariant center-of-mass motion of the electron-hole pair from
the internal relative motion. Chapters 12 and 13 give a detailed discussion of the
applications of k·p to the elucidation of the electronic structure of heterostructures,
in particular confinement effects. The k·p technique encounters some difficulties
when dealing with heterostructures because of the problem of boundary conditions
in the multiband case. The boundary condition problem, as extensively discussed by
Burt and Foreman, is also treated here in considerable detail. The effects of external
strains and magnetic fields are also considered (Chap. 13). In Chap. 12 the spherical
and cylindrical representations used by Sercel and Vahala, particularly useful for the
treatment of quantum dots and wires, are also treated extensively. Three appendices
complete the monograph: (A) on perturbation theory, angular momentum theory
and group theory, (B) on symmetry properties and their group theoretical analysis,
and (C) summarizing the various Hamiltonians used and giving a table with their
parameters for a few semiconductors. The monograph ends with a list of 450 litera-
ture references.

I have tried to ascertain how many articles are found in the literature bases bear-
ing the k·p term in the title, the abstract or the keywords. This turned out to be a
rather difficult endeavor. Like in the case of homonyms of authors, the term k·p
is also found in articles which have nothing to do with the subject at hand, such
as those dealing with pions and kaons and even, within condensed matter physics,
those referring to dielectric susceptibilities at constant pressure κp. Sorting them out
by hand in a cursory way, I found about 1500 articles dealing in some way with the
k·p method. They have been cited about 15000 times. The present authors have done
an excellent job reviewing and summarizing this work.

Stuttgart Manuel Cardona
November 2008



Preface

This is a book detailing the theory of a band-structure method. The three most com-
mon empirical band-structure methods for semiconductors are the tight-binding, the
pseudopotential, and the k · p method. They differ in the choice of basis functions
used to represent Schrödinger’s equation: atomic-like, plane-wave, and Bloch states,
respectively. Each have advantages of their own. Our goal here is not to compare the
various methods but to present a detailed exposition of the k · p method.

One always wonder how a book got started. In this particular case, one might
say when the two authors were postdoctoral fellows in the Cardona Abteilung at the
Max Planck Institut für Festkörperforschung in Stuttgart, Germany in 1994–1995.
We started a collaboration that got us to use a variety of band-structure methods
such as the k · p, tight-binding and ab initio methods and has, to date, led to over 50
joint publications. The first idea for a book came about when one of us was visiting
the other as a Balslev research scholar and, fittingly, the final stages of the writing
were carried out when the roles were reversed, with Morten spending a sabbatical
at Wright State University.

This book consists of two main parts. The first part concerns the application of the
theory to bulk crystals. We will spend considerable space on deriving and explaining
the bulk k · p Hamiltonians for such crystal structures. The second part concerns the
application of the theory to “perturbed” and nonperiodic crystals. As we will see,
this really consists of two types: whereby the perturbation is gradual such as with
impurities and whereby it can be discontinuous such as for heterostructures.

The choice of topics to be presented and the order to do so was not easy. We thus
decided that the primary focus will be on showing the applicability of the theory
to describing the electronic structure of intrinsic semiconductors. In particular, we
also wanted to compare and contrast the main Hamiltonians and k · p parameters
to be found in the literature. This is done using the two main methods, perturba-
tion theory and the theory of invariants. In the process, we have preserved some
historical chronology by presenting first, for example, the work of Dresselhaus, Kip
and Kittel prior to the more elegant and complete work of Luttinger and Kane.
Partly biased by our own research and partly by the literature, a significant part
of the explicit derivations and illustrations have been given for the diamond and
zincblende semiconductors, and to a lesser extent for the wurtzite semiconductors.
The impact of external strain and static electric and magnetic fields on the electronic
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structure are then considered since they lead to new k · p parameters such as the
deformation potentials and g-factors. Finally, the problem of inhomogeneity is con-
sidered, starting with the slowly-varying impurity and exciton potential followed by
the more difficult problem of sharp discontinuities in nanostructures. These topics
are included because they lead to a direct modification of the electron spectrum.
The discussion of impurities and magnetic field also allows us to introduce the third
theoretical technique in k · p theory, the method of canonical transformation. Finally,
the book concludes with a couple of appendices that have background formalism
and one appendix that summarizes some of the main results presented in the main
text for easy reference. In part because of lack of space and because there exists other
excellent presentations, we have decided to leave out applications of the theory, e.g.,
to optical and transport properties.

The text is sprinkled with graphs and data tables in order to illustrate the formal
theory and is, in no way, intended to be complete. It was also decided that, for a book
of this nature, it is unwise to try to include the most “accurate” material parameters.
Therefore, most of the above were chosen from seminal papers. We have attempted
to include many of the key literature and some of the more recent work in order to
demonstrate the breadth and vitality of the theory. As much as is possible, we have
tried to present a uniform notation and consistent mathematical definitions. In a few
cases, though, we have decided to stick to the original notations and definitions in
the cited literature.

The intended audience is very broad. We do expect the book to be more appro-
priate for graduate students and researchers with at least an introductory solid state
physics course and a year of quantum mechanics. Thus, it is assumed that the
reader is already familiar with the concept of electronic band structures and of
time-independent perturbation theory. Overall, a knowledge of group representation
theory will no doubt help, though one can probably get the essence of most argu-
ments and derivations without such knowledge, except for the method of invariants
which relies heavily on group theory.

In closing, this work has benefitted from interactions with many people. First
and foremost are all of our research collaborators, particularly Prof. Dr. Manuel
Cardona who has always been an inspiration. Indeed, he was kind enough to read
a draft version of the manuscript and provide extensive insight and historical per-
spectives as well as corrections! As usual, any remaining errors are ours. We cannot
thank our family enough for putting up with all these long hours not just working
on this book but also throughout our professional careers. Last but not least, this
book came out of our research endeavors funded over the years by the Air Force
Office of Scientific Research (LCLYV), Balslev Fond (LCLYV), National Science
Foundation (LCLYV), the Danish Natural Science Research Council (MW), and the
BHJ Foundation (MW).

Dayton, OH Lok C. Lew Yan Voon
Sonderborg Morten Willatzen
November 2008
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Chapter 2
One-Band Model

2.1 Overview

Much of the physics of the k · p theory is displayed by considering a single isolated
band. Such a band is relevant to the conduction band of many semiconductors and
can even be applied to the valence band under certain conditions. We will illustrate
using a number of derivations for a bulk crystal.

2.2 k · p Equation

The k · p equation is obtained from the one-electron Schrödinger equation

Hψnk (r) = En(k)ψnk (r) , (2.1)

upon representing the Bloch functions in terms of a set of periodic functions:

ψnk (r) = eik·runk(r). (2.2)

The Bloch and cellular functions satisfy the following set of properties:

〈ψnk|ψn′k′ 〉 ≡
∫

dV ψ∗
nk (r) ψn′k′ (r) = δnn′δ(k − k′), (2.3)

〈unk|un′k〉 ≡
∫

dΩ u∗
nkun′k = δnn′

Ω

(2π )3
, (2.4)

where V (Ω) is the crystal (unit-cell) volume.
Let the Hamiltonian only consists of the kinetic-energy operator, a local periodic

crystal potential, and the spin-orbit interaction term:

H = p2

2m0
+ V (r) + �

4m2
0c2

(σ × ∇V ) · p . (2.5)

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 2, C© Springer-Verlag Berlin Heidelberg 2009
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8 2 One-Band Model

Here, we only give the formal exact form for a periodic bulk crystal without external
perturbations.

In terms of the cellular functions, Schrödinger’s equation becomes

H (k) unk = En (k) unk, (2.6)

where

H (k) ≡ H + Hk·p, (2.7)

Hk·p = �

m0
k · π , (2.8)

π = p + �

4m0c2
(σ × ∇V ) , (2.9)

En (k) = En(k) − �
2k2

2m0
. (2.10)

Equation (2.6) is the k · p equation. If the states unk form a complete set of periodic
functions, then a representation of H (k) in this basis is exact; i.e., diagonalization
of the infinite matrix

〈unk|H (k) |umk〉

leads to the dispersion relation throughout the whole Brillouin zone. Note, in par-
ticular, that the off-diagonal terms are only linear in k. However, practical imple-
mentations only solve the problem in a finite subspace. This leads to approximate
dispersion relations and/or applicability for only a finite range of k values. For GaAs
and AlAs, the range of validity is of the order of 10% of the first Brillouin zone [7].

An even more extreme case is to only consider one unk function. This is then
known as the one-band or effective-mass (the latter terminology will become clear
below) model. Such an approximation is good if, indeed, the semiconductor under
study has a fairly isolated band—at least, again, for a finite region in k space. This
is typically true of the conduction band of most III–V and II–VI semiconductors.
In such cases, one also considers a region in k space near the band extremum. This
is partly driven by the fact that this is the region most likely populated by charge
carriers in thermal equilibrium and also by the fact that linear terms in the energy
dispersion vanish, i.e.,

∂ En (k0)

∂ki
= 0.

A detailed discussion of the symmetry constraints on the locations of these extremum
points was provided by Bir and Pikus [1]. In the rest of this chapter, we will discuss
how to obtain the energy dispersion relation and analyze a few properties of the
resulting band.
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2.3 Perturbation Theory

One can apply nondegenerate perturbation theory to the k · p equation, Eq. (2.6), for
an isolated band. Given the solutions at k = 0, one can find the solutions for finite
k via perturbation theory:

En (k) = En (0) + �
2k2

2m0
+ �k

m0
· 〈n0|π |n0〉 + �

2

m2
0

′∑
l

|〈n0|π |l0〉 · k|2
En(0) − El(0)

(2.11)

to second order and where

〈n0|π |l0〉 = (2π )3

Ω

∫
dΩ u∗

n0πul0. (2.12)

This is the basic effective-mass equation.

2.4 Canonical Transformation

A second technique for deriving the effective-mass equation is by the use of the
canonical transformation introduced by Luttinger and Kohn in 1955 [6]. Here, one
expands the cellular function in terms of a complete set of periodic functions:

unk(r) =
∑

n′
Ann′ (k) un′0(r). (2.13)

Then the k · p equation, Eq. (2.6), becomes

∑
n′

Ann′ (k)
[
H + Hk·p

]
un′0(r) =

∑
n′

Ann′ (k)
[
En′ (0) + Hk·p

]
un′0(r)

= En(k)
∑

n′
Ann′ (k) un′0(r). (2.14)

Multiplying by (2π )3/Ω
∫
Ω

d3r u∗
n0 gives

En (0) Ann +
∑

n′

�k
m0

· pnn′ Ann′ (k) = En (k) Ann, (2.15)

where

pnn′ ≡ pnn′ (0) = (2π )3

Ω

∫
dΩ u∗

n0pun′0, (2.16)



10 2 One-Band Model

and we have left out the spin-orbit contribution to the momentum operator for
simplicity. Now one can write (dropping one band index)

H (k)A = E(k)A, A =

⎛
⎜⎜⎝

...
An
...

⎞
⎟⎟⎠ . (2.17)

The linear equations are coupled. The solution involves uncoupling them. This can
be achieved by a canonical transformation:

A = T B, (2.18)

where T is unitary (in order to preserve normalization). Then

H (k)B = E(k)B, (2.19)

where

H (k) = T −1 H T . (2.20)

Writing T = eS, T −1 = e−S = T †,

H =
(

1 − S + 1

2!
S2 − · · ·

)
H (k)

(
1 + S + 1

2!
S2 + · · ·

)

= H (k) + [H (k), S] + 1

2!
[[H (k), S], S] + · · ·

= H + Hk·p + [H, S] + [Hk·p, S]

+ 1

2!
[[H, S], S] + 1

2!

[
[Hk·p, S], S

] + · · · (2.21)

Since Hk·p induces the coupling, one would like to remove it to order S by

Hk·p + [H, S] = 0, (2.22)

or, with |n〉 ≡ |un0〉,

〈n|Hk·p|n′〉 +
∑

n′′

[
〈n|H |n′′〉〈n′′|S|n′〉 − 〈n|S|n′′〉〈n′′|H |n′〉

]
= 0,

�

m0
k · pnn′ + En(0)〈n|S|n′〉 − 〈n|S|n′〉En′ (0) = 0,

giving, for n 	= n′,
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〈n|S|n′〉 = − �

m0

k · pnn′

[En(0) − En′ (0)]
. (2.23)

Now, Eq. (2.21) becomes

H (k) = H + 1

2
[Hk·p, S] + 1

2
[[Hk·p, S], S] + · · ·

and, to second order,

〈n| H (k)|n′〉 ≈ 〈n|H |n′〉 + 1

2

∑
n′′

[
〈n|Hk·p|n′′〉〈n′′|S|n′〉 − 〈n|S|n′′〉〈n′′|Hk·p|n′〉

]

= En(0)δnn′ + �
2

2m2
0

∑
n′′

[
k · pnn′′ k · pn′′n′

[En′(0) − En′′ (0)]
+ k · pnn′′ k · pn′′n′

[En(0) − En′′ (0)]

]

=
⎡
⎣En(0) + �

2

2

∑
αβ

kα

(
1

mn

)
αβ

kβ

⎤
⎦ δnn′ + interband terms of order k2,

which is, of course, the same as Eq. (2.11).
We now restrict ourselves to zincblende and diamond crystals for which n = s =

Γ1 (see Appendix B for the symmetry properties), pnn = 0, and

E(k) = EΓ1 + �
2k2

2m0
+ �

2

m2
0

′∑
l

|pΓ1l · k|2
EΓ1 − El

. (2.24)

Note that, for conciseness, we are also only using the group notation for the elec-
tron states in a zincblende crystal. The standard state ordering for zincblende and
diamond is given in Fig. 2.1. There are exceptions to these such as the inverted band
structure of HgTe [9] and the inverted conduction band of Si. Thus, the interaction
of the Γ1 state with other states via pΓ1l changes the dispersion relation from that of
a free-electron one. The new inverse effective-mass tensor is

ZB

Γ1v

Γ15v

Γ1c

Γ15c

s

p

s

p

DM

Γ +
1

Γ +
25

Γ2

Γ15

s

p

s

p

Fig. 2.1 Zone-center states for typical zincblende (ZB) and diamond (DM) crystals
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(
1

m∗

)
i j

= 1

m0
δi j + 2

m2
0

′∑
l

pi
Γ1l p j

lΓ1

EΓ1 − El
. (2.25)

Equation (2.11) or Eqs. (2.24) and (2.25) define the one-band, effective-mass model.
The band dispersion can be calculated given the momentum matrix elements and
band gaps. Note that Eq. (2.24) is only approximate, giving the parabolic approxi-
mation. Constraints on the effective mass can now be written from Eq. (2.25).

2.5 Effective Masses

One can write down simple expressions for the effective masses of nondegenerate
bands.

2.5.1 Electron

Because of the energy denominator, distant bands are expected to be less important.
The two closest bands to the Γ1c state for cubic semiconductors are the Γ15 states
∼ X, Y, Z . Since Γ1c ∼ S, and

〈S|px |X〉 = 〈S|py |Y 〉 = 〈S|pz|Z〉,

the conduction mass me is isotropic:

1

me
= 1

m0
+ 2

m2
0

|〈S|px |Xv〉|2
EΓ1c − EΓ15v

+ 2

m2
0

|〈S|px |Xc〉|2
EΓ1c − EΓ15c

≡ 1

m0
+ 2P2

�2 E0
− 2P ′2

�2 E ′
0

, (2.26)

where

P2 = �
2

m2
0

|〈S|px |Xv〉|2, (2.27)

P ′2 = �
2

m2
0

|〈S|px |Xc〉|2. (2.28)

For diamond,

P ′ = 0 =⇒ 0 < me < m0.
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For zincblende, typically

P ′2

E ′
0

<
P2

E0
=⇒ 0 < me < m0.

Hence, the electron effective mass is usually smaller than the free-electron mass.

2.5.2 Light Hole

Of the three-fold degenerate Γ15v states, only one couples with Γ1c along a given
Δ direction, giving rise to the light-hole (lh) mass. Consider k = (kx , 0, 0). Then,
since the lh state can now be assumed nondegenerate, again mlh is isotropic (though
a more accurate model will reveal them to be anisotropic):

1

mlh
= 1

m0
+ 2

m2
0

|〈S|px |Xv〉|2
EΓ15v

− EΓ1c

= 1

m0
− 2P2

�2 E0
≡ 1

m0

(
1 − EP

E0

)
, (2.29)

with

EP ≡ 2m0 P2

�2
(2.30)

known as the Kane parameter. Typically, E p ∼ 20 eV, E0 ∼ 0–5 eV. Hence, −m0 <

mlh < 0. Note that, contrary to the electron case, the lh mass does not contain the
P ′ term.

To compare the lh and e masses,

1

me
+ 1

mlh
= 2

m0
− 2P ′2

�2 E ′
0

= 1

m0

(
2 − E ′

P

E ′
0

)
.

For diamond, E ′
P = 0, giving

1

me
+ 1

mlh
> 0 (always), (2.31)

and

|mlh| > me. (2.32)

For zincblende, E ′
P ∼1–10 eV, E ′

0 ∼3–5 eV, and the masses are closer in magnitude.
The qualitative effect of the e–lh interaction on the effective masses is sketched in
Fig. 2.2. This is also known as a two-band model.
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mlh

me

m0

m0

Fig. 2.2 Two-band model. The k · p interaction changes the curvatures

2.5.3 Heavy Hole

One may define the heavy-hole (hh) states as the partners in the Γ15v representation
which do not couple to the conduction s electron. In so far as the Γ15c states are
not considered, the hh state has the free-electron mass. Including the Γ15c state and
again assuming that the Γ15v states are nondegenerate, the isotropic mass is

1

mhh
= 1

m0
− 2

m2
0

|〈Yv|px |Zc〉|2
E0 + E ′

0

= 1

m0

(
1 − EQ

E0 + E ′
0

)
. (2.33)

Typically, EQ ∼20–25 eV, E0 + E ′
0 ∼ 10 eV, and 0 > mhh > −m0.

We have seen how the simple one-band model can provide a semi-quantitative
description of various bands for zincblende and diamond semiconductors, particu-
larly the sign and relative magnitudes of the associated effective masses. The neces-
sity of describing the band structure quantitatively and more accurately (such as
nonparabolicity and anisotropy) leads to the consideration of multiband models.

2.6 Nonparabolicity

So far, we have presented the simplest one-band model in order to illustrate the
theory; it does allow for anisotropy via an anisotropic effective mass. Still, a one-
band model can be made to reproduce more detailed features of a real band including
nonparabolicity, anisotropy and spin splitting. An example of such a model is the k4

dispersion relation given by Rössler [23]:

E (k) = �
2k2

2m∗ +αk4 + β
(
k2

yk2
z + k2

z k2
x + k2

x k2
y

)
± γ

{
k2 (k2

yk2
z + k2

z k2
x + k2

x k2
y

) − 9k2
x k2

yk2
z

}1/2
. (2.34)

The first term on the right-hand side is the familiar isotropic and parabolic effective-
mass term. The remaining terms give nonparabolicity, warping and spin splitting,
respectively. We will derive them later in the book.
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2.7 Summary

We have set up the fundamental k · p equation and shown, using a variety of tech-
niques, how a one-band model (the so-called effective-mass model) can be obtained
from it. This model was then used to derive a semi-quantitative understanding of
the magnitude of the effective masses of band-edge states for cubic semiconductors.
In particular, it was shown that the simplest effective-mass model for electrons and
light holes gives isotropic masses.



Chapter 3
Perturbation Theory – Valence Band

3.1 Overview

Degenerate perturbation theory is presented in order to derive the valence-band
Hamiltonian. This will be illustrated in detail for the Dresselhaus–Kip–Kittel Hamil-
tonian for diamond and for the valence-band Hamiltonian for wurtzite.

3.2 Dresselhaus–Kip–Kittel Model

We first give the derivation of the 3 × 3 (i.e., no spin) Dresselhaus–Kip–Kittel
(DKK) Hamiltonian using the original second-order degenerate perturbation theory
approach [2]. The theory applies to the valence band of diamond.

3.2.1 Hamiltonian

The starting equation is the k · p equation, Eq. (2.6), without the spin-orbit term:

[
p2

2m0
+ V (r) + �

m0
k · p

]
unk(r) = En(k)unk(r).

The unperturbed ur
n0(r) ≡ ε+

r are the three-fold degenerate solutions at the zone
center or Γ point. They transform according to the Γ +

25 irreducible representation
(Fig. 3.1). The three states are: ε+

1 ∼ yz, ε+
2 ∼ zx , ε+

3 ∼ xy; they are even with
respect to the inversion operator. An atomistic description of the transformation
properties of some of the states of the DM structure is given in Table 3.1. Since the
unperturbed states are degenerate, we have to use degenerate perturbation theory to
find the solutions at finite k.

The first-order correction is given by the matrix elements

∼ 〈ε+
r |k · p|ε+

s 〉 = 0

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 3, C© Springer-Verlag Berlin Heidelberg 2009
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25 ~+

Fig. 3.1 Three-band model for diamond-type semiconductors

Table 3.1 Symmetries of states at the Γ point for diamond structure [5, 24]. The second column
gives the orbitals on the two atoms in the basis. The far-right column gives the corresponding
plane-wave states

Cardona and Pollak [5]

Γ +
1 sa + s ′

a Γ l
1 s+ [000]

Γ +
25 pa − p′

a ∼ yz, zx, xy Γ l
25′ p+ [111]

Γ −
2 sa − s ′

a ∼ xyz Γ l
2′ s− [111]

Γ −
15 pa + p′

a ∼ x, y, z Γ15 p− [111]

Γ −
12 da − d ′

a ∼ √
3
(
y2 − z2

)
, 3x2 − r2 Γ12′ d− [200]

Γ +
1 sa + s ′

a Γ u
1 s+ [111]

Γ +
25 da + d ′

a ∼ yz, zx, xy Γ u
25′ d+ [200]

Γ −
2 sa − s ′

a ∼ xyz Γ u
2′ s− [200]

since the ε+
r ’s have the same parity and p is odd under inversion. In the language of

group theory, one says that Γ +
25 ⊗ Γ −

15 ⊗ Γ +
25 does not contain Γ +

1 .
One, therefore, needs second-order degenerate perturbation theory. The correc-

tions to the cellular functions and matrix elements are:

ur
nk = ε+

r + �

m0
k ·

′∑
lαν

|lαν〉〈lαν|p|r〉
EΓ +

25
− Elα

, (3.1)

Hrs ≡ 〈r |H (k)|s〉 = �
2

m2
0

′∑
lαν

〈r |k · p|lαν〉〈lαν|k · p|s〉
EΓ +

25
− Elα

(3.2)

= �
2

m2
0

ki k j

′∑
lαν

〈r |pi |lαν〉〈lαν|p j |s〉
EΓ +

25
− Elα

,

where |r〉 = ur
n0, lαν denotes the state ν (in case of degeneracy) belonging to the

α representation in the band l; Elα is the energy of that state at k = 0. EΓ +
25

is the
energy of the ε+

r states. The diagonal perturbation matrix elements are given by

Hrr = �
2

m2
0

ki k j

′∑
lαν

〈r |pi |lαν〉〈lαν|p j |r〉
EΓ +

25
− Elα

.
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In the group of DM, there are operators that invert all three coordinates or just one;
taking, e.g., r = xy (the others follow by permutation),

〈xy|pi |lαν〉〈lαν|p j |xy〉

is nonzero only if all coordinates appear pairwise. For example, in

〈xy|px |lαν〉〈lαν|p j |xy〉,

using an operator that only changes the sign of x requires p j = px (equivalently for
py), while in

〈xy|pz|lαν〉〈lαν|p j |xy〉,

using an operator that only changes the sign of z requires p j = pz . Thus, pi = p j

and two independent choices are pi = py(= px ), pz . Therefore,

H33 = �
2

m2
0

′∑
lαν

{
k2

z

|〈xy|pz|lαν〉|2
EΓ +

25
− Elα

+ (
k2

x + k2
y

) |〈xy|py|lαν〉|2
EΓ +

25
− Elα

}
.

For the off-diagonal matrix elements, one again requires the coordinates to appear
pairwise. For example, for r = xy and s = yz,

〈xy|px |lαν〉〈lαν|p j |yz〉,

using an operator that only changes the sign of x requires p j = py or pz but, in
addition, using an operator that only changes the sign of y requires p j = pz only.
One, therefore, gets

H31 = �
2

m2
0

kx kz

′∑
lαν

{
〈xy|pz|lαν〉〈lαν|px |yz〉 + 〈xy|px |lαν〉〈lαν|pz|yz〉

EΓ +
25

− Elα

}
.

Thus, one can introduce three independent parameters:

L ≡ �
2

m2
0

′∑
lαν

|〈xy|pz|lαν〉|2
EΓ +

25
− Elα

,

M ≡ �
2

m2
0

′∑
lαν

|〈xy|py|lαν〉|2
EΓ +

25
− Elα

, (3.3)

N ≡ �
2

m2
0

′∑
lαν

〈xy|pz|lαν〉〈lαν|px |yz〉 + 〈xy|px |lαν〉〈lαν|pz|yz〉
EΓ +

25
− Elα

,
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giving rise to the DKK Hamiltonian:

HDKK(k) =

⎛
⎜⎜⎜⎝

|yz〉 |zx〉 |xy〉
Lk2

x + M(k2
y + k2

z ) Nkx ky Nkx kz

Nkx ky Lk2
y + M(k2

z + k2
x ) Nkykz

Nkx kz Nkykz Lk2
z + M(k2

x + k2
y)

⎞
⎟⎟⎟⎠ . (3.4)

The band energies are then given by

En(k) = EΓ +
25

+ �
2k2

2m0
+ λ,

where λ are the eigenvalues of the DKK Hamiltonian. Luttinger and Kohn (LK) [6]
came up with a slightly different notation for the Hamiltonian, which includes the
free-electron term. They give the matrix as D with matrix elements

Dmn = Di j
mnki k j , (3.5)

Di j
mn = �

2

2m0

[
δmnδ j j ′ + 1

m0

B∑
l

pi
ml p j

ln + p j
ml pi

ln

EΓ +
25

− El

]
. (3.6)

Then

D =

⎛
⎜⎜⎜⎝

|yz〉 |zx〉 |xy〉
ALk2

x + BL
(
k2

y + k2
z

)
CLkx ky CLkx kz

CLkx ky ALk2
y + BL

(
k2

z + k2
x

)
CLkykz

CLkx kz CLkykz ALk2
z + BL

(
k2

x + k2
y

)

⎞
⎟⎟⎟⎠,

(3.7)
with

AL = �
2

2m0
+ �

2

m2
0

∑
l

px
1l px

l1

EΓ +
25

− El
,

BL = �
2

2m0
+ �

2

m2
0

∑
l

py
1l py

l1

EΓ +
25

− El
, (3.8)

CL = �
2

2m2
0

∑
l

px
1l py

l2 + py
1l px

l2

EΓ +
25

− El
.

Thus, the LK parameters are related to the DKK ones via

AL = L + �
2

2m0
,
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BL = M + �
2

2m0
, (3.9)

CL = N .

Terms of higher order, for example, k4, have been considered by some authors [25]
but will not be discussed in this book as they are not commonly used in the
literature.

3.2.2 Eigenvalues

The DKK Hamiltonian cannot be diagonalized analytically throughout the first Bril-
louin zone (FBZ). However, analytical solutions exist when there is double degen-
eracy (e.g., along L − Γ − X ). We now obtain those solutions:

∣∣∣∣∣∣∣

Lk2
x + M

(
k2

y + k2
z

) − λ Nkx ky Nkx kz

Nkx ky Lk2
y + M

(
k2

z + k2
x

) − λ Nkykz

Nkx kz Nkykz Lk2
z + M

(
k2

x + k2
y

) − λ

∣∣∣∣∣∣∣
= [

Lk2
x + M

(
k2

y + k2
z

) − λ
] [

Lk2
y + M(k2

x + k2
z ) − λ

] [
Lk2

z + M
(
k2

y + k2
x

) − λ
]

− [
Lk2

x + M
(
k2

y + k2
z

) − λ
]

N 2k2
yk2

z − [
Lk2

z + M
(
k2

x + k2
y

) − λ
]

N 2k2
x k2

y

− [
Lk2

y + M
(
k2

x + k2
z

) − λ
]

N 2k2
x k2

z + 2N 3k2
x k2

yk2
z = 0.

Using

[a − λ][b − λ][c − λ] = abc − (ac + bc + ab)λ + (a + b + c)λ2 − λ3,

we have

λ3 − (L + 2M)k2λ2

+
{ [

Lk2
x + M

(
k2

y + k2
z

)] [
Lk2

y + M
(
k2

x + k2
z

)]
+ [

Lk2
x + M

(
k2

y + k2
z

)] [
Lk2

z + M
(
k2

x + k2
y

)]

+ [
Lk2

y + M
(
k2

x + k2
z

)] [
Lk2

z + M
(
k2

x + k2
y

)] − N 2
(
k2

x k2
y + k2

x k2
z + k2

yk2
z

) }
λ

−
{ [

Lk2
x + M

(
k2

y + k2
z

)] [
Lk2

y + M
(
k2

x + k2
z

)] [
Lk2

z + M
(
k2

x + k2
y

)]

+N 2
[
Lk2

x + M
(
k2

y + k2
z

)]
k2

yk2
z + N 2

[
Lk2

y + M
(
k2

x + k2
z

)]
k2

x k2
z

+N 2
[
Lk2

z + M
(
k2

y + k2
x

)]
k2

x k2
y − 2N 3k2

x k2
yk2

z

}
= 0. (3.10)

This general characteristic equation is too complicated to be of much use. However,
when there is a degenerate pair of eigenvalues,
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(λ − a)2(λ − b) = λ3 − (2a + b)λ2 + (2ab + a2)λ − a2b = 0.

Comparing with Eq. (3.10), one has

2a + b = (L + 2M)k2, (3.11)

2ab + a2 = (
L2 − N 2 + 3M2 + 2M L

)
kxyz + (

M2 + 2L M
) (

k4
x + k4

y + k4
z

)
≡ α (3.12)

where kxyz = k2
x k2

y + k2
yk2

z + k2
z k2

x . Eliminating b from Eqs. (3.11) and (3.12) gives

3a2 − 2(L + 2M)k2a + α = 0,

and

a = (L + 2M)

3
k2 ±

[
(L + 2M)2

9
k4 − α

3

]1/2

= (L + 2M)

3
k2 ±

[
(L − M)2

9
k4 + 1

3

[
N 2 − (L − M)2

] (
k2

x k2
y + k2

yk2
z + k2

z k2
x

)]1/2

.

Hence,

E(k) = Ak2 ± [
B2k4 + C2

(
k2

yk2
z + k2

z k2
x + k2

x k2
y

)]1/2
, (3.13)

where

A ≡ (L + 2M)

3
+ �

2

2m0
, B2 ≡ (L − M)2

9
, C2 ≡ 1

3

[
N 2 − (L − M)2] . (3.14)

This (restricted) result will turn out to be identical to the spin case. Note that the
dispersion is both anisotropic (if C 	= 0) and nonparabolic (if B, C 	= 0); the first
property is also known as warping. A careful study of warping was given in [26].

3.2.3 L, M, N Parameters

We next study the L , M, N parameters more closely. The matrix elements involved
are

〈r |p|l〉 ∼ Γ +
25 ⊗ Γ −

15 ⊗ Γ l .

From Table 3.2, one deduces that

Γ +
25 ⊗ Γ −

15 ∼ Γ −
12 ⊕ Γ −

15 ⊕ Γ −
2 ⊕ Γ −

25 ; (3.15)



3.2 Dresselhaus–Kip–Kittel Model 23

in effect, all the odd-parity representations except for Γ −
1 . In order, to be able to

get Γ +
1 in the decomposition, Γ l must clearly have odd parity; however, Γ −

1 is not
appropriate since the decomposition will then not include Γ +

1 . Otherwise, all of the
four irreducible representations on the right-hand side of Eq. (3.15) can interact with
the valence-band edge.

Table 3.2 Character table of the group Oh

Oh E 8C3 3C2 6C4 6C ′
2 I

8S6 =
I C3

3σh =
I C2

4

6S4 =
I C4

6σd =
I C2

Γ +
1 1 1 1 1 1 1 1 1 1 1

Γ +
2 1 1 1 –1 –1 1 1 1 –1 –1

Γ +
12 2 –1 2 0 0 2 –1 2 0 0

Γ +
15 3 0 –1 1 –1 3 0 –1 1 –1

Γ +
25 3 0 –1 –1 1 3 0 –1 –1 1

Γ −
1 1 1 1 1 1 –1 –1 –1 –1 –1

Γ −
2 1 1 1 –1 –1 –1 –1 –1 1 1

Γ −
12 2 –1 2 0 0 –2 1 –2 0 0

Γ −
15 3 0 –1 1 –1 –3 0 1 –1 1

Γ −
25 3 0 –1 –1 1 –3 0 1 1 –1

The band-edge structure for diamond-type semiconductors is believed to be as
given in Fig. 3.2. The state Γ −

12 was reported by von der Lage and Bethe [27] to
have as smallest l = 5. However, Herman [28] showed that it originates from 〈200〉
plane waves and as having the symmetry of d− states. The discrepancy is likely due
to the fact that von der Lage and Bethe were really studying the cubic group with
a single atom (ion) per unit cell whereas Herman considered the case of two atoms
per unit cell. Thus, one expects the maximum perturbation from the Γ −

2 , Γ −
12, Γ

−
15

bands; in particular, there is no perturbation from, e.g., Γ +
1 .

Similarly, not all states appear in the summation for the DKK parameters. Hence,
instead of writing the DKK Hamiltonian in terms of the L , M, N , one can also write
it in terms of interband parameters between states of given symmetries; furthermore,
this will provide relations among the L , M, N parameters.

3.2.3.1 L Parameter

Starting with L , only Γ −
2 and Γ −

12 can contribute. This can be ascertained by looking
at the reflection properties of the matrix element. Consider, e.g., |r〉 = |yz〉. Then

px |yz〉 ∼ xyz ∼ Γ −
2 .

Under an I C2
4 reflection, Γ −

15 and Γ −
25 are even, while Γ −

2 is odd (see Table 3.2).
This eliminates the former two representations from the matrix elements for L . This
can be shown more explicitly, e.g., for the Γ −

15 representation (∼ x, y, z):

〈yz|px |x, z〉 = 0
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C

Γ +
1–22

Γ +
250

Γ −
155

Γ −
216

Γ +
124

Γ −
1226

Γ +
2532

Si

Γ +
1 ∼ s+–13

Γ +
250

Γ −
153

Γ −
24

Γ +
17

Γ −
1210

Γ +
2513

Γ +
214

Ge

Γ +
1 ∼ s+–10

Γ +
25 ∼ yz,zx,xy ∼ p+0

Γ −
2 ∼ xyz ∼ s−3

Γ −
15 ∼ x,y,z ∼ p−5

Γ −
12 ∼ d−13

Γ +
1 ∼ s ∼ s+15

Γ +
25 ∼ yz,zx,xy ∼ d+17

Γ −
2 ∼ xyz ∼ s−25

Fig. 3.2 Schematic of zone-center energy (in eV) ordering for diamond-structure semiconductors
(not to scale; C from Willatzen et al. [29], Si from Cardona and Pollak [5], Ge from DKK [2])

using I C2y and

〈yz|px |y〉 = 0

using I C2x . We now wish to consider how many independent interband terms there
are. Consider first

L = �
2

m2
0

′∑
l

{
|〈yz|px |β−

l 〉|2
EΓ +

25
− El

+
∑

ν

|〈yz|px |γ −
νl 〉|2

EΓ +
25

− El

}
, (3.16)

where β−
l ∈ Γ −

2 and γ −
νl ∈ Γ −

12 . DKK showed that each representation only con-
tributes one matrix element per band, independent of its dimension. We will now
obtain this result. Let

F ≡ �
2

m2
0

′∑
l∈Γ −

2

|〈yz|px |β−
l 〉|2

EΓ +
25

− El
, (3.17)
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G ≡ �
2

m2
0

′∑
l∈Γ −

12

|〈yz|px |γ −
1l 〉|2

EΓ +
25

− El
. (3.18)

Since Γ −
2 is one dimensional, there is only one such term. On the other hand, Γ −

12 is
two dimensional; it turns out this still only contributes one distinct term. To establish
this result, we need the basis functions. One could choose the d-like functions (as
done by von der Lage and Bethe); however, the latter do not generate a unitary
irreducible representation [2]. Hence, we follow DKK in choosing γ −

νl such that

γ −
1 = x2 + ωy2 + ω2z2, (3.19)

γ −
2 = x2 + ω2 y2 + ωz2, (3.20)

where ω3 = 1 and γ −
ν = γν − γ ′

ν . To verify that they are basis functions for the Γ −
12

irreducible representation, one can generate the representation matrices and show
that they have the right character vector. We use

O(R) fi (r) = f (R−1r) =
∑

j

f j (r)R j i ,

where R is a rotation. For example (note that we only need the matrix for one ele-
ment in each class):

O(C4x )γ −
1 = C−1

4x γ −
1 = C−1

4x

(
x2 + ωy2 + ω2z2

)− xzy= (
x2 + ωz2 + ω2 y2

)− = γ −
2 ,

O(C4x )γ −
2 = γ −

1 ,

=⇒ C4x =
(

0 1
1 0

)
,

O(C−1
4y )γ −

1 = C4y
(
x2 + ωy2 + ω2z2

)− zyx= (
z2 + ωy2 + ω2x2

)−

= 1

ω

(
x2 + ω2 y2 + ωz2

)− = 1

ω
γ −

2 ,

O
(

C−1
4y

)
γ −

2 = C4y
(
x2 + ωz2 + ω2 y2

)− = (
z2 + ωx2 + ω2 y2

)−

= 1

ω2

(
x2 + ωy2 + ω2z2

)− = 1

ω2
γ −

1 ,

=⇒ C−1
4y =

(
0 1

ω
1
ω2 0

)
,

O(C2)γ −
i = γ −

i ,

=⇒ C2 =
(

1 0
0 1

)
,
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O
(
C3xyz

)
γ −

1 = C−1
3xyz

(
x2 + ωy2 + ω2z2

)− zxy= (
z2 + ωx2 + ω2 y2

)−

= 1

ω2

(
x2 + ωy2 + ω2z2

)− = 1

ω2
γ −

1 ,

O
(
C3xyz

)
γ −

2 = (
z2 + ωy2 + ω2x2

)− = 1

ω
γ −

2 ,

=⇒ C3xyz =
( 1

ω2 0
0 1

ω

)
=
(

ω 0
0 ω2

)
.

C ′
2 is similar to C4, and so on. In order to get the characters, we have, for example

for C3xyz

χ (C3xyz) = ω + ω2 = −1,

since ω + ω2 + ω3 = 0 and ω3 = 1. Also, one should check that the representation
is indeed unitary (i.e., U † = U−1). For example, given C−1

4y above and assuming
unitarity,

C†
4y = C−1

4y =
(

0 1
ω∗2

1
ω∗ 0

)
=
(

0 1
ω

1
ω2 0

)
,

since

ω3 = 1 =⇒ 1

ω∗2 = ω∗,

and

ω = eiθ =⇒ ω∗ = 1/ω.

Also

C4y = (C†
4y)† =

(
0 1

ω
1
ω2 0

)
,

and

C4yC−1
4y = C4yC†

4y =
(

0 1
ω

1
ω2 0

)(
0 1

ω
1
ω2 0

)
=
( 1

ω3 0
0 1

ω3

)
=
(

1 0
0 1

)
.

Thus γ −
νl ∼ Γ −

12 .
Now, following DKK, let

〈yz|px |γ −
1 〉 ≡ R. (3.21)
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We will show that 〈yz|px |γ −
2 〉 is related. To wit,

C4x 〈yz|px |γ −
2 〉 = C4x 〈yz|px |(x2 + ω2 y2 + ωz2)−〉 = −〈yz|px |(x2 + ωy2 + ω2z2)−〉

= −R.

The two matrix elements with respect to the two degenerate states are, therefore, the
same up to a sign giving

L = F + 2G. (3.22)

3.2.3.2 M Parameter

Similarly, one can show that M only has contributions from Γ −
15 and Γ −

25 (lowest
l = 3 [27]). Again, taking the Γ −

15 representation as example:

〈yz|py|x〉 = 0

using I C2x ,

〈yz|py|y〉 = 0

using I C2y , but

〈yz|py|z〉 	= 0 ∀ I C2.

Then,

M = �
2

m2
0

′∑
lv

{
|〈yz|py|lv〉|2
EΓ +

25
− EΓ −

15

+ |〈yz|py|lv〉|2
EΓ +

25
− EΓ −

25

}
. (3.23)

Let

H1 ≡ �
2

m2
0

′∑
l

|〈yz|py|δ−
3l〉|2

EΓ +
25

− EΓ −
15

, (3.24)

where δ−
3l ∈ Γ −

15 . There are no matrix elements with δ−
1l and δ−

2l , where δ−
1l , δ

−
2l , δ

−
3l ∼

x, y, z:

〈yz|py |y〉 I C2y= 0,

〈yz|py |x〉 I C2z= 0,

but

〈yz|py |z〉 	= 0.



28 3 Perturbation Theory – Valence Band

Similarly, let

H2 ≡ �
2

m2
0

′∑
l

|〈yz|py|ε−
3l〉|2

EΓ +
25

− EΓ −
25

. (3.25)

Let Γ −
25 ∼ da − d ′

a [e.g., (yz)a − (yz)′a]; except for operations with inversion, the
matrix elements behave as for Γ +

25 . Then

〈yz+|py|yz−〉 = 0,

using C2x and

〈yz+|py|ε−
2l〉 = 0,

using C2y but

〈yz+|py|xy−〉 	= 0.

Thus,

M = H1 + H2. (3.26)

3.2.3.3 N Parameter

Finally, we study N :

N = �
2

m2
0

′∑
lνα

〈yz|px |lνα〉〈lνα|py|yz〉 + 〈yz|py|lνα〉〈lνα|px |yz〉
EΓ +

25
− El

∼ Γ −
2 + Γ −

12 + Γ −
15 + Γ −

25 . (3.27)

We will consider the two matrix elements 〈yz|px |l〉〈l|py|yz〉 and 〈yz|py|l〉〈l|px |yz〉
separately. For Γ −

2 , we have first the matrix element 〈yz|px |β−
l 〉〈β−

l |py|yz〉, where
β−

l ∼ xyz. Now,

〈β−
l |py|yz〉 = 〈xyz|py |zx〉 I C2x y= 〈xyz|px |yz〉 = 〈β−

l |px |yz〉,
〈yz|py |lα〉 = 〈yz|py |xyz〉 = 0.

Hence,

�
2

m2
0

′∑
l∈Γ −

2

〈yz|px |l〉〈l|py|yz〉 + 〈yz|py|l〉〈l|px |yz〉
EΓ +

25
− El

= �
2

m2
0

′∑
l∈Γ −

2

|〈yz|px |β−
l 〉|2

EΓ +
25

− El
≡ F.

(3.28)
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For Γ −
12 , we need the following:

〈γ −
2 |py |yz〉 =

〈(
x2 + ω2 y2 + ωz2

)− |py |zx
〉

C4z (yxz)= −
〈(

y2 + ω2x2 + ωz2
)− |px |zy

〉

= − 1

ω∗
〈(

x2 + ωy2 + ω2z2
)− |px |yz

〉
= −ω〈γ −

1 |px |yz〉,

〈γ −
1 |py |yz〉 = 1

ω2
〈γ −

2 |px |yz〉 = − R

ω2
= −ωR,

=
〈(

x2 + ωy2 + ω2z2
)− |py |zx

〉
C2xz (zyx)= −

〈(
z2 + ωy2 + ω2x2

)− |py |xz
〉

= − 1

ω

〈(
x2 + ω2 y2 + ωz2

)− |py |zx
〉
= −ω2

〈
γ −

2 |py |yz
〉
,

〈
zx |py |γ −

1

〉 =
〈
zx |py |

(
x2 + ωy2 + ω2z2

)−〉 I C2x y (yxz)= −
〈
zy|px |

(
y2 + ωx2 + ω2z2

)−〉

= − 1

ω2

〈
yz|px |(x2 + ω2 y2 + ωz2)−

〉 = − 1

ω2
〈yz|px |γ −

2 〉,

or

〈
yz|px |γ −

2

〉 = R = 〈
yz|px |γ −

1

〉
,

〈γ −
2 |py|yz〉 = 1

ω

〈
γ −

1 |px |yz
〉
,

=⇒ 〈yz|px |γ −
2 〉〈γ −

2 |py|yz〉 = 1

ω
〈yz|px |γ −

1 〉〈γ −
1 |px |yz〉 = 1

ω
|R|2.

Next

〈yz|px |γ −
1 〉〈γ −

1 |py |yz〉 = 〈yz|px |γ −
2 〉 1

ω2
〈γ −

2 |px |yz〉 = 1

ω2
|〈yz|px |γ −

2 〉|2 = 1

ω2
|R|2.

Finally, in 〈yz|py|l〉〈l|px |yz〉, e.g.,

〈yz|py |(x2 + ωy2 + ω2z2)−〉 C2y= 0.

Hence,

�
2

m2
0

∑
ν

〈yz|px |γ −
ν 〉〈γ −

ν |py |yz〉
EΓ +

25
− El

= �
2

m2
0

(
1

ω
+ 1

ω2

)∑
ν

|R|2
EΓ +

25
− El

= (ω2 + ω)
�

2

m2
0

∑
ν

|R|2
EΓ +

25
− El

= − �
2

m2
0

∑
ν

|R|2
EΓ +

25
− El

≡ −G.
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For Γ −
15 ∼ x, y, z, we have

〈yz|px |δ−
νl〉〈δ−

νl |py|yz〉 = 〈yz|px |x, y, z〉〈x, y, z|py |zx〉 = 0 ∀ ν,

〈yz|py |δ−
νl〉〈δ−

νl |px |yz〉 = 〈yz|py |z〉〈z|px |zx〉 	= 0.

Indeed,

〈yz|px |z〉 = 〈yx |py |x〉 = 〈xy|py |δ−
1l〉,

〈z|py|zx〉 = 〈x |py |xy〉 = 〈δ−
1l |py|xy〉,

giving

∑
Γ −

15

= H1. (3.29)

For Γ −
25 ∼ da − d ′

a , we have

〈yz|px |ε−
νl〉〈ε−

νl |py|zx〉 = 0.

We already have that

〈yz|py|ε−
1,2l〉 = 0.

Thus, the only non-zero element is

〈yz|py |ε−
3l〉〈ε−

3l |px |zx〉 C4z= −〈yz|py |xy−〉〈xy−|py|yz〉 = −H2.

Finally,

N = F − G + H1 − H2. (3.30)

3.2.4 Properties

Rewriting the DKK Hamiltonian, Eq. (3.4), as

Mk2 +
⎛
⎝ (L − M)k2

x Nkx ky Nkx kz

Nkx ky (L − M)k2
y Nkykz

Nkx kz Nkykz (L − M)k2
z

⎞
⎠ ,

one observes that if (L − M) = N , the energy dispersion is isotropic. This is known
as the spherical approximation; it was first introduced by Baldereschi and Lipari in
their study of acceptor states in cubic semiconductors [30].
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Note that a minimal basis (sp3) tight-binding model will give an isotropic dis-
persion for small wave vector [24]. In this respect, k · p theory gives a better rep-
resentation of the symmetry group (if enough interactions are retained). Indeed, if
one only retains the lowest interaction (assumed to be of symmetry Γ −

2 ∼ xyz), and
defines a Kane parameter analogously to the ZB case [Eq. (2.30)],

2

m0
|〈xyz|pz|xy〉|2 ≡ EP ,

then

L = �
2

m2
0

|〈xy|pz|xyz〉|2
EΓ +

25
− E−

2

= �
2

2m0

(
EP

−E0

)
,

M = 0,

N = L ,

giving an isotropic dispersion (and effective mass).

Table 3.3 DKK parameters in units of �
2/2m0 [2]

L M N F G H1 H2

Si −1.9 −6.7 −7.5 −1.2 −0.4 −6.7 0

Ge −31.8 −5.1 −32.1 −28.6 −1.4 −5.1 0

The band structures for Si and Ge along L → Γ → X are plotted in Fig. 3.3,
using the parameters from Table 3.3. H2 was chosen zero since it involves interac-
tion with Γ −

25 states and those are far from the valence band (Fig. 3.2). The warping
is evident from the difference in dispersion along the two directions. Also, the sig-
nificant failure of the k · p for large k is evident in the unnaturally large bandwidths.
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Fig. 3.3 Si and Ge band structures from DKK model
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3.3 Six-Band Model for Diamond

We now add the spin-orbit coupling to the previous model.

3.3.1 Hamiltonian

First we recall that the k · p perturbation was present to second order. However, the
spin-orbit interaction is nonzero even to first order. There are two contributions in
the k · p equation:

Hso(k) = �

4m2
0c2

(σ × ∇V ) · p + �
2

4m2
0c2

(σ × ∇V ) · k = Hso + Hso,k . (3.31)

The second, k-dependent spin-orbit term is usually much smaller than the first
one [3]; we will ignore it for now. Hence, we will be adding the matrix elements
of Hso in the Γ +

25 subspace and we rewrite the first term of Eq. (3.31) as

Hso = �

4m2
0c2

(σ × ∇V ) · p = �

4m2
0c2

(∇V × p) · σ ≡ Hs,iσi . (3.32)

One can show that there exists only one independent spin-orbit matrix element since
∇V × p is an axial vector. Then

〈s|∇V × p|x〉 = 〈x |∇V × p|x〉 = 0,

and

〈x |(∇V × p)z|y〉 	= 0.

Historically, one writes

Δ0 ≡ 3i�

4m2
0c2

〈
x

∣∣∣∣∂V

∂x
py − ∂V

∂y
px

∣∣∣∣ y

〉
. (3.33)

Kane [31] wrote it differently, as

Δ ≡ − 3i�

4m2
0c2

〈x |(∇V × p)y |z〉,

but one can show both forms lead to equivalent Hso matrices.
It is necessary to include the spin functions to the basis states leading to a six-

dimensional basis: ε+
1 ↑, ε+

2 ↑, ε+
3 ↑, ε+

1 ↓, ε+
2 ↓, ε+

3 ↓. In this L S representation,
Hso is not diagonal. Equivalently, it mixes the states and can lead to a splitting of
the degeneracy. Indeed, the six states transform according to (Table B.6)

Γ +
25 ⊗ Γ +

6 = Γ +
8 ⊕ Γ +

7 ,

and split into a quadruplet and a doublet. The double-group notation is that of Dres-
selhaus [32] as opposed to that of Koster et al. [33].
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However, if one transforms to the J MJ basis, Hso is diagonal. That this is so can
be seen from the fact that Hso behaves as

L · S = 1

2
(J 2 − L2 − S2) = 1

2
[ j( j + 1) − l(l + 1) − s(s + 1)] .

Combining the p-like orbitals (l = 1) with the spinors (s = 1
2 ) leads to j = 3

2

(four-fold degenerate) or j = 1
2 (two-fold degenerate) states. We choose phases

following Bastard [7] (Table 3.4). Our next task is to transform the Hamiltonian
into the new JMJ basis and then attempt to find exact solutions. We do expect, from
Kramer’s degeneracy, that all the states will be doubly degenerate.

Table 3.4 |J MJ 〉 states. The
phase factors given agree
with, e.g., Bastard [7] and
Foreman [34]

∣∣∣∣3

2

3

2

〉
= 1√

2
|(x + iy) ↑〉,

∣∣∣∣3

2

1

2

〉
= 1√

6
|(x + iy) ↓〉 −

√
2

3
|z ↑〉,

∣∣∣∣3

2
−1

2

〉
= − 1√

6
|(x − iy) ↑〉 −

√
2

3
|z ↓〉,

∣∣∣∣3

2
−3

2

〉
= 1√

2
|(x − iy) ↓〉,

∣∣∣∣1

2

1

2

〉
= 1√

3
|(x + iy) ↓〉 + 1√

3
|z ↑〉,

∣∣∣∣1

2
−1

2

〉
= − 1√

3
|(x − iy) ↑〉 + 1√

3
|z ↓〉,

i|s ↑〉,
i|s ↓〉.

3.3.1.1 Hso

Consider first the spin-orbit term. We need the Pauli spin matrices:

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (3.34)

In the J MJ basis, Hso is diagonal; furthermore, the matrix elements are only depen-
dent upon J . For example,〈

3

2

3

2
|Hso| 3

2

3

2

〉
=
〈

3

2

3

2

〉 ∣∣∣∣ �

4m2
0c2

∣∣∣∣ (∇V × p) · σ

∣∣∣∣32
3

2

〉

= 1

2
〈(x + iy) ↑| �

4m2
0c2

(∇V × p) · σ |(x + iy) ↑〉
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= 1

2
〈(x + iy)| �

4m2
0c2

(∇V × p) |(x + iy)〉 · 〈↑|σ |↑〉

= i〈x | �

4m2
0c2

(∇V × p) |y〉 · 〈↑ |σ | ↑〉

= i〈x | �

4m2
0c2

(∇V × p)z |y〉 ≡ Δ0

3
, (3.35)

using Eq. (3.33). Similarly, one finds

〈
1

2

1

2
|Hso|1

2

1

2

〉
= −2Δ0

3
.

A more formal procedure is to transform Hso in L S to H ′
so in JMJ . In L S, we have

Hso = 1

3
Δ0

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ε+
1 ↑ ε+

2 ↑ ε+
3 ↑ ε+

1 ↓ ε+
2 ↓ ε+

3 ↓
0 −i 0 0 0 1

i 0 0 0 0 −i

0 0 0 −1 i 0

0 0 −1 0 i 0

0 0 −i −i 0 0

1 i 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.36)

We now need the transformation matrix S connecting the L S states to the JMJ ones.
The equations in Table 3.4 can be rewritten in column vector form as

|J MJ 〉T = ST · |L S〉T , (3.37)

or in row vector form

〈J MJ | = 〈L S| · S, (3.38)

which defines the matrix S as

S =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

| 3
2

3
2 〉 | 3

2
1
2 〉 | 3

2 − 1
2 〉 | 3

2 − 3
2 〉 | 1

2
1
2 〉 | 1

2 − 1
2 〉

|ε+
1 ↑〉 1√

2
0 − 1√

6
0 0 − 1√

3

|ε+
2 ↑〉 i√

2
0 i√

6
0 0 i√

3

|ε+
3 ↑〉 0 −

√
2
3 0 0

√
1
3 0

|ε+
1 ↓〉 0 1√

6
0 1√

2
1√
3

0

|ε+
2 ↓〉 0 i√

6
0 − i√

2
i√
3

0

|ε+
3 ↓〉 0 0 −

√
2
3 0 0

√
1
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.39)
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Note that this differs from Eq. (10) of Kane [3] in an overall sign and also in a
different ordering of the JMJ basis. We can state that his |JMJ 〉 states differ from
ours by an overall sign (Table C.2). The spin-orbit Hamiltonian in the JMJ basis is

H ′
so = S†HsoS = Δ0

3

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −2 0
0 0 0 0 0 −2

⎞
⎟⎟⎟⎟⎟⎟⎠

. (3.40)

3.3.1.2 Hk· p

We now consider the representation of the k · p perturbation in the JMJ basis:

Hrs =
∑

lα

〈r |Hk·p|lα〉〈lα|Hk·p|s〉
E0 − Elα

. (3.41)

In principle, one would need to transform all the states. In Eq. (3.41), the combi-
nation |lα〉〈lα| is invariant under a unitary transformation; hence, they can be left
unchanged. Their energies Elα would, in general, experience spin-orbit splittings.
Following DKK, we will neglect the latter effect. The Hamiltonian in the L S basis is

(
HDKK 0

0 HDKK

)
.

One can now obtain the Hamiltonian in the JMJ basis by performing a unitary trans-
formation

S−1 H (k)S,

The small size of the Hamiltonian together with hermiticity makes the direct
transformation to the JMJ basis fairly straightforward. Furthermore, if left in terms
of the matrix elements Hi j of HDKK, the result reflects the choice of Clebsch-Gordan
coefficients, i.e., the latter (together with hermiticity) govern the structure of the
matrix. For example,

〈
3

2

3

2
|H (k)|3

2

3

2

〉
= 1

2
〈(x + iy) ↑ |H (k)|(x + iy) ↑〉

= 1

2
(H11 + H22) =

〈
3

2
−3

2
|H (k)|3

2
−3

2

〉
≡ P ′,

〈
3

2

1

2
|H (k)|3

2

1

2

〉
=
〈

1√
6

(x + iy) ↓ −
√

2

3
z ↑ |H (k)| 1√

6
(x + iy) ↓ −

√
2

3
z ↑

〉
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= 1

6
〈x + iy|H (k)|x + iy〉 + 2

3
〈z|H (k)|z〉

= 1

6
(H11 + H22) + 2

3
H33 =

〈
3

2
−1

2
|H (k)|3

2
−1

2

〉
≡ P ′′,

〈
1

2

1

2
|H (k)|1

2

1

2

〉
=
〈

1√
3

(x + iy) ↓ + 1√
3

z ↑ |H (k)| 1√
3

(x + iy) ↓ + 1√
3

z ↑
〉

= 1

3
〈x + iy|H (k)|x + iy〉 + 1

3
〈z|H (k)|z〉

= 1

3
(H11 + H22 + H33) =

〈
1

2
−1

2
|H (k)|1

2
−1

2

〉
≡ P ′′′,

〈
3

2

3

2
|H (k)|3

2

1

2

〉
=
〈

1√
2

(x + iy) ↑ |H (k)| 1√
6

(x + iy) ↓ −
√

2

3
z ↑

〉

= − 1√
3
〈x + iy|H (k)|z〉 = − 1√

3
(H13 − iH23) ≡ S−,

〈
3

2

3

2
|H (k)|3

2
−1

2

〉
=
〈

1√
2

(x + iy) ↑ |H (k)| − 1√
6

(x + iy) ↑ −
√

2

3
z ↓

〉

= − 1

2
√

3
〈x + iy|H (k)|x − iy〉 = − 1

2
√

3
(H11 − H22 − 2iH12)

≡ −R,

〈
3

2

1

2
|H (k)|1

2

1

2

〉
=
〈

1√
6

(x + iy) ↓ −
√

2

3
z ↑ |H (k)| 1√

3
(x + iy) ↓ + 1√

3
z ↑

〉

= 1

3
√

2
〈x + iy|H (k)|x + iy〉 −

√
2

3
〈z|H (k)|z〉

= 1

3
√

2
(H11 + H22 − 2H33) ≡ −

√
2Q,

〈
3

2
−1

2
|H (k)|1

2

1

2

〉
= − 1

3
√

2
〈x − iy|H (k)|z〉 −

√
2

3
〈z|H (k)|x + iy〉

= − 1√
2

(H13 + iH23) =
√

3

2
S+.

In the above derivations, we have used the fact that Hi j = Hji .

3.3.1.3 H(k) + Hso

The total Hamiltonian is given in Table 3.5. Note that there are a few sign differ-
ences between our Table 3.5 and Eq. (65) of DKK. These can be accounted for by
differences in the phases of two of the basis functions (Table C.2), even though DKK
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did not give theirs explicitly. For example, in our case, the (1,5) and (2,6) matrix
elements have the same sign; in DKK’s case, they have opposite signs. Equation
(4.3.14) in S. L. Chuang’s book [15] (and Eq. (20) of Elliott [35] but there are other
problems here as we will see below) also have the same structure as DKK’s; in
the former case, the basis functions are given and the sign difference in two basis
functions is consistent with our interpretation of DKK’s basis. Our Hamiltonian has
the same structure as that of, e.g., Kane [3] (not surprisingly since our bases only
differ by an overall negative sign) and, in fact, of Luttinger–Kohn [6] as well, as we
will see later for both cases. Nevertheless, the subsequent evaluation of the secular
determinant leads to the same characteristic equation. Our Hamiltonian does agree
with that of Kane [3] upon re-ordering the basis. Before we treat the approximate
eigenvalues, we give here the explicit and independent matrix elements of the 6 × 6
Hamiltonian given in Table 3.5, using the notation of Elliot [35]:

(1, 1) = (4, 4) = H11 + H22

2
= 1

2
(L + M)(k2

x + k2
y) + Mk2

z ≡ 1

2
P − �

2k2

2m0
,

(1, 2) = − H13 − iH23√
3

= − N√
3

(kx − iky)kz ≡ R,

(1, 3) = − H11 − H22 − 2iH12

2
√

3
= − 1

2
√

3

[
(L − M)(k2

x − k2
y) − 2iNkx ky

] ≡ S,

(2, 2) = (3, 3) = H11 + H22 + 4H33

6
= 1

6

[
(L + 5M)(k2

x + k2
y) + 2(2L + M)k2

z

]

≡ 1

6
P + 2

3
Q − �

2k2

2m0
,

(2, 5) = H11 + H22 − 2H33

3
√

2
= 1

3
√

2

[
(L − M)(k2

x + k2
y) − 2(L − M)k2

z

]

≡ 1

3
√

2
(P − 2Q),

(5, 5) = (6, 6) = H11 + H22 + H33

3
− Δ0 = L + 2M

3
k2 − Δ0

≡ 1

3
(P + Q) − Δ0 − �

2k2

2m0
.

The above can be summarized into the Elliott–Luttinger–Kohn Hamiltonian in
Table 3.6, after adding the diagonal free-electron energy term. Note, however, that
our matrix differs slightly from the original Elliott [35] and LK [6] ones due to
the different basis functions used. Indeed, if we correct for the difference in basis
function, we do reproduce the LK Hamiltonian, Eq. (V.13); but we do not reproduce
that of Elliott. Our P and Q are identical to the latter but not R and S. Since we
have already used L , M, N as DKK parameters, we have introduced a new notation
to replace the k-dependent L , M of LK; we, henceforth, refer to the LK k-dependent
matrix elements as PL , QL , L L , ML . The relationships between ours and LK’s are:



38 3 Perturbation Theory – Valence Band

Ta
bl

e
3.

5
D

K
K

H
am

ilt
on

ia
n

in
JM

J
ba

si
s.

T
he

to
p

m
at

ri
x

is
as

gi
ve

n
by

D
K

K
[2

],
th

e
se

co
nd

em
ph

as
iz

es
th

e
st

ru
ct

ur
e

du
e

so
le

ly
to

th
e

C
le

bs
ch

-G
or

da
n

co
ef

fic
ie

nt
s

an
d

he
rm

iti
ci

ty
(t

hu
s

th
e

lo
w

er
ha

lf
of

th
e

m
at

ri
x

is
no

te
xp

lic
itl

y
w

ri
tte

n
ou

t)
.

H
ij
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em
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H

D
K

K

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝

|3 2
3 2
〉

|3 2
1 2
〉

|3 2
−

1 2
〉

|3 2
−

3 2
〉

|1 2
1 2
〉

|1 2
−

1 2
〉

H
11

+H
22

2
−

H
13

−i
H

23
√ 3

−
H

11
−H

22
−2

iH
12

2√ 3
0

H
13

−i
H

23
√ 6

−
H

11
−H

22
−2

iH
12

√ 6

−
H

13
+i

H
23

√ 3
4

H
33

+H
11

+H
22

6
0

H
11

−H
22

−2
iH

12

2√ 3
H

11
+H

22
−2

H
33

3√ 2
H

13
−i

H
23

√ 2

−
H

11
−H

22
+2

iH
12

2√ 3
0

4
H

33
+H

11
+H

22
6

−
H

13
−i

H
23

√ 3
−

H
13

+i
H

23
√ 2

H
11

+H
22

−2
H

33

3√ 2

0
H

11
−H

22
+2

iH
12

2√ 3
−

H
13

+i
H

23
√ 3

H
11

+H
22

2
H

11
−H

22
+2

iH
12

√ 6
H

13
+i

H
23

√ 6
H

13
+i

H
23

√ 6
H

11
+H

22
−2

H
33

3√ 2
−

H
13

−i
H

23
√ 2

H
11

−H
22

−2
iH

12
√ 6

H
11

+H
22

+H
33

3
−

Δ
0

0

−
H

11
−H

22
+2

iH
12

√ 6
H

13
+i

H
23

√ 2
H

11
+H

22
−2

H
33

3√ 2
H

13
−i

H
23

√ 6
0

H
11

+H
22

+H
33

3
−

Δ
0

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠

≡

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝|3 2
3 2
〉

|3 2
1 2
〉

|3 2
−

1 2
〉

|3 2
−

3 2
〉

|1 2
1 2
〉

|1 2
−

1 2
〉

P
′

S −
−R

0
−

1 √ 2
S −

−√ 2
R

P
′′

0
R

−√ 2
Q

−√ 3 2
S −

P
′′

S −
√ 3 2

S +
−√ 2

Q

†
P

′
√ 2

R
∗

1 √ 2
S +

P
′′′

−
Δ

0
0

P
′′′

−
Δ

0

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠
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Table 3.6 DKK Hamiltonian in J MJ basis using Elliott-LK notation. Note differences compared
to Eq. (20) of Elliott and Eq. (V.13) of LK. The free-electron energy was added to the DKK
Hamiltonian

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

| 3
2

3
2 〉 | 3

2
1
2 〉 | 3

2 − 1
2 〉 | 3

2 − 3
2 〉 | 1

2
1
2 〉 | 1

2 − 1
2 〉

1
2 P R S 0 − 1√

2
R

√
2S

R∗ 1
6 P + 2

3 Q 0 −S 1
3
√

2
(P − 2Q) −

√
3
2 R

S∗ 0 1
6 P + 2

3 Q R
√

3
2 R∗ 1

3
√

2
(P − 2Q)

0 −S∗ R∗ 1
2 P −√

2S∗ − 1√
2

R∗

− 1√
2

R∗ 1
3
√

2
(P − 2Q)

√
3
2 R −√

2S 1
3 (P + Q) − Δ0 0

√
2S∗ −

√
3
2 R∗ 1

3
√

2
(P − 2Q) − 1√

2
R 0 1

3 (P + Q) − Δ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with

P = (L + M)(k2
x + k2

y) + 2Mk2
z + �

2k2

m0
,

Q = M(k2
x + k2

y) + Lk2
z + �

2k2

2m0
,

R = − N√
3

(kx − iky)kz,

S = − 1

2
√

3

[
(L − M)(k2

x − k2
y) − 2iNkx ky

]
.

P = (L + M)(k2
x + k2

y) + 2Mk2
z + �

2k2

m0
= (AL + BL )(k2

x + k2
y) + 2BLk2

z ≡ PL ,

Q = M(k2
x + k2

y) + Lk2
z + �

2k2

2m0
= QL ,

R = − N√
3

(kx − iky)kz = −iL L , (3.42)

S = − 1

2
√

3

[
(L − M)(k2

x − k2
y) − 2iNkx ky

] = −ML .

This form of the Hamiltonian is not widely used; exceptions include, e.g., in the
paper by Sercel and Vahala [36].

While this Hamiltonian is often called the Luttinger–Kohn Hamiltonian, we note
that it appears to have first been written down by Elliott in a related form [35]. There
is also another form of this same Hamiltonian, e.g., in S. L. Chuang’s book [15], in
terms of the Luttinger parameters. However, since we have not yet introduced the
Luttinger parameters, we will present this other form later. Note further that the
quantities P, Q, R, S are different from the definitions in our canonical form in
Table 3.5.
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3.3.2 DKK Solution

The full 6 × 6 determinant cannot be solved analytically. If one assumes that the
hh/lh states can be decoupled from the spin-split-off hole (sh) states (as they are for
k = 0), then one has a 2×2 and a 4×4 block. The spin-split-off block can obviously
be diagonalized exactly. The 4 × 4 block, it turns out, can also be diagonalized
exactly here due to the fact that all the states are doubly degenerate from time-
reversal symmetry in an inversion-symmetric structure (Kramer’s theorem).

We first obtain the spin-split-off dispersion. The 2×2 block is given by Eq. (3.43).

∣∣∣∣∣
H11+H22+H33

3 − λ − Δ0 0

0 H11+H22+H33
3 − λ − Δ0

∣∣∣∣∣ = 0. (3.43)

Not surprisingly, the matrix is already diagonal, reflecting the double degeneracy
expected. The eigenvalue is

λ = −Δ0 + H11 + H22 + H33

3

= −Δ0 + 1

3
(L + 2M)k2.

The dispersion is

Esh(k) = �
2k2

2m0
− Δ0 + 1

3
(L + 2M)k2 ≡ −Δ0 + Ak2, (3.44)

where

A ≡ 1

3
(L + 2M) + �

2

2m0
. (3.45)

We now evaluate the 4 × 4 determinant in a straightforward manner:

∣∣∣∣∣∣∣∣∣∣∣∣

H11+H22
2 − λ − H13−iH23√

3
− H11−H22−2iH12

2
√

3
0

− H13+iH23√
3

4H33+H11+H22
6 − λ 0 H11−H22−2iH12

2
√

3

− H11−H22+2iH12

2
√

3
0 4H33+H11+H22

6 − λ − H13−iH23√
3

0 H11−H22+2iH12

2
√

3
− H13+iH23√

3
H11+H22

2 − λ

∣∣∣∣∣∣∣∣∣∣∣∣

=
[

1

2
(H11 + H22) − λ

]2 [1

6
(4H33 + H11 + H22) − λ

]2

−1

6

[
1

6
(4H33 + H11 + H22) − λ

] [
1

2
(H11 + H22) − λ

]

×
{

(H11 − H22)2 + 4(H 2
12 + H 2

13 + H 2
23)
}
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+ 1

18
(H 2

13 + H 2
23)

[
(H11 − H22)2 + 4H 2

12

] + 1

9
(H 2

13 + H 2
23)2

+ 1

144

[
(H11 − H22)2 + 4H 2

12

]2
.

Making use of the double degeneracy of the states, we recognize that the secular
equation can be rewritten as

(x − a)2 = 0,

where

x =
[

1

6
(4H33 + H11 + H22) − λ

] [
1

2
(H11 + H22) − λ

]
,

a = 1

12

[
(H11 − H22)2 + 4H 2

12 + 4(H 2
13 + H 2

23)
]
.

Then, writing x = a, we have

[
1

6
(4H33 + H11 + H22) − λ

] [
1

2
(H11 + H22) − λ

]

= 1

12

[
(H11 − H22)2 + 4H 2

12 + 4(H 2
13 + H 2

23)
]
,

or

λ2 −
[

4

3
(H11 + H22 + H33)

]
λ + 1

12
(4H33 + H11 + H22)(H11 + H22)

− 1

12

[
(H11 − H22)2 + 4(H 2

12 + H 2
13 + H 2

23)
] = 0. (3.46)

The eigenvalues are

λ = 1

3
(H11 + H22 + H33) ± 1

2

{
4

9
(H11 + H22 + H33)2

+ 1

3

[
(H11 − H22)2 + 4(H 2

12 + H 2
13 + H 2

23) − (H11 + H22)(4H33 + H11 + H22)
]}1/2

= 1

3
(L + 2M)k2 ±

{
1

9
(L + 2M)2k4 + N 2

3
(k2

x k2
y + k2

yk2
z + k2

z k2
x )

+ 1

12

[
(H11 − H22)2 − (H11 + H22)(4H33 + H11 + H22)

]}1/2

. (3.47)

It remains to simplify the last term of Eq. (3.47). Note that

1

12

[
(H11 − H22)2 − (H11 + H22)(4H33 + H11 + H22)

]



42 3 Perturbation Theory – Valence Band

= 1

12

[
(H11 − H22)2 − (H11 + H22)2 − 4H33(H11 + H22)

]

= −1

3
[H11 H22 + H22 H33 + H33 H11]

= −1

3

[
(L2 + 3M2)(k2

x k2
y + k2

yk2
z + k2

z k2
x ) + M2(k4

x + k4
y + k4

z )

+2M L(k4
x + k4

y + k4
z + k2

x k2
y + k2

yk2
z + k2

z k2
x )
]
, (3.48)

while

1

9
(L + 2M)2k4 = 1

9
(L − M)2k4 + M2k4 + 2

3
M(L − M)k4

= 1

9
(L − M)2k4 + M

3
(2L + M)k4. (3.49)

Combining Eq. (3.48) with the second term on the right-hand side of Eq. (3.49) and
using

k4 = (k2
x + k2

y + k2
z )2 = (k4

x + k4
y + k4

z ) + 2(k2
x k2

y + k2
yk2

z + k2
z k2

x ),

we finally get

1

3

{
M(2L + M)k4 − [(L2 + 3M2)(kxy + kyz + kzx ) + M2(k4

x + k4
y + k4

z )

+2M L(k4
x + k4

y + k4
z + kxy + kyz + kzx )]

}
= 1

3
(L − M)2(kxy + kyz + kzx ),

where we have written

kxy + kyz + kzx ≡ k2
x k2

y + k2
yk2

z + k2
z k2

x .

Hence, the dispersion is

E(k) = 1

3
(L + 2M)k2 ±

{
1

9
(L − M)2k4 + 1

3

[
N 2 − (L − M)2

]
(k2

x k2
y + k2

yk2
z + k2

z k2
x )

}1/2

≡ Ak2 ± [
B2k4 + C2(k2

x k2
y + k2

yk2
z + k2

z k2
x )
]1/2

, (3.50)

where

A = 1

3
(L + 2M) + �

2

2m0
,

B = 1

3
(L − M), (3.51)
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C2 = 1

3

[
N 2 − (L − M)2

]
.

Note that these solutions are identical to Eqs. (3.13) and (3.14).

3.3.3 Kane Solution

Kane [3] sought to block diagonalize the Hamiltonian as much as possible via uni-
tary transformations before looking for analytic solutions. The key is to recognize
the structure of the Hamiltonian matrix, here due to time-reversal symmetry. The
Kramers operator for a crystal with inversion is

K = −iσyC I, (3.52)

where I is the inversion operator and C is complex conjugation. The basis can then
be written as

φ1, φ2, φ3,Kφ1,Kφ2,Kφ3. (3.53)

Here, they correspond to

∣∣∣∣32
3

2

〉
,

∣∣∣∣32
1

2

〉
,

∣∣∣∣12
1

2

〉
,

∣∣∣∣32 −3

2

〉
,

∣∣∣∣32 −1

2

〉
,

∣∣∣∣12 −1

2

〉
.

Since K is equivalent to the time-reversed symmetry operator, the states φi and Kφi

differ in their m values: ±m, respectively. Luttinger and Kohn [6], on the other hand,
defined the time-reversal operator as

K = σyC. (3.54)

The |J +|m|〉 states of LK differ from ours; since K is also different, the |J −|m|〉
states differ as well. We have,

〈Kφi |Kφ j 〉 = 〈φi |φ j 〉∗,
〈Kφi |H |Kφ j 〉 = 〈φi |H |φ j 〉∗, (3.55)

〈φi |H |Kφ j 〉 = −〈φ j |H |Kφi 〉.

We, therefore, reorder the transformation matrix S from Eq. (3.39) into U defined by
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U =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 1
2

1
2

〉 ∣∣ 3
2 − 3

2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣ 1
2 − 1

2

〉
|ε+

1 ↑〉 1√
2

0 0 0 − 1√
6

− 1√
3

|ε+
2 ↑〉 i√

2
0 0 0 i√

6
i√
3

|ε+
3 ↑〉 0 −

√
2
3

1√
3

0 0 0

|ε+
1 ↓〉 0 1√

6
1√
3

1√
2

0 0

|ε+
2 ↓〉 0 i√

6
i√
3

− i√
2

0 0

|ε+
3 ↓〉 0 0 0 0 −

√
2
3

1√
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.56)

Our U differs from Kane’s Eq. (10) [3] by an overall sign but otherwise has the same
ordering. Thus, the Hamiltonian can be written as (using Kane’s basis ordering)

H =
(

G Γ

−Γ ∗ G∗

)
, (3.57)

where Γ T = −Γ . Note that our U in Eq. (3.56) is of this form too:

U =
(

S R
−R∗ S∗

)
.

Comparing Eq. (3.57) with Table 3.5 and accounting for the ordering difference, we
find

G =

⎛
⎜⎜⎝

H11+H22
2

−H13+iH23√
3

H13−iH23√
6

−H13−iH23√
3

H11+H22+4H33
6

H11+H22−2H33

3
√

2
H13+iH23√

6
H11+H22−2H33

3
√

2
H11+H22+H33

3 − Δ0

⎞
⎟⎟⎠, (3.58)

Γ =

⎛
⎜⎜⎝

0 −H11+H22+2iH12

2
√

3
−H11+H22+2iH12√

6
H11−H22−2iH12

2
√

3
0 H13−iH23√

2
H11−H22−2iH12√

6
−H13+iH23√

2
0

⎞
⎟⎟⎠. (3.59)

Following Kane, we introduce

Xeiχ = −H11 + H22 + 2iH12,

Y eiη = H13 − iH23, (3.60)

Z = H11 + H22 − 2H33.

One can then show that the following transformation
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U1 =
(

S1 R1

−R∗
1 S∗

1

)
,

with

S1 = 1√
2

⎛
⎜⎝

ei( χ+η

2 − π
4 ) 0 0

0 ei( χ−η

2 − π
4 ) 0

0 0 ei( χ−η

2 − π
4 )

⎞
⎟⎠, (3.61)

R1 = 1√
2

⎛
⎜⎝

−ei( χ+η

2 − π
4 ) 0 0

0 −ei( χ−η

2 − π
4 ) 0

0 0 −ei( χ−η

2 − π
4 )

⎞
⎟⎠, (3.62)

transforms the Hamiltonian into

H ′ =
(

G ′ Γ ′

−Γ ′∗ G ′∗

)
, (3.63)

where

G ′ =

⎛
⎜⎜⎝

H11+H22
2

−Y+iX/2√
3

Y+iX√
6

Y−iX/2√
3

H11+H22+4H33
6

Z/3+iY cos(χ−2η)√
2

Y−iX√
6

Z/3−iY cos(χ−2η)√
2

H11+H22+H33
3 − Δ0

⎞
⎟⎟⎠ , (3.64)

Γ ′ =

⎛
⎜⎝

0 0 0
0 0 Y sin(χ−2η)√

2

0 −Y sin(χ−2η)√
2

0

⎞
⎟⎠ . (3.65)

Obviously, Γ ′ is zero for certain values of the wave vector; in that case, the Hamil-
tonian is block diagonal.

3.4 Wurtzite

Another important type of band structure is that of wurtzite-type materials.

3.4.1 Overview

The band structure and optical properties were first studied in the late 1950s [37–40].
Pikus [41] obtained the valence band using the method of invariants and provided
a six-band model. Gutsche and Jahne [42] wrote down a 12-band model for the
valence band at k = 0. The bulk band structure regained attention in the 1990s due
to the growth of high-quality epitaxial GaN and AlN. Thus, Sirenko and cowork-
ers extended the study of the valence band [43–45] while Chuang and coworkers
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[46, 47] introduced a Kane model and also used perturbation theory to compare
to the invariant method. A coupled conduction-valence band model was introduced
by Lew Yan Voon et al. [48], in which the conduction state was folded into the
valence block and the latter diagonalized exactly. A treatment where they are treated
on an equal footing was by Andreev and O’Reilly in 2000 [49] and used subse-
quently [50, 51]. Band parameters for a number of wurtzite (WZ) materials have
now been obtained [45, 46, 52, 53]. There have also been a number of studies for
nanostructures [43, 46, 47, 54–58].

Some basic differences compared to the ZB problem are:

• The symmetry is hexagonal [C4
6v (6 mm)] instead of cubic.

• The six-band valence Hamiltonian now has 10 parameters (seven Ai and three
Δi ) instead of four.

• The bulk Hamiltonian with spin-orbit interaction cannot be diagonalized exactly
at k = 0 using only symmetry-adapted functions.

The WZ semiconductors are generally large-band-gap materials (except for InN
with a band gap of ∼ 0.7 eV [59, 60]) with a direct gap at the Γ point. The presence
of both a crystal-field splitting (compared to a cubic structure) and spin-orbit interac-
tion leads to a complex valence-band structure consisting of three doubly-degenerate
bands at the Γ point; they are known as the A, B, and C bands.

Just as for the cubic semiconductors, the band structure near the Γ point will
be of interest. One complication is that basis states that transforms as s, p, d, ...

will no longer diagonalize the Hamiltonian even at that point. This is clear from the
irreducible basis functions given in Table B.10.

3.4.2 Basis States

Different models for the band structure of WZ materials have been considered,
corresponding to different basis functions. In Table C.9, we list together the main
choices of basis states. We have maintained the notation in the original papers,
whereby the basis functions for, e.g., Chuang and Chang [46] are given in capital
letters whereas the ones for Gutsche and Jahne [42] are in small letters. As noted by
Chuang and Chang [46], other work have been less explicit in their basis functions
and, as a result, discrepancies have arisen among the various Hamiltonians to be
found in the literature. For example, Pikus [1, 61] and Sirenko et al. [43] only men-
tion that they used the L S and J MJ basis without giving the full representations. As
we did for ZB materials, we will provide as complete a picture as we can regarding
the various Hamiltonians and the corresponding basis functions.

3.4.3 Chuang–Chang Hamiltonian

The presentation of the Hamiltonian within perturbation theory was done by Chuang
and Chang (CC) [46].
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Both spin-orbit and crystal-field splitting are important for WZ materials; hence,
it is common to use basis functions that reflect this. The Hamiltonian consists of two
terms–one with constant energies, and one k-dependent:

H (k) = Hk=0 + D6×6(k), (3.66)

where the D matrix was defined in Eq. (3.6). As WZ differs from ZB by the inequiv-
alence of the z axis from x and y, one can use a basis that resembles the J MJ states
for cubic crystals but with the Z function separate. This is the so-called u basis and
is given in Table 3.7.

Table 3.7 u basis states for
the valence bands of
wurtzite [46]

Jz

Γ5 |u1〉 − 1√
2
|(X + iY ) ↑〉 Y1 1 ↑ 3

2

Γ5 |u2〉 1√
2
|(X − iY ) ↑〉 Y1 −1 ↑ − 1

2

Γ1 |u3〉 |Z ↑〉 Y1 0 ↑ 1
2

Γ5 |u4〉 1√
2
|(X − iY ) ↓〉 Y1 −1 ↓ − 3

2

Γ5 |u5〉 − 1√
2
|(X + iY ) ↓〉 Y1 1 ↓ 1

2

Γ1 |u6〉 |Z ↓〉 Y1 0 ↓ − 1
2

3.4.3.1 Hk=0

We have [using Eq. (3.32)],

Hk=0 = H0 + Hso = H0 + Hs,iσi . (3.67)

In the u basis, for example,

〈u1|Hk=0|u1〉 = 〈− 1√
2

(X + iY ) ↑ |H | − 1√
2

(X + iY ) ↑〉

= 1

2

[〈X ↑ |H0|X ↑〉 + 〈Y ↑ |H0|Y ↑〉 + i〈X |Hs,z |Y 〉〈↑ |σz | ↑〉 − i〈Y |Hs,z |X〉〈↑ |σz | ↑〉]

= 〈X |H0|X〉 + i

2

[〈X |Hs,z |X〉 − 〈Y |Hs,z |X〉]

≡ Eν + Δ1 + Δ2,

〈u2|Hk=0|u6〉 =
〈

1√
2

(X − iY ) ↑ |Hk=0|Z ↓
〉

=
〈

1√
2

(X − iY ) ↑ |Hso|Z ↓
〉

= 1√
2

[〈X |Hs,y |Z〉〈↑ |σy| ↓〉 + i〈Y |Hs,x |Z〉〈↑ |σx | ↓〉]

= 1√
2

[−i〈X |Hs,y |Z〉 + i〈Y |Hs,x |Z〉]

≡
√

2Δ3.
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Then Hk=0 in the u representation is

Hk=0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u1〉 |u2〉 |u3〉 |u4〉 |u5〉 |u6〉
Eν + Δ1 + Δ2 0 0 0 0 0

0 Eν + Δ1 − Δ2 0 0 0
√

2Δ3

0 0 Eν 0
√

2Δ3 0

0 0 0 Eν + Δ1 + Δ2 0 0

0 0
√

2Δ3 0 Eν + Δ1 − Δ2 0

0
√

2Δ3 0 0 0 Eν

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(3.68)
where

〈X |H0|X〉 = 〈Y |H0|Y 〉 = Eν + Δ1,

〈Z |H0|Z〉 = Eν,

〈X |Hs,z|Y 〉 = −iΔ2, (3.69)

〈Y |Hs,x |Z〉 = 〈Z |Hs,y |X〉 = −iΔ3,

3.4.3.2 D6×6(k)

Since D6×6(k) does not include the spin-orbit interaction, its matrix representation
in the L S basis can be written as

D6×6 =
⎛
⎝ ↑ ↓

D3×3 0
0 D3×3

⎞
⎠ . (3.70)

For D3×3, one can start with the Hamiltonian in the X, Y, Z basis:

D3×3 =

⎛
⎜⎜⎝

|X〉 |Y 〉 |Z〉
L1k2

x + M1k2
y + M2k2

z N1kx ky N2kx kz

N1kx ky M1k2
x + L1k2

y + M2k2
z N2kykz

N2kzkx N2kzky M1(k2
x + k2

y) + L2k2
z

⎞
⎟⎟⎠.

(3.71)
We have

L1 = �
2

2m0

(
1 +

B∑
l

2px
Xl px

l X

m0(E0 − El )

)
= �

2

2m0

(
1 +

B∑
l

2py
Yl py

lY

m0(E0 − El)

)
,

L2 = �
2

2m0

(
1 +

B∑
l

2pz
Zl pz

l Z

m0(E0 − El )

)
,
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M1 = �
2

2m0

(
1 +

B∑
l

2py
Xl py

l X

m0(E0 − El )

)
= �

2

2m0

(
1 +

B∑
l

2px
Yl px

lY

m0(E0 − El)

)
,

M2 = �
2

2m0

(
1 +

B∑
l

2pz
Xl pz

l X

m0(E0 − El )

)
= �

2

2m0

(
1 +

B∑
l

2pz
Yl pz

lY

m0(E0 − El)

)
, (3.72)

M3 = �
2

2m0

(
1 +

B∑
l

2px
Zl px

l Z

m0(E0 − El )

)
= �

2

2m0

(
1 +

B∑
l

2py
Zl py

l Z

m0(E0 − El)

)
,

N1 = �
2

m2
0

B∑
l

px
Xl py

lY + py
Xl px

lY

(E0 − El)
,

N2 = �
2

m0

(
1 +

B∑
l

px
Xl pz

l Z + pz
Xl px

l Z

m0(E0 − El )

)
= �

2

m0

(
1 +

B∑
l

py
Y l pz

l Z + pz
Yl py

l Z

m0(E0 − El )

)
,

where py
Xl = 〈X |py|l〉, . . . The matrix can now be written in the u basis. For

example,

〈u1|D|u1〉 = 1

2
〈(X + iY ) ↑ |D|(X + iY ) ↑〉

= 1

2
[〈X |D|X〉 + 〈Y |D|Y 〉 + i (〈X |D|Y 〉 − 〈Y |D|X〉)]

= 1

2
(L1 + M1)(k2

x + k2
y) + M2k2

z ≡ D11,

〈u3|D|u3〉 = 〈Z ↑ |D|Z ↑〉 = M3(k2
x + k2

y) + M2k2
z ≡ D33,

〈u2|D|u1〉 = 1

2
〈(X − iY ) ↑ |D|(X + iY ) ↑〉

= 1

2
(L1 − M1)(k2

x − k2
y) + iN1kx ky ≡ D21,

〈u2|D|u3〉 = 1√
2
〈(X − iY ) ↑ |D|Z ↑〉 = 1√

2
N2kz(kx + iky).

The D matrix is then
⎛
⎜⎜⎜⎜⎜⎜⎝

D11 D∗
21 −D∗

23
D21 D11 D23 0

−D23 D∗
23 D33

D11 D21 D23

D∗
21 D11 −D∗

23
D∗

23 −D23 D33

⎞
⎟⎟⎟⎟⎟⎟⎠

. (3.73)
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The complete Hamiltonian matrix is given in Table 3.8. For WZ, we have [46]

L1 − M1 = N1. (3.74)

Table 3.8 Six-band Chuang–Chang Hamiltonian in u basis

HCC (k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u1〉 |u2〉 |u3〉 |u4〉 |u5〉 |u6〉
F −K ∗ −H∗ 0 0 0

−K G H 0 0 Δ

−H H∗ λ 0 Δ 0

0 0 0 F −K H

0 0 Δ −K ∗ G −H∗

0 Δ 0 H∗ −H λ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

F = Δ1 + Δ2 + λ + θ,

G = Δ1 − Δ2 + λ + θ,

λ = L2k2
z + M3(k2

x + k2
y),

θ = (M2 − L2)k2
z + (

L1 + M1

2
− M3)(k2

x + k2
y),

K = N1

2
(kx + iky)2,

H = N2√
2

(kx + iky)kz,

Δ =
√

2Δ3.

The model has an exact solution at k = 0. The following states are decoupled:
|u1〉, and |u4〉. There are two coupled pairs: |u2〉 and |u6〉, and |u3〉 and |u5〉. The
energies are E1 = Ev + Δ1 + Δ2, and

E2 = Ev + (Δ1 − Δ2)

2
+
√(

(Δ1 − Δ2)

2

)2

+ 2Δ2
3, (3.75)

E3 = Ev + (Δ1 − Δ2)

2
−
√(

(Δ1 − Δ2)

2

)2

+ 2Δ2
3. (3.76)

An example band structure for GaN is shown in Fig. 3.4. The band structure was
obtained from an ab initio calculation and fitted to the RSP Hamiltonian. The latter
is equivalent to the CC Hamiltonian and will be introduced in Chap. ??. The bands
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are plotted along Γ − A (k||) and along two directions perpendicular to k||. In-plane
anisotropy is observed by the difference between the two k⊥ directions.

Fig. 3.4 GaN valence-band structure from an ab initio calculation with a fit to the RSP
Hamiltonian(solid line). k|| corresponds to Γ − A. Open squares: Γ − K direction; filled circles:
Γ − M direction. Dashed curve is a fit without the A7 term. Reprinted with permission from [62].
c©1997 by the American Physical Society

3.4.3.3 Block Diagonalization

A block diagonalization scheme can be written down. This was first carried out by
Sirenko et al.[43] and Chuang and Chang [46]. The trick is to recognize that the
vectors have azimuthal symmetry in the x-y plane. The choice

kx + iky = k||eiφ (3.77)

leads to the off-diagonal matrix elements being written as

K = K||e2iφ, K|| = N1

2
k2
||, (3.78)

H = H||eiφ, H|| = N2√
2

k||kz . (3.79)

The explicit φ dependence can then be eliminated by rescaling the basis func-
tions [15]:

u′
1 = e− 3i

2 φu1,

u′
2 = e

i
2 φu2,

u′
3 = e− i

2 φu3,
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u′
4 = e

3i
2 φu4, (3.80)

u′
5 = e− i

2 φu5,

u′
6 = e

i
2 φu6,

or |u′
i 〉 = ∑

j Ti j |u j 〉, where

T =

⎛
⎜⎜⎜⎜⎜⎜⎝

α∗ 0 0 α 0 0
0 β 0 0 β∗ 0
0 0 β∗ 0 0 β

α∗ 0 0 −α 0 0
0 β 0 0 −β∗ 0
0 0 −β∗ 0 0 β

⎞
⎟⎟⎟⎟⎟⎟⎠
, (3.81)

and

α = 1√
2

ei( 3
4 π+ 3

2 φ), β = 1√
2

ei( 1
4 π+ 1

2 φ). (3.82)

Finally, the Hamiltonian matrix becomes

H ′(k) =

⎛
⎜⎜⎜⎜⎜⎜⎝

F K|| −iH|| 0 0 0
K|| G Δ − iH|| 0 0 0
iH|| Δ + iH|| λ 0 0 0

0 0 0 F K|| iH||
0 0 0 K|| G Δ + iH||
0 0 0 −iH|| Δ − iH|| λ

⎞
⎟⎟⎟⎟⎟⎟⎠
. (3.83)

3.4.4 Gutsche–Jahne Hamiltonian

The basis for the above CC model consisted of the three Y 1
m functions together with

the two-component spin function. The spatial functions only transformed accord-
ing to Γ1 and Γ5. In the Gutsche–Jahne (GJ) basis, spatial functions transforming
according to Γ1, Γ5, Γ3 and Γ6 are used (Table 3.9).

Hence, the GJ model is a 12-band model with spin for the valence band of WZ.
Note, however, that they only set up the Hamiltonian at the Γ point. In the GJ basis,
Hk=0 actually block diagonalizes into two 6 × 6 blocks as the last six states are
Kramers partners of the top six:

H (k) =
(

S 0
0 S∗

)
. (3.84)

where
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Table 3.9 Basis set for
wurtzite: Gutsche–Jahne [42]

Γ5 |u∗
5 ↑〉 |(x − iy) ↑〉

Γ1 |u1 ↓〉 |z ↓〉
Γ6 |u6 ↑〉 |(x + iy)2 ↑〉
Γ3 |u3 ↓〉 |x(3y2 − x2) ↓〉
Γ5 |u5 ↑〉 |(x + iy) ↑〉
Γ6 |u6 ↓〉 |(x + iy)2 ↓〉
Γ5 |u5 ↓〉 |(x + iy) ↓〉
Γ1 | − u1 ↑〉 | − z ↑〉
Γ6 |u∗

6 ↓〉 |(x − iy)2 ↓〉
Γ3 | − u3 ↑〉 |x(x2 − 3y2) ↑〉
Γ5 |u∗

5 ↓〉 |(x − iy) ↓〉
Γ6 | − u∗

6 ↑〉 | − (x − iy)2 ↑〉

S =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u∗
5 ↑〉 |u1 ↓〉 |u6 ↑〉 |u3 ↓〉 |u5 ↑〉 |u6 ↓〉

E5 − Δ5
3

√
2

3 Δ∗
7 0 0 0 0√

2
3 Δ7 E1 0 0 0 0

E6 + Δ6
3

Δ∗
8

3 0 0
Δ8
3 E3 0 0

E5 + Δ5
3

√
2

3 Δ∗
9√

2
3 Δ9 E6 − Δ6

3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (3.85)

Δ5

3
= 〈u5|Hs,z|u5〉,

Δ7

3
= 1√

2
〈u1|Hs,+|u∗

5〉,
Δ9

3
= 1√

2
〈u6|Hs,+|u5〉,

Δ6

3
= 〈u6|Hs,z|u6〉,

Δ8

3
= 1√

2
〈u3|Hs,+|u6〉, (3.86)

with Hs,+ = Hs,x + iHs,y .
The GJ Hamiltonian can be diagonalized exactly. The energies are [42]:

E7 = 1

2

⎧⎨
⎩(E5 + E1) − Δ5

3
±
√[

(E5 − E1) − Δ5

3

]2

+ 8

9
|Δ7|2

⎫⎬
⎭ ,

E8 = 1

2

⎧⎨
⎩(E6 + E3) − Δ6

3
±
√[

(E6 − E3) − Δ6

3

]2

+ 8

9
|Δ8|2

⎫⎬
⎭ , (3.87)

E9 = 1

2

⎧⎨
⎩(E6 + E5) − Δ5 − Δ6

3
±
√[

(E5 − E6) − Δ5 + Δ6

3

]2

+ 8

9
|Δ9|2

⎫⎬
⎭ ,



54 3 Perturbation Theory – Valence Band

where each of the above energies are doubly-degenerate due to time-reversal sym-
metry and the corresponding linear combination of basis states is given by

√
1 − q2|u′ ↑〉 + q|u′′ ↓〉, (3.88)

with

q2
7

(1 − q2
7 )

}
= 1

2

⎡
⎣1 ∓ E5 − E1 − Δ5

3√[
E5 − E1 − Δ5

3

]2 + 8
9 |Δ7|2

⎤
⎦ ,

q2
8

(1 − q2
8 )

}
= 1

2

⎡
⎣1 ∓ E6 − E3 + Δ6

3√[
E6 − E3 + Δ6

3

]2 + 8
9 |Δ8|2

⎤
⎦ , (3.89)

q2
9

(1 − q2
9 )

}
= 1

2

⎡
⎣1 ∓ E5 − E6 + Δ5+Δ6

3√[
E5 − E6 + Δ5+Δ6

3

]2 + 8
9 |Δ9|2

⎤
⎦ .

As discussed by Gutsche and Jahne [42], this model requires eight parameters
(with a ninth set equal to zero) in order to describe the valence-band structure of
WZ at k = 0. This is to be contrasted to the k · p theory for ZB, with only one
parameter (Δ0). The structure of WZ can be viewed as starting from the ZB one and
straining it along the [111] direction. The consequence in reciprocal space would
be a zone folding of ZB bands along the L direction. This is consistent with the
doubling of the number of valence bands for WZ compared to ZB. This effect leads
to the Δ5–Δ8 parameters [42]. Δ9 is an interaction between the two anions in the
unit cell, an effect which is missing for ZB.

A closer comparison is to the CC model. Recall that the latter is only described
by three parameters, Δ1–Δ3 at k = 0. This reflects some of the shortcomings of the
CC model–even though the latter is widely used.

3.5 Summary

It was shown how perturbation theory can be used to obtain the valence-band Hamil-
tonian for both cubic and hexagonal crystals. The cubic case was done specifically
for the Dresselhaus–Kip–Kittel Hamiltonian and the latter was related to a few
other Hamiltonians in the literature. It was found that the DKK Hamiltonian, in the
absence of spin-orbit coupling and an external magnetic field, only has three band
parameters. The case of a wurtzite semiconductor was then treated along similar
lines; for the most widely used valence-band model, the Hamiltonian has 10 band
parameters. Variations on the latter model were then discussed.



Chapter 4
Perturbation Theory – Kane Models

4.1 Overview

The models of Dresselhaus–Kip–Kittel and Luttinger–Kohn work well to describe
the valence band of most cubic semiconductors. However, one might question the
validity of degenerate perturbation theory for small band-gap semiconductors such
as InSb (E0 ∼ 0.5 eV). Our next method is a form of quasi-degenerate perturbation
theory applied to the multiband problem. There are two basic ways one can improve
the band-structure model. In both cases, the basic idea is to replace the differential
equation, Eq. (2.6), by the corresponding matrix representation. This is achieved by
expanding the cellular function in terms of a complete set of cell-periodic states;
to be exact, the representation should be infinite. In the first method, the problem
will be approximated by diagonalization within an appropriate subspace. This cor-
responds to treating the interaction of the selected bands exactly. Any discrepancy
with experiments can then be attributed to the neglect of interactions with the distant
states. In the second method, one can include the distant bands via a downfolding
procedure. The quasi-degenerate perturbation theory was introduced by Kane [3].

The approach taken by Kane was that, for small band-gap semiconductors, the
valence-band model of Dresselhaus–Kip–Kittel and Luttinger–Kohn needed to be
improved by the addition of the lowest conduction band. Subsequently, it has been
found that such a model fails to reproduce the nonparabolicity of the lowest con-
duction band in materials such as GaAs, where the next conduction band is not any
more distant. This has led to the consideration of so-called extended Kane models
with as many as 14 bands [23]. When such details near an extremum point is not
needed but rather an overall description over the whole Brillouin zone, the exact
diagonalization within a finite subspace can work surprisingly well with as few as
15 bands [5].

4.2 First-Order Models

For conciseness, and partly for historical reasons, we illustrate the model for ZB.

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 4, C© Springer-Verlag Berlin Heidelberg 2009
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4.2.1 Four-Band Model

We first consider the subspace of Γ1c and Γ15ν states (Fig. 4.1). The states are chosen
to be S,−iX,−iY,−iZ ; this choice of phases makes the Hamiltonian real. The
exact

E0

15v

1c

P

Fig. 4.1 Four-band model (zincblende symmetry)

Hamiltonian is

H (k) =

⎛
⎜⎜⎜⎜⎝

S −iX −iY −iZ
ε(k) + E0 kx P ky P kz P

ε(k) 0 0
ε(k) 0

† ε(k)

⎞
⎟⎟⎟⎟⎠ , (4.1)

where

ε((k) = �
2k2

2m0
, P = −i

�

m0
〈S|px |X〉. (4.2)

This Hamiltonian is actually equivalent to a two-band model for the conduction
electron and light hole (but this is often referred to as a three-band model since the
lh state is two-fold degenerate), with separate solutions for the heavy holes. The
solutions are

E(k) =
{

�
2k2

2m0
(twice — hh),

ε(k) + E0
2 ±

√( E0
2

)2 + k2
x P2.

(4.3)

The hh corresponds to a bare electron. All the dispersion relations are isotropic; but
now nonparabolicity is present.

The effective masses are given by

1

m∗ = 1

m0

(
1 ± EP

E0

)
, (4.4)
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similar to the two-band case (if P ′ is neglected for ZB), Eqs. (2.26) and (2.29). One
disadvantage of the four-band model is that it does not differentiate between ZB and
DM (since P ′ is absent).

4.2.2 Eight-Band Model

Before we study more accurate models that include remote contributions, we would
like to see how the inclusion of spin transforms the four-band model. The appropri-
ate bands are shown in Fig. 4.2. As we have already seen in previous chapters, one

E0

8v

6c

0

P

7v

Fig. 4.2 Eight-band model (zincblende symmetry)

can diagonalize the spin-orbit perturbation by using the |JMJ 〉 states (Table 3.4).
With the notation,

k± ≡ kx ± iky, (4.5)

and the basis ordering

i|S ↑〉,
∣∣∣∣32

1

2

〉
,

∣∣∣∣32
3

2

〉
,

∣∣∣∣12
1

2

〉
, i|S ↓〉,

∣∣∣∣32 −1

2

〉
,

∣∣∣∣32 −3

2

〉
,

∣∣∣∣12 −1

2

〉
,

the eight-band Hamiltonian in Table 4.1 is obtained. For example,

〈
iS ↑ |H |3

2

3

2

〉
=
〈
iS ↑ |H | 1√

2
(X + iY ) ↑

〉
= 1√

2
P(kx + iky) ≡ 1√

2
Pk+.

The latter cannot be completely diagonalized for arbitrary k. We will use intu-
ition. First, note that the four-band problem is isotropic. We would, therefore, expect
the present model to be too. Looking at the Hamiltonian, it is clear that only a 4 × 4
problem need be solved if k = kz; such a choice is allowed by the isotropy and the
Hamiltonian becomes
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Table 4.1 First-order eight-band Kane Hamiltonian in JMJ basis
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

i|S ↑ ∣∣ 3
2

1
2

〉 ∣∣ 3
2

3
2

〉 ∣∣ 1
2

1
2

〉
i|S ↓〉 ∣∣ 3

2 − 1
2

〉 ∣∣ 3
2 − 3

2

〉 ∣∣ 1
2 − 1

2

〉
ε(k) + E0 −

√
2
3 Pkz

P√
2

k+
√

1
3 Pkz 0 −

√
1
6 Pk− 0 −

√
1
3 Pk−

−
√

2
3 Pkz ε(k) 0 0

√
1
6 Pk− 0 0 0

P√
2

k− 0 ε(k) 0 0 0 0 0√
1
3 Pkz 0 0 ε(k) − Δ0

√
1
3 Pk− 0 0 0

0
√

1
6 Pk+ 0

√
1
3 Pk+ ε(k) + E0 −

√
2
3 Pkz

P√
2

k−
√

1
3 Pkz

−
√

1
6 Pk+ 0 0 0 −

√
2
3 Pkz ε(k) 0 0

0 0 0 0 P√
2

k+ 0 ε(k) 0

−
√

1
3 Pk+ 0 0 0

√
1
3 Pkz 0 0 ε(k) − Δ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

ε(k) = �
2k2

2m0
,

k± ≡ kx ± iky ,

P = −i
�

m0
〈Sc|px |Xν〉.

H (k) =
[

H 1
2

0
0 H 1

2

]
,

where

H 1
2

=

⎛
⎜⎜⎜⎜⎜⎝

ε(k) + E0 −
√

2
3 Pk 0

√
1
3 Pk

−
√

2
3 Pk ε(k) 0 0

0 0 ε(k) 0√
1
3 Pk 0 0 ε(k) − Δ0

⎞
⎟⎟⎟⎟⎟⎠

. (4.6)

All the bands are doubly degenerate. The determinantal equation is

[ε(k) − E(k)]

∣∣∣∣∣∣∣∣∣

ε(k) + E0 − E(k) −
√

2
3 Pk

√
1
3 Pk

−
√

2
3 Pk ε(k) − E(k) 0√

1
3 Pk 0 ε(k) − Δ0 − E(k)

∣∣∣∣∣∣∣∣∣
= 0.

(4.7)
Hence,

E(k) = �
2k2

2m0
(hh),



4.2 First-Order Models 59

and

[E(k) − ε(k) − E0] [E(k) − ε(k)] [E(k) − ε(k) + Δ0]

= k2 P2

[
E(k) − ε(k) + 2

3
Δ0

]
. (4.8)

Equation (4.8) contains the e, lh, and sh solutions. Formally, it can be seen that the
k · p coupling only exists among the MJ = ± 1

2 states. Before we solve them for
the effective masses, consider a general treatment of the Hamiltonian matrix. Since
we expect the dispersion relation to be isotropic, one can rotate the axes. We have
already seen that k = kz block diagonalizes H . Hence, one can rotate the basis
functions such that the z-axis is along k. If k is located at (θ, φ) with respect to the
cubic axes, the transformation is

(↑′

↓′

)
=
(

e−iφ/2 cos θ
2 eiφ/2 sin θ

2−e−iφ/2 sin θ
2 eiφ/2 cos θ

2

)(↑
↓
)

, (4.9)

⎛
⎝ X ′

Y ′

Z ′

⎞
⎠ =

⎛
⎝ cos θ cos φ cos θ sin φ − sin θ

− sin φ cos φ 0
sin θ cos φ sin θ sin φ cos θ

⎞
⎠
⎛
⎝ X

Y
Z

⎞
⎠ , (4.10)

since (θ, φ) correspond to the first two Euler angles. In terms of the rotated basis
functions, H is block diagonal. For example, using

〈↑′| ↑′〉 = 1, 〈↑′| ↓′〉 = 0,

we have
〈
S′ ↑′|H |1

2
−1

2

′〉
= − 1√

3
〈S|H |X ′ − iY ′〉

= − 1√
3
〈S|H |cos θ cos φX + cos θ sin φY − sin θ Z + i sin φX − i cos φY 〉

= − i√
3

P
(
cos θ cos φkx + cos θ sin φky − sin θkz + i sin φkx − i cos φky

)

= 0,

since k = k(cos φ sin θ, sin φ sin θ, cos θ ). The effective masses will now be extracted
from the dispersion relation. The hh mass is obviously the free-electron mass.

4.2.2.1 Electron

For the electron,

E(k) ≈ �
2k2

2me
+ E0.
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To order k2, Eq. (4.8) becomes

(
�

2k2

2me
− �

2k2

2m0

)
E0(E0 + Δ0) ≈ �

2k2

2m0
EP

(
E0 + 2

3
Δ0

)
,

and

1

me/m0
= 1 + EP (E0 + 2

3Δ0)

(E0 + Δ0)E0
= 1 + 2

3

EP

E0
+ 1

3

EP

E0 + Δ0
. (4.11)

4.2.2.2 Light Hole

For the light hole,

E(k) ≈ �
2k2

2mlh
.

From Eq. (4.8),

(
�

2k2

2mlh
− �

2k2

2m0

)
(−E0)Δ0 ≈ �

2k2

2m0
EP

2

3
Δ0,

and

1

mlh/m0
= 1 − 2

3

EP

E0
. (4.12)

4.2.2.3 Spin Hole

For the spin hole,

E(k) ≈ �
2k2

2msh
− Δ0.

Again, from Eq. (4.8),

(
�

2k2

2msh
− �

2k2

2m0

)
(E0 + Δ0)Δ0 ≈ −�

2k2

2m0
EP

1

3
Δ0,

and

1

msh/m0
= 1 − EP

3(E0 + Δ0)
. (4.13)
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4.3 Second-Order Kane Model

We are now ready to look at all the implications of the Kane model. Recall that
we have studied the first-order Kane model, whereby only the interactions within
the desired subspace are included. We will now include the second-order terms and
consider DM and ZB.

4.3.1 Löwdin Perturbation

There are two approaches to including the remote bands. One is based upon the
equations derived in Appendix A. The second-order renormalized Hamiltonian in
the quasi-degenerate A class is given by [Eq. (A.13)]

U A
mn ≡ Hmn +

∑
α∈B

Hmα Hαn

(E − Hαα)

for m, n ∈ A. For α ∈ B,

Cα = 1

(E − Hαα)

∑
n∈A

U A
αnCn.

Note that, in this technique, the correct energy E appears in the definition of the
Hamiltonian. Since it is to be determined, it is traditional to replace it by either the
experimental energy (when the A set is degenerate) or by an average energy (when
the A set has nondegenerate bands). This procedure was introduced by Kane [31].

A second expression was developed by Luttinger and Kohn within the framework
of canonical transformation [6]:

∑
n∈A

{
Di j

mnki k j + π i
mnki + �

4m2
0c2

[(σ × ∇V ) · p]mn + Enδmn

}
fn(r) (4.14)

= E fm(r),

Di j
mn = �

2

2m0

{
δmnδi j + 1

m0

∑
α∈B

π i
mαπ j

αn

[
1

(Em − Eα)
+ 1

(En − Eα)

]}
, (4.15)

πm α = (2π )3

Ω

∫
Ω

d3r um0(r)

[
p + �

2

4m0c2
(σ × ∇V )

]
uα0(r). (4.16)

This formulation has been documented in Ivchenko and Pikus [20] and used by, e.g.,
Loehr [63] and Boujdaria et al. [64].
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4.3.2 Four-Band Model

We start the study by leaving out the spin-orbit coupling. This is then a general-
ization of the four-band model studied earlier (Sect. 4.2.1). Recall that the pre-
vious model [Eq. (4.1)] only has diagonal elements and nondiagonal linear-in-k
terms between s and p states. Inclusion of remote bands results in quadratic terms
(Table 4.2). For example, the mass of the electron is related to the parameter A′.
From the one-band model, we already know that the effective mass of the electron
arises from interactions with neighboring bands. Since the top of the valence band,
Γ +

25 (Γ15v) for DM (ZB), is already part of class A, A′ does not include those states
and the next most important contribution comes from the p-like conduction band
Γ +

25 (Γ15c); note that, for C and Si, the latter state is actually the lowest conduction
band (compare Figs. 3.2 and 4.3). As another example, consider the interaction of
the s state with the px one. This is zero for DM but not for ZB. For the latter, the
regular Hamiltonian leads to a linear-in-k term, as for the first-order Kane model.
The second-order term from the Löwdin renormalization gives

∑
α∈B

Hsα Hαx

(E − Hαα)
.

Instead of finding E self-consistently, one can approximate it by the average of the
energies of the two states. This leads to the definition of B in Table 4.2. Should one
use Eq. (4.15) instead, then [63]

B = �
2

m2
0

∑
l∈Γ15

′〈S|px |ul〉〈ul |py|Z〉
[

1

Ec − El
+ 1

Ev − El

]
. (4.17)

Due to time-reversal symmetry, the cellular functions are real, and all the parameters
are too. The new parameters are given in Table 4.2. The symmetry symbols in the
summation refer to the ZB and DM structures for the ones to the left and right of
the semicolon, respectively. B is zero for DM. The symmetry states can be related
to atomic-like states; this and a typical ordering is given in Fig. 4.3.

The primed parameters are related to DKK’s unprimed ones by

A = A′ + P2

Ec − Ev

,

F = F ′ + P2

Ev − Ec
. (4.18)

The reason is because some of the A bands of the Kane model were originally not
in the DKK basis (in other words, they were part of the B states of the DKK model).
Thus, in the summation over states, these A states of the Kane model should be
removed from the summation over B states of the DKK model. If A′ and F ′ are
small, then A ≈ −F ; this was found to be the case for Ge.
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+
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+
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+
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+
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+
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GaAs

Γ v
1 ∼ s−12.5

Γ v
15 ∼ p,d0

Γ c
1 ∼ s1.5

Γ c
15 ∼ p,d4.5

Γ c
12 ∼ d6

Ge

Γ +
1 ∼ s+ ∼ sa + sa−10

Γ +
25 ∼ p+ ∼ pa − pa0

Γ −
2 ∼ s− ∼ sa − sa3

Γ −
15 ∼ p− ∼ pa + pa5

Γ −
12 ∼ d− ∼ da −da13

Γ +
1 ∼ s+15

Γ +
25 ∼ d+ ∼ da +da17

Γ −
2 ∼ s−25

Fig. 4.3 Zone-center energy ordering for zincblende and diamond structure semiconductors. The
energies on the left-hand side of the vertical lines are in eV’s

4.4 Full-Zone k · p Model

The k · p theory has been extended to the full Brillouin zone for both bulk [5, 65–
77] and heterostructures [78, 79]. The original objective was to reproduce a band
structure that could be used to compute the optical properties.

The approach adopted so far has been to simply extend the first-order Kane mod-
els with a larger basis set. The rationale is that this should allow for a more complete
representation of the band structure. Typically 15–30 bands are required in order to
obtain a reasonable fit. The parameters are the energy gaps and momentum matrix
elements at k = 0, primarily obtained by fitting to first-principles calculations.

4.4.1 15-Band Model

The first attempt at a full-zone theory is the 1966 paper by Cardona and Pollak [5].
They considered a 15-band model for Si and Ge, these coming from the [000],
(2π/a)[111] and (2π/a)[200] plane-wave states. This minimal-basis set appears
adequate since the next set of (2π/a)[220] states are much farther away in energy.
There are 10 parameters; the choice of parameters was made using a combination
of experimental data, free-electron values and pseudopotential fitting.
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The basis states are given in Table 4.3. Cardona and Pollak premultiplied the
odd-parity functions by i in order to generate real momentum matrix elements; for
Γ12′ , we will only do so for Γ

(2)
12′ . Thus, we will write the odd-parity states as |iΓ 〉

in order to make the presence of the complex number unambiguous. Next, we note
that all matrix elements between even-parity and between odd-parity states are zero.
The matrix elements are easily obtained. For example, for 〈Γ l

25′ |k · p|iΓ15〉,

〈yz|k · p|ix〉 = 0,

〈yz|k · p|iy〉 = 〈yz|pz|iy〉kz = Q

2
kz, (4.19)

〈yz|k · p|iz〉 = Q

2
ky,

since Q = 2i〈Γ l
25′ |p|Γ15〉 = 2〈Γ l

25′ |p|iΓ15〉, and we have left out a factor of �/m0

for the off-diagonal matrix elements for clarity. For 〈iΓ15|k · p|Γ u
25′ 〉,

〈iy|k · p|yz〉 = 〈iy|pz|yz〉kz = −i〈y|pz|yz〉kz = −i〈yz|pz|y〉∗kz

= i〈yz|pz|y〉kz = 〈yz|pz|iy〉kz

= Q′

2
kz . (4.20)

For 〈Γ l
25′ |k · p|iΓ l

2′ 〉, using

〈yz|px |is−〉 C3xyz (yzx)= 〈zx |py |is−〉 C3xyz (yzx)= 〈xy|pz|is−〉 ≡ P

2
,

we have

〈yz|k · p|is−〉 = P

2
kx ,

〈zx |k · p|is−〉 = P

2
ky, (4.21)

〈xy|k · p|is−〉 = P

2
kz .

For 〈Γ l
25′ |k · p|iΓ12′ 〉, we use the definition of Cardona and Pollak:

Γ
(1)

12′ = 1√
2

(γ −
1 − γ −

2 ), (4.22)

Γ
(2)

12′ = 1√
2

(γ −
1 + γ −

2 ), (4.23)

and, rewriting Eq. (3.20) here,
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γ −
1 = x2 + ωy2 + ω2z2,

γ −
2 = x2 + ω2 y2 + ωz2,

with γ −
i = γi − γ ′

i , ω3 = 1, ω + ω2 + ω3 = 0. Then,

Γ
(1)

12′ = (ω − ω2)(y2 − z2) ∼ (y2 − z2),

Γ
(2)

12′ = 2x2 + (ω + ω2)y2 + (ω2 + ω)z2 = 3x2 − r2.

Now, in order to reproduce the Hamiltonian of Cardona and Pollak along the Δ line,
their Eq. (9) in particular, it will be necessary to give a different definition for R as
given in [5]. Let (from Chap. 3)

〈yz|px |γ −
1 〉 = r, 〈yz|px |γ −

2 〉 = −r,

and using

〈zx |py|γ −
1 〉 = ω〈yz|py |γ −

1 〉,
〈zx |py|γ −

2 〉 = −ω2〈yz|py|γ −
1 〉,

〈xy|pz|γ −
1 〉 = ω2〈yz|py |γ −

1 〉,
〈xy|pz|γ −

2 〉 = −ω〈yz|py |γ −
1 〉,

then

〈yz|k · p|Γ (1)
12′ 〉 = 1√

2
〈yz|k · p|(γ −

1 − γ −
2 )〉 =

√
2r ≡ 1√

2
R, (4.24)

if

R = 2r =
√

2〈yz|k · p|Γ (1)
12′ 〉. (4.25)

Also,

〈yz|k · p|iΓ (2)
12′ 〉 = 1√

2
〈yz|k · p|i(γ −

1 + γ −
2 )〉 = 0, (4.26)

which, as stated by Cardona and Pollak, says that the matrix element between the X
state and Γ

(2)
12′ is zero. Also,
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〈zx |py |Γ (1)
12′ 〉 = 1√

2
〈zx |py|(γ −

1 − γ −
2 )〉 = 1√

2
(ωr + ω2r ) = − r√

2
= − R

2
√

2
,

〈zx |k · p|Γ (2)
12′ 〉 = 1√

2
〈zx |k · p|(γ −

1 + γ −
2 )〉 = 1√

2
ky(ωr − ω2r ) = i

√
3

2
√

2
Rky,
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12′ 〉 = 1√

2
〈xy|k · p|(γ −

1 − γ −
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2
kz(ω

2r + ω2r ) = − R

2
√

2
kz,

〈xy|k · p|Γ (2)
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〈xy|k · p|(γ −
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2 )〉 = 1√

2
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2r − ωr ) = −i

√
3

2
√

2
Rky .

Hence, we premultiply Γ
(2)

12′ by i to make the matrix element real.
Along certain directions, the Hamiltonian block diagonalizes. For example, along

Δ, one state remains free-electron-like (Γ (2)
12′ ) and the others separate into the follow-

ing three blocks:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

iΓ (1)
2′ Γ

(1)
25′ iΓ (1)

12′ Γ
(u)

25′ iΓ (u)
2′

E(Γ (1)
2′ ) + �

2k2
x

2m0

P
2 kx 0 P ′

2 kx 0
�

2k2
x

2m0

R√
2
kx 0 P ′′

2 kx

E(Γ12′ ) + �
2k2

x
2m0

R′√
2
kx 0

E(Γ (u)
25′ ) + �

2k2
x

2m0

P ′′′
2 kx

E(Γ (u)
2′ ) + �

2k2
x

2m0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (4.27)

⎛
⎜⎜⎜⎜⎝

Γ
(l)

25′ iΓ15 Γ
(u)

25′
�

2k2
x

2m0

Q
2 kx 0

E(Γ15) + �
2k2

x
2m0

Q′
2 kx

E(Γ (u)
25′ ) + �

2k2
x

2m0

⎞
⎟⎟⎟⎟⎠ , (4.28)

⎛
⎜⎜⎜⎜⎝

iΓ15 Γ
(u)

1 Γ
(l)

1

E(Γ15) + �
2k2

x
2m0

T
2 kx

T ′
2 kx

0 E(Γ (u)
1 ) + �

2k2
x

2m0
0

0 0 E(Γ (l)
1 ) + �

2k2
x

2m0

⎞
⎟⎟⎟⎟⎠ . (4.29)

These blocks agree with those given by Cardona and Pollak [5], the last two being
of symmetry Δ5 (two-fold degenerate) and Δ1 (three-fold degenerate).

The parameters obtained for Si and Ge are given in Table 4.4. The resulting
band structures for Si and Ge are given in Fig. 4.4. We note that we have complete
agreement with Cardona and Pollak.

Cardona and Pollak have discussed the fact that the X3 band does not intersect
the Brillouin zone edge perpendicularly; this being due to the neglect of higher
states. We also note that the X1 degeneracy, a characteristic of the DM lattice, is not
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Table 4.4 Parameters for 15-band model in atomic units [5]

Si Ge

P 1.200 1.360
Q 1.070 1.050
R 0.830 0.8049
P ′′ 0.100 0.100
P ′ −0.090 0.1715
Q′ −0.807 −0.752
R′ 1.210 1.4357
P ′′′ 1.320 1.6231
T 1.080 1.2003
T ′ 0.206 0.5323
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Fig. 4.4 Si and Ge band structures using 15-band Cardona–Pollak [5] k · p model

automatically enforced since the two states forming the degeneracy have different
symmetries along Δ (Δ1 and Δ2′ , respectively). Indeed, the solutions come from
two distinct subblocks. Hence, in this model, it appears that the degeneracy is not
symmetry related but is enforced only by the appropriate choice of k · p parameters.
Cardona and Pollak have also extended this work to ZB by adding six additional
asymmetry parameters [65], and also to the band structure with spin-orbit [5, 67].

4.4.2 Other Models

Only in 2001 was the work of Cardona and Pollak ‘modernized.’ Cavassilas et al. [69]
proposed a 20-band model for GaAs and Si. This consists of sp3s∗ bands and
accounts for d states via Luttinger-like parameters. There are a total of 31 param-
eters in this model and the full Hamiltonian is given in [70]. The same group has
subsequently extended their models into 24-band [71] and 30-band [72–77] ones.

4.5 Wurtzite

Various Kane-like models for wurtzite materials will now be presented.



70 4 Perturbation Theory – Kane Models

4.5.1 Four-Band: Andreev-O’Reilly

The four-band model includes conduction-valence band coupling [49]. We label new
ũi basis states defined in Table 4.5; ũ2 differs from u1 by a sign.

Table 4.5 Basis states for the four-band model of wurtzite [49]

|̃u1〉 |S ↑〉
|̃u2〉 1√

2
|(X + iY ) ↑〉

|̃u3〉 1√
2
|(X − iY ) ↑〉

|̃u4〉 |Z ↑〉

Andreev and O’Reilly [49] gives

HAO(k) =

⎛
⎜⎜⎜⎜⎜⎝

|̃u1〉 |̃u2〉 |̃u3〉 |̃u4〉
E0

1√
2

P⊥k+ 1√
2

P⊥k− P||kz
1√
2

P⊥k− F K ∗ −H∗
1√
2

P⊥k+ K F H

P||kz −H H∗ λ

⎞
⎟⎟⎟⎟⎟⎠

, (4.30)

where

F = Δ1 + λ + θ,

K = Ã5(kx + iky)2,

H = i Ã6(kx + iky)kz,

θ = Ã3k2
z + Ã4(k2

x + k2
y), (4.31)

λ = −Δ1 + Ã1k2
z + Ã2(k2

x + k2
y),

and

Ã1 = A1 + 2m0

�2

P2
⊥

E0
,

Ã2 = A2,

Ã3 = A3 − 2m0

�2

P2
⊥

E0
, (4.32)

Ã4 = A4 + m0

�2

P2
||

E0
,

Ã5 = A5 + m0

�2

P2
||

E0
,
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Ã6 = A6 +
√

2m0

�2

P|| P⊥
E0

,

P2
|| = �

2

2m0

(
m0

m||
c

− 1

)
(E0 + Δ1 + Δ2)(E0 + 2Δ2) − 2Δ2

3

E0 + 2Δ2
,

P2
⊥ = �

2

2m0

(
m0

m⊥
c

− 1

) [
(E0 + Δ1 + Δ2)(E0 + 2Δ2) − 2Δ2

3

]
E0

(E0 + Δ2)(E0 + Δ1 + Δ2) − Δ2
3

.

Anisotropy between the z-direction and the x-y plane leads to two momentum
matrix elements P|| and P⊥, and to the anisotropic electron mass as well. A slightly
different form of the four-band model has been used recently by Rinke and cowork-
ers [60] to fit to ab initio calculations and, thereby, extract k · p parameters for AlN,
GaN and InN.

4.5.2 Eight-Band: Chuang–Chang

Chuang and Chang [46] wrote down an eight-band model for wurtzite (Table 4.6).
This differs from the previously given valence-band Hamiltonian Hk=0 [Eq. (3.68)]
in having linear k · p coupling to the conduction state.

4.5.3 Eight-Band: Gutsche–Jahne

A new formulation of the eight-band model using the Gutsche–Jahne basis is now
presented. A list of the upper diagonal of the 8×8 Hamiltonian in the lower conduc-
tion and upper valence states: |e ↑〉, |e ↓〉, |7 ↑〉, |7 ↓〉, 7′ ↑〉, |7′ ↓〉, |9 ↑〉, |9 ↓〉
will be given next using the GJ basis as given in Table 4.7.

Using the character table (Table B.9), it is easy to compute non-zero contributions
from the various terms in the k · p equation. We shall assume that all other states
are so far remote that they do not contribute significantly up to first-order in k in
second-order or higher-order perturbation theory. Note that this assumption does
not preclude first-order, second-order, and third-order in k contributions to the ener-
gies because we account exactly for all couplings among the eight states forming
the basis. In fact, we expect the present Hamiltonian to include the most important
contributions up to third order in k.

We split the wurtzite eight-band Hamiltonian contributions up to linear-in-k in
two parts. The first part excludes the contribution from σ · (k × ∇V ) to linear spin
splittings while the second part (following subsection) is the contribution from the
σ · (k × ∇V ) term to linear spin splittings.
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±

ik
y
,

E
c

=
〈S

|H
0
|S

〉,

E
v
+

Δ
1

=
〈X

|H
0
|X

〉=
〈Y

|H
0
|Y

〉,

E
v

=
〈Z

|H
0
|Z

〉,

−i
Δ

2
=

〈X
|H

s,
z|Y

〉,

−i
Δ

3
=

〈Y
|H

s,
x
|Z

〉=
〈Z

|H
s,

y
|X

〉,

P 1
=

� m
0
〈iS

|p
z|Z

〉,

P 2
=

� m
0
〈iS

|p
x
|X

〉=
� m

0
〈iS

|p
y
|Y

〉.
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Table 4.7 Basis states for the
eight-band model of wurtzite |e ↑〉 = qs |s ↑〉 + qz |z ↑〉,

|e ↓〉 = qs |s ↓〉 + qz |z ↓〉,

|7 ↑〉 =
√

1 − q2
7 |u5 ↓〉 − q7|u1 ↑〉,

|9 ↑〉 =
√

1 − q2
9 |u5 ↑〉 + q9|u6 ↓〉,

|7 ↓〉 = −
√

1 − q2
7 |u∗

5 ↑〉 − q7|u1 ↓〉,

|9 ↓〉 =
√

1 − q2
9 |u∗

5 ↓〉 − q9|u6 ↑〉,

|7′ ↑〉 = q7|u5 ↓〉 +
√

1 − q2
7 |u1 ↑〉,

|7′ ↓〉 = −q7|u∗
5 ↓〉 +

√
1 − q2

7 |u1 ↓〉.

4.5.3.1 Hamiltonian

The non-zero matrix elements to the upper diagonal as described above are

〈e ↑ |H |e ↑〉 = 〈e ↓ |H |e ↓〉 = Ee + �
2k2

2m0
,

〈7 ↑ |H |7 ↑〉 = 〈7 ↓ |H |7 ↓〉 = E7 + �
2k2

2m0
,

〈7′ ↑ |H |7′ ↑〉 = 〈7′ ↓ |H |7′ ↓〉 = E7′ + �
2k2

2m0
,

〈9 ↑ |H |9 ↑〉 = 〈9 ↓ |H |9 ↓〉 = E9 + �
2k2

2m0
,

〈e ↑ |H |7 ↑〉 = −
√

1 − q2
7 qz〈z|Hs,+|u∗

5〉 − q7qs
�

m0
kz〈s|pz|u1〉,

〈e ↑ |H |7 ↓〉 = −
√

1 − q2
7 qs

1

2

�

m0
k−〈s|p+|u∗

5〉,

〈e ↑ |H |7′ ↑〉 = −q7qz〈z|Hs,+|u∗
5〉 +

√
1 − q2

7 qs
�

m0
kz〈s|pz|u1〉,

〈e ↑ |H |7′ ↓〉 = −q7qs
1

2

�

m0
k−〈s|p+|u∗

5〉,

〈e ↑ |H |9 ↑〉 =
√

1 − q2
9 qs

1

2

�

m0
k+〈s|p−|u5〉, (4.33)

〈e ↓ |H |7 ↑〉 =
√

1 − q2
7 qs

1

2

�

m0
k+〈s|p−|u5〉,

〈e ↓ |H |7 ↓〉 = −
√

1 − q2
7 qz〈z|Hs,+|u∗

5〉 − q7qs
�

m0
kz〈s|pz|u1〉,
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〈e ↓ |H |7′ ↑〉 = q7qs
1

2

�

m0
k+〈s|p−|u5〉,

〈e ↓ |H |7′ ↓〉 = −q7qz〈z|Hs,+|u∗
5〉 +

√
1 − q2

7 qs
�

m0
kz〈s|pz|u1〉,

〈e ↓ |H |9 ↓〉 =
√

1 − q2
9 qs

1

2

�

m0
k−〈s|p+|u∗

5〉,

〈7 ↑ |H |7′ ↓〉 = 1

2

�

m0
k−〈u5|p+|u1〉,

〈7 ↑ |H |9 ↑〉 = 1

2

(
q9

√
1 − q2

7 〈u5|p−|u6〉 − q7

√
1 − q2

9 〈u1|p−|u5〉
)

�

m0
k+,

〈7 ↓ |H |7′ ↑〉 = −1

2

�

m0
k+〈u1|p−|u5〉,

〈7 ↓ |H |9 ↓〉 = 1

2

�

m0
k−

(
q9

√
1 − q2

7 〈u∗
5|p+|u∗

6〉 − q7

√
1 − q2

9 〈u1|p+|u∗
5〉
)

,

〈7′ ↑ |H |9 ↑〉 = 1

2

�

m0
k+

(
q7q9〈u5|p−|u6〉 +

√
1 − q2

7

√
1 − q2

9 〈u1|p−|u5〉
)

,

〈7′ ↓ |H |9 ↓〉 = 1

2

�

m0
k−

(
q7q9〈u∗

5|p+|u∗
6〉 +

√
1 − q2

7

√
1 − q2

9 〈u1|p+|u∗
5〉
)

.

Here

Hs,± = Hs,x ± iHs,y,

k± = kx ± iky, (4.34)

p± = px ± ipy .

In deriving the above matrix, we have several times made use of the relation

〈ui |pz|ui 〉 ∝ 〈ui |[H0, z]|ui 〉 = 0, (4.35)

where H0 is the Hamiltonian in the absence of spin-orbit interaction with eigenstates
ui at the Γ point.

We note that the energy Ee denotes the Γ -point energy of conduction e states in
the bulk case in the absence of interband (electron-hole) spin-orbit couplings and in
the absence of external fields (a similar decoupling of spin-orbit couplings between
electron and hole states was assumed in [48]). The same conclusion applies for,
e.g., the valence-band energies E7 but observe that intraband (hole-hole) spin-orbit
couplings are accounted for in the GJ basis. Nevertheless, it is an easy matter to
obtain the Γ -point energies taking all spin-orbit couplings among the eight basis
states into account by diagonalizing the present Hamiltonian at k = 0 as we shall
show below. This is because the only off-diagonal terms are spin-orbit terms such

as
√

1 − q2
7 qz〈z|Hs,+|u5〉.
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4.5.3.2 Linear-in-k Term

This subsection describes the additional contribution to the eight-band Hamiltonian
model from the linear-in-k spin-orbit term, �

2σ ·(k×∇V )/(4m2
0c2) (matrix elements

left out are zero):

〈e ↑ |Hso,k |7 ↑〉 = �
2

4m2
0c2

√
1 − q2

7 qs ikz〈s|V−|u5〉,

〈e ↑ |Hso,k |7 ↓〉 = �
2

4m2
0c2

(
−1

2

√
1 − q2

7 qs ik−〈s|V+|u∗
5〉 + ik−q7〈s|Vz |u1〉

)
,

〈e ↑ |Hso,k |7′ ↑〉 = �
2

4m2
0c2

q7qs ikz〈s|V−|u5〉,

〈e ↑ |Hso,k |7′ ↓〉 = �
2

4m2
0c2

(
−q7qs

1

2
ik−〈s|V+|u∗

5〉 − ik−
√

1 − q2
7 qs〈s|Vz|u1〉

)
,

〈e ↑ |Hso,k |9 ↑〉 = − �
2

4m2
0c2

1

2

√
1 − q2

9 qs ik+〈s|V−|u5〉,

〈e ↓ |Hso,k |7 ↑〉 = �
2

4m2
0c2

(
1

2

√
1 − q2

7 qs ik+〈s|V−|u5〉 − ik+q7qs〈s|Vz |u1〉
)

,

〈e ↓ |Hso,k |7 ↓〉 = �
2

4m2
0c2

√
1 − q2

7 qs ikz〈s|V+|u∗
5〉,

〈e ↓ |Hso,k |7′ ↑〉 = �
2

4m2
0c2

(
q7qs

1

2
ik+〈s|V−|u5〉 + ik+

√
1 − q2

7 qs〈s|Vz |u1〉
)

,

〈e ↓ |Hso,k |7′ ↓〉 = �
2

4m2
0c2

q7qs ikz〈s|V+|u∗
5〉,

〈e ↓ |Hso,k |9 ↓〉 = − �
2

4m2
0c2

1

2

√
1 − q2

9 qs ik−〈s|V+|u∗
5〉, (4.36)

〈7 ↑ |Hso,k |7′ ↑〉 = − �
2

4m2
0c2

ikz〈u5|V+|u1〉,

〈7 ↑ |Hso,k |7′ ↓〉 = − �
2

4m2
0c2

ik−(1 − 2q2
7 )

1

2
〈u5|V+|u1〉,

〈7 ↑ |Hso,k |9 ↑〉 = �
2

4m2
0c2

i
1

2
k+

(
q9

√
1 − q2

7 〈u5|V−|u6〉 + q7

√
1 − q2

9 〈u1|V−|u5〉
)

,

〈7 ↓ |Hso,k |7′ ↑〉 = − �
2

4m2
0c2

(2q2
7 − 1)

1

2
ik+〈u1|V−|u5〉,

〈7 ↓ |Hso,k |7′ ↓〉 = − �
2

4m2
0c2

ikz〈u1|V−|u5〉,

〈7 ↓ |Hso,k |9 ↓〉 = �
2

4m2
0c2

i
1

2
k−

(
q9

√
1 − q2

7 (〈u5|V−|u6〉)∗ + q7

√
1 − q2

9 〈u1|V+|u∗
5〉
)

,

〈7′ ↑ |Hso,k |7′ ↓〉 = − �
2

4m2
0c2

q7

√
1 − q2

7 ik−〈u5|V+|u1〉,
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〈7′ ↑ |Hso,k |9 ↑〉 = �
2

4m2
0c2

i
1

2
k+

(
q7q9〈u5|V−|u6〉 −

√
1 − q2

7

√
1 − q2

9 〈u1|V−|u5〉
)

,

〈7′ ↓ |Hso,k |9 ↓〉 = �
2

4m2
0c2

i
1

2
k−

(
q7q9〈u5|V−|u6〉∗ −

√
1 − q2

7

√
1 − q2

9 〈u1|V−|u5〉
)

,

where we introduced the notation:

Vz = ∂V

∂z
,

V± =
(

∂V

∂x
± i

∂V

∂y

)
. (4.37)

We point out that matrix elements of Vz, V+, V− are given in terms of the corre-
sponding matrix elements of pz, p+, p− by use of the following simple relation

∇V = i

�
[p, H0]. (4.38)

Thus,

〈ui |∇V |u j 〉 = i(E j − Ei )

�
〈ui |p|u j 〉, (4.39)

where Ei , E j denote Γ -point energy eigenvalues in the absence of spin-orbit inter-
action. Employing the latter equation allows us to significantly reduce the number
of independent parameters in the eight-band wurtzite model.

4.5.3.3 Energies and States at the Γ Point

It is instructive to obtain the energies and associated states at the Γ point based on
the Hamiltonian derived in Eq. (4.33) and compare with the CC and GJ versions.
Note that there is a difference between the GJ results and the present result since
the electron state |e〉 is included among the interesting states (A states in Löwdin
perturbation theory) in the latter case. Immediate inspection shows that at the Γ

point, the Γ9 states decouple from other states while |e〉 states mix with the |7〉 and
|7′〉 states only due to spin-orbit interaction. Two identical hermitian 3 × 3 blocks in
the |e ↑〉, |7 ↑〉, |7′ ↑〉 and the |e ↓〉, |7 ↓〉, |7′ ↓〉 bases result (only upper diagonal
is given):

⎛
⎜⎝

Ee−
√

(1 − q2
7 )qz〈z|Hs,+|u∗

5〉−q7qz〈z|Hs,+|u∗
5〉

E7 0
E7′

⎞
⎟⎠ . (4.40)
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The secular equation for the matrix in Eq. (4.40) is

x3 + x2 (E7′ + E7 − 2Ee) + x
[
(E7 − Ee)(E7′ − Ee) − q2

z |〈z|Hs,+|u∗
5〉|2

]
− q2

z |〈z|Hs,+|u∗
5〉|2

[
(1 − q2

7 )(E7′ − Ee) + q2
7 (E7 − Ee)

] = 0, (4.41)

where x = Ee − E and E denotes the Γ -point energies. The three solutions Ei

(i = 1, 2, 3) to this third-order polynomial are the Γ -point energies accounting for
mixing among the e, 7, and 7′ states and not just the mixing between 7 and 7′ states
found by GJ. Evidently, if 〈z|Hs,+|u∗

5〉 	= 0, the three eigenstates are (apart from
normalization)

|ui ↑〉 = |e ↑〉+
√

(1 − q2
7 )qz〈z|Hs,+|u∗

5〉∗
E7 − Ei

|7 ↑〉+q7qz〈z|Hs,+|u∗
5〉∗

E7′ − Ei
|7′ ↑〉, i = 1, 2, 3.

(4.42)

If, on the other hand, 〈z|Hs,+|u∗
5〉 = 0, the GJ energies and states are obtained. For

the Kramers degenerate set, we find

|ui ↓〉 = |e ↓〉+
√

(1 − q2
7 )qz〈z|Hs,+|u∗

5〉∗
E7 − Ei

|7 ↓〉+q7qz〈z|Hs,+|u∗
5〉∗

E7′ − Ei
|7′ ↓〉, i = 1, 2, 3,

(4.43)
if 〈z|Hs,+|u∗

5〉 	= 0, otherwise the GJ energies and states are obtained.

4.6 Summary

The method associated with Kane is the unified treatment of quasi-degenerate states
such as the conduction and valence states of semiconductors. The interaction among
the states in this quasi-degenerate group are then treated exactly. Should remote
states (i.e., outside the quasi-degenerate group) be considered then the method is
known as Löwdin perturbation. The method is illustrated for both zincblende and
wurtzite. It is also shown how k · p can reproduce a band structure over a full
Brillouin zone. The chapter concludes with an eight-band model of wurtzite in the
Gutsche–Jahne basis, a previously unpublished result.



Chapter 5
Method of Invariants

5.1 Overview

We had, in earlier chapters, described various perturbation methods for obtaining the
k · p Hamiltonian. We note that, intrinsically, one still used symmetry arguments in
order to determine the number of independent parameters in each of the Hamiltonian
matrix elements. One could, therefore, argue whether the application of symme-
try arguments alone, and from the beginning, could determine uniquely the basic
structure of the Hamiltonian matrix. This is the method of invariants introduced by
Luttinger in 1956 [4].

It was subsequently generalized into a theory of invariants by Pikus and cowork-
ers [41, 61] and detailed in the book by Bir and Pikus [1], repeated in the more recent
book by Ivchenko and Pikus [20]. Since then, there have been applications to, for
example, the valence band of diamond in the presence of strain and a magnetic
field [80], the valence band of zincblende in the presence of strain and a magnetic
field [81], the spin-splitting problem in semiconductors [21], and to the internal
structure of excitons [82, 83]. The theory of invariants is equivalent to the effective
Hamiltonian method used in other areas in physics.

To ease the transition into the formal theory of invariants, we first present a hybrid
discussion that combines elements of both the perturbation and invariant methods.
Following that, the formal theory of invariants will be explained and then various
examples are given. The application to the eight-band model of wurtzite has not
been previously published.

5.2 DKK Hamiltonian – Hybrid Method

The basic idea is that the Hamiltonian must be an invariant with respect to the sym-
metry group of the crystal and within the standard approximation of being quadratic
in the wave vector. While this is sufficient for a general expression, one also knows
that the individual terms originate from expressions of the form k · p (to second
order). Indeed, following DKK, one can write down the valence-band Hamiltonian
to second order in k, the perturbation matrix element being

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 5, C© Springer-Verlag Berlin Heidelberg 2009

79
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′∑
l

〈ξ |Hk·p|l〉〈l|Hk·p|η〉
E0 − El

= �
2

m2
0

′∑
l

1

E0 − El

∑
i j

ki k j 〈ξ |pi |l〉〈l|p j |η〉

= �
2

m2
0

∑
i j

ki k j

〈
ξ | pi p j

E0 − H
|η
〉
.

Under a coordinate transformation, both the wave vector and the momentum oper-
ator change (e.g., k · p is invariant); hence, we need to study the transformation
properties of both. Note that, in the following, we will use the group notation of
DKK instead of Luttinger.

The wave vector k transforms under the diamond group Oh as a polar vector
(i.e., just like a position vector); hence, as Γ −

15 ∼ T2 in Luttinger’s notation (note
that Luttinger wrongly assigns it to T1, though that will be of no consequence as we
will see later). The product ki k j (being symmetric) then generates a six-dimensional
reducible representation [Γ −

15 ⊗ Γ −
15]S . One can find the irreducible representations

using the standard techniques. We will do one case in detail. First, we need the
characters of the symmetric-product representation [Eq. (A.21)]:

χ [Γ ⊗ Γ ]S = 1

2

(
χ2(Γ ) + χ

(
Γ 2

))
.

The product of two odd representations will be an even one (whether the product
is symmetric or antisymmetric); thus, we only need to write down the characters
corresponding to half the group. Here, we find

E 8C3 3C2 6S4 6C ′
2

[Γ −
15 ⊗ Γ −

15]S 6 0 2 0 2

We now use the decomposition formula to find the irreducible representations
[Eq. (A.23)]:

nγ = 1

lg

∑
l

clχ
(γ )∗χ,

where lg is the order of the group, and cl is the number of elements in class l. Note
that, since the reducible representation is even, only even irreducible representations
need be considered (as is obvious from the character equation); hence, we also only
need to work with the subgroup of 24 elements given above. Thus,

n1 = 1

24
(6 + 6 + 12) = 1,

n2 = 1

24
(6 + 6 − 12) = 0,

n12 = 1

24
(18 + 6 + 0) = 1,
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n15 = 1

24
(18 − 6 − 12) = 0,

n25 = 1

24
(18 − 6 + 12) = 1,

using Table B.5 for finding the square of elements [e.g., (I δ4x )2 = δ2x ], and using
the character table given in Table B.6. Therefore,

[Γ −
15 ⊗ Γ −

15]S = Γ +
1 ⊕ Γ +

12 ⊕ Γ +
25 . (5.1)

Combinations of ki k j that transform according to those irreducible representations
are

∼ (
k2

x + k2
y + k2

z

)
,
{

2k2
z − k2

x − k2
y,

√
3
(
k2

x − k2
y

)}
,
{
kykz, kzkx , kx ky

}
.

A similar decomposition exists for the product of the momentum operator except
that, for the Γ +

25 representation, one requires symmetrized products

{
py pz

}
, {pz px },

{
px py

}
,

where

{P Q} ≡ 1

2
(P Q + Q P) . (5.2)

We must now construct, out of the k’s and p’s, combinations that are invariant, i.e.,
that transform according to Γ +

1 . Another well-known result from group theory is
that, one requires the product of a representation with itself in order for the decom-
position to include the invariant representation. Thus, the invariant k · p operators
are then

k2 P2,(
2k2

z − k2
x − k2

y

) (
2P2

z − P2
x − P2

y

) + 3
(
k2

x − k2
y

) (
P2

x − P2
y

)
,∑

i< j

ki k j
{

Pi Pj
}
.

Since each involves summing over intermediate states and dividing by the appropri-
ate energy denominator, the three terms will, in general, be premultiplied by three
different constants. That each term involves only one independent constant can be
seen from the decomposition of the matrix element with respect to the valence-band
states:

〈Γ +
25 |Γ +

γ |Γ +
25〉 = Γ +

1 ⊕ · · ·,
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where Γ +
γ is one of Γ +

1 , Γ +
12, Γ

+
25 and with the identity representation only appearing

once.
So far, we have given the irreducible invariant form of the Hamiltonian. In order

to relate to the DKK Hamiltonian, one needs the representation of the Hamiltonian
in terms of the valence-band states. Given the three-fold degeneracy (without spin),
the Hamiltonian becomes a 3×3 matrix. However, the terms should retain the same
symmetry properties; i.e., the goal is to replace the matrix elements of Pi Pj by
matrices. While Pi transforms according to Γ −

15 , it turns out that the symmetrized
product of axial vectors (∼ Γ +

15) has the same decomposition:

[Γ +
15 ⊗ Γ +

15]S = Γ +
1 ⊕ Γ +

12 ⊕ Γ +
25 .

This is useful because angular momentum is an axial vector and its representations
can be used. Indeed, for the valence band, one would use a three-dimensional rep-
resentation of the angular momentum.

Using Eqs. (A.27) and writing I = L/�, one easily finds Ii in the |l m〉 basis for
l = 1 (|1 1〉, |1 0〉, |1 − 1〉):

Ix = 1√
2

⎛
⎝0 1 0

1 0 1
0 1 0

⎞
⎠, Iy = i√

2

⎛
⎝ 0 −1 0

1 0 −1
0 1 0

⎞
⎠, Iz =

⎛
⎝ 1 0 0

0 0 0
0 0 −1

⎞
⎠. (5.3)

We need a representation of Ii with respect to the valence states ε+
1 , ε+

2 , ε+
3

(Sect. 3.2.1). Using Eq. (A.28), we have

|1 ± 1〉 = ∓ 1√
2

(
ε+

1 ± iε+
2

)
,

|1 0〉 = ε+
3 ,

giving

Ix =
⎛
⎝ 0 0 0

0 0 −i
0 i 0

⎞
⎠, Iy =

⎛
⎝ 0 0 i

0 0 0
−i 0 0

⎞
⎠, Iz =

⎛
⎝0 −i 0

i 0 0
0 0 0

⎞
⎠ , (5.4)

I 2 = I 2
x + I 2

y + I 2
z =

⎛
⎝ 2 0 0

0 2 0
0 0 2

⎞
⎠ = l(l + 1)1. (5.5)

Our choice of matrices agrees with Luttinger [4].
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We can now write

k2 P2 ∼ 1

2
Ak2 I 2 ≡ Ak2,

(
2k2

z − k2
x − k2

y

) (
2P2

z − P2
x − P2

y

) + 3
(
k2

x − k2
y

) (
P2

x − P2
y

)

∼ B

2

(
2k2

z − k2
x − k2

y

) (
2I 2

z − I 2
x − I 2

y

) + 3
(
k2

x − k2
y

) (
I 2

x − I 2
y

) = 3B
∑

i

k2
i

(
I 2

i − 1

3
I 2

)
,

∑
i< j

ki k j {Pi Pj } ∼ 2D√
3

∑
i< j

ki k j {Ii I j }.

Hence,

HmL = Ak2 + 3B
∑

i

k2
i

(
I 2
i − 1

3
I 2

)
+ 2D

√
3
∑
i< j

ki k j {Ii I j }. (5.6)

We call this the modified Luttinger Hamiltonian without spin and without magnetic
field, since it is in a slightly different form from the one in Luttinger’s paper. We
now show the connection of the new parameters (A, B, D) to the DKK A, B, C by
comparing the new Hamiltonian, Eq. (5.6), to the DKK one, Eq. (3.4). Since

I 2
x =

⎛
⎝ 0 0 0

0 1 0
0 0 1

⎞
⎠, I 2

y =
⎛
⎝1 0 0

0 0 0
0 0 1

⎞
⎠, I 2

z =
⎛
⎝1 0 0

0 1 0
0 0 0

⎞
⎠,

{Ix Iy} =
⎛
⎝ 0 − 1

2 0
− 1

2 0 0
0 0 0

⎞
⎠, {Iy Iz} =

⎛
⎝ 0 0 0

0 0 − 1
2

0 − 1
2 0

⎞
⎠, {Iz Ix } =

⎛
⎝ 0 0 − 1

2
0 0 0

− 1
2 0 0

⎞
⎠,

we have

HmL =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
A − 2B

)
k2

x −D
√

3kx ky −D
√

3kx kz

+ (
A + B

) (
k2

y + k2
z

)
−D

√
3kx ky

(
A − 2B

)
k2

x −D
√

3kykz

+ (
A + B

) (
k2

x + k2
z

)
−D

√
3kx kz −D

√
3kykz

(
A − 2B

)
k2

x

+ (
A + B

) (
k2

x + k2
y

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡

⎛
⎜⎜⎝

Lk2
x + M

(
k2

y + k2
z

)
Nkx ky Nkx kz

Nkx ky Lk2
y + M

(
k2

x + k2
z

)
Nkykz

Nkx kz Nkykz Lk2
z + M

(
k2

x + k2
y

)

⎞
⎟⎟⎠,
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where

L = A − 2B, M = A + B, N = −D
√

3. (5.7)

Note that the A, B here are slightly different from the DKK A, B parameters:

A = A − �
2

2m0
,

B = −B, (5.8)

D = − (
3B2 + C2

) 1
2 .

5.3 Formalism

A general theory of invariants was first written down by Pikus [41, 61]. We repro-
duce here the discussions of Bir and Pikus [1] and Trebin et al. [81].

5.3.1 Introduction

The Hamiltonian is an n × n matrix in a multiband k · p theory. In principle, the
n2 matrix elements can be described using n2 independent matrices; the latter can
be chosen to transform according to the irreducible representations of the symmetry
group. When multiplied by appropriate irreducible combinations of a tensor (e.g.,
the wave vector, magnetic field, strain, electric field) invariants are formed.

5.3.2 Spatial Symmetries

Let the Hamiltonian H be represented in terms of a set of basis functions ψi (i =
1, n), the latter transforming according to an n-dimensional representation D(G) of
the group G. Let the Hamiltonian be a function of a tensorial parameter K, where
K, in this chapter, will be the wave vector k but will later be chosen as the electric
field E , magnetic field B, or the strain ε. Then

ψ ′
i (r) = ψi (G

−1r) =
∑

j

ψ j (r)D ji (G), (5.9)

and H (K) becomes

D−1(G)H (K)D(G).

If the Hamiltonian is invariant under transformation G, then
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H ′(K′) = D(G)H (G−1K)D−1(G) = H (K). (5.10)

This leads to n2 equations from which the matrix H (K) can be deduced. Note that
only the group generators are needed. Instead of using the full representation in
Eq. (5.10), only the characters will be needed to solve for the Hamiltonian matrix
elements.

The Hamiltonian will be written in terms of the components Ki and the n2

linearly-independent Xi matrices. We call the Xi basis matrices. They are such that

X ′
i = G−1 Xi = D(G)Xi D−1(G) =

∑
j

X j D(X )
j i (G). (5.11)

The D(X )(G) is a representation of the group of dimension n4. One can derive an
expression for it in terms of the original D(G) matrices by first relabeling the Xi

matrices as Xlk such that

Xlk
l ′k ′ = δll ′δkk ′ . (5.12)

Substituting into Eq. (5.11),

Dim Xi ′ j ′
mn D−1

nj =
∑
m ′n′

Xm ′n′
i j D(X )

m ′n′ i ′ j ′ ,

and using Eq. (5.12),

D(X )
i j i ′ j ′ = Dii ′ D−1

j j ′ = Dii ′ D∗
j j ′ . (5.13)

Hence, D(X ) is the direct product D ⊗ D∗, with character

χ (X )(G) = |χ (G)|2 . (5.14)

Summarizing what we have so far, the set of n2 Xi matrices form a basis for the
generation of a representation DX of the group. In general, this representation is
reducible. The process of finding the irreducible representations is equivalent to
finding a linear transformation of the Xi into a set of so-called irreducible basis
operators. The Hamiltonian will then, instead, be expressed in terms of such an irre-
ducible basis. Note that, since we are still dealing with the group G, the maximum
number of such irreducible basis operators is the same as the number of irreducible
representations of G. However, not all need show up in D ⊗ D∗.

Example: Td . The 3 × 3 valence band without spin-orbit coupling requires nine
3 × 3 matrices which can be combined into five irreducible components. DX is
nine-dimensional.

Labeling the irreducible representation of G by γ , this implies Eq. (5.11) splits
into a set of disjoint equations
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G−1 X (γ )
i = D(G)X (γ )

i D−1(G) =
∑

i ′
X (γ )

i ′ D(γ )
i ′i (G), (5.15)

for each γ . Similarly, the tensorial variables Ki can be expressed in terms of irre-
ducible components K(γ )

i transforming as

G−1K(γ )∗
i =

∑
i ′

K(γ )∗
i ′ D(γ )∗

i ′i (G), (5.16)

and, therefore, invariant combinations are given by

H (K) =
∑

γ

aγ

∑
l

X (γ )
l K(γ )

l

∗
. (5.17)

Since the various aγ are not connected by symmetry, they are arbitrary except that
the Hamiltonian must be hermitian.

Should the original representation D be reducible (e.g., by using s and p func-
tions for a cubic crystal), then the above formalism carries through by generalizing
with the irreducible-representation index. Using two irreducible representations as
an example, consider D to consist of the two irreducible representations DI and DII.
Then, when diagonalized,

D =
(

DI 0
0 DII

)
. (5.18)

The Hamiltonian can be written into four blocks:

H (K) =
(

H I I H I II

H II I H II II

)
. (5.19)

Equation (5.10) then becomes

DI(G)H I I(G−1K)D−1
I (G) = H I I(K), (5.20)

DII(G)H II II(G−1K)D−1
II (G) = H II II(K), (5.21)

DI(G)H I II(G−1K)D−1
II (G) = H I II(K), (5.22)

DII(G)H II I(G−1K)D−1
I (G) = H II I(K). (5.23)

Equations (5.20) and (5.21) are similar to the earlier case. For Eqs. (5.22) and (5.23),
the basis matrices X are, in general, rectangular. More generally, for a multiband
Hamiltonian that has a block structure with a block formed from irreducible repre-
sentations α and β, the above equations are modified such that
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Hi j (K) =
∑

γ

aγ

∑
l

X (α)
l K(β)

l

∗
, (5.24)

G−1 X (γ )
i = D(α)(G)X (γ )

i D(β)(G)−1 =
∑

i ′
X (γ )

i ′ D(γ )
i ′i (G), (5.25)

where the irreducible representations Γγ are those contained in Γα ⊗ Γ ∗
β .

We will choose the X (γ )
i basis matrices to transform according to irreducible

representations of the point group. One such procedure has been outlined by Trebin
et al. [81]. Thus, the symmetrized basis matrices X (γ )

i can be constructed from
cartesian components using the basis functions of coordinates and angular momenta
operators found in standard group theory texts [33] and reproduced in Appendix B.
The parity is equal to the product of the parities of D(α) and D(β). For diagonal
blocks the remaining procedure is straightforward. For off-diagonal blocks (i.e.,
coupling different representations), each cartesian operator can be re-expressed in
terms of spherical ones of the appropriate rank and the matrix elements of the lat-
ter can be written in terms of a reduced set by using the Wigner-Eckart theorem
[Eq. (A.30)]. For instance, in combining a j = 1

2 subspace (e.g., conduction elec-
trons) with a j ′ = 3

2 one (e.g., holes), the irreducible tensor matrices T present are
of rank 1 and 2. Rank 1 operators are vectors, with cartesian components Ti . The
representation of these matrices in the j j ′ subblock is simplified by re-expressing
the cartesian vectors in terms of spherical vectors Tμ. An explicit calculation will be
presented later for the 14-band model of ZB.

5.3.2.1 Time-Reversal Symmetry

The diagonal blocks are invariant with respect to time-reversal symmetry while
there is no such constraint for the off-diagonal blocks [1]. We note that the Pauli
Hamiltonian operator is invariant; however, the matrix representation need not be.
For diagonal blocks, this is the case because the two representations are the same.
But, for the off-diagonal blocks, the two representations are linearly independent;
hence, no definite time-reversal property is required. One consequence is that, when
one builds invariants, it will not be necessary to match the time-reversal property of
the symmetrized quantities for the off-diagonal blocks.

5.3.2.2 Example

We follow Bir and Pikus [1] in clarifying the above theory as it applies to generating
the Hamiltonian Hk0 (K) at some point k0. The appropriate group is the little group
Gk0 and D = D(μ)

k0
with character χ

(μ)
k0

. The character of D(X ) is

χ
(X )
k0

=
∣∣∣χ (μ)

k0

∣∣∣2 . (5.26)
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D(X ) is determined by the rotational elements of the point group Fk0 . Thus, D(X ) is a
vector representation of the point group and can be expanded in terms of other vector
representations. Therefore, the number of sets of X (γ ) which transform according to
the representation Dγ of the point group is given by

nγ = 1

lg

∑
g∈G ′

k0

χ
(X )
k0

χ (γ )(g) = 1

lg

∑
g∈G ′

k0

∣∣∣χ (μ)
k0

∣∣∣2 χ (γ )(g). (5.27)

The summation is over all the elements of the little group except those containing
primitive translations. For projective representations of the point group, D(R) =
D(μ)

k0
(g)eik0 R , and

nγ = 1

h

∑
R∈Fk0

∣∣∣χ (μ)
k0

(R)
∣∣∣2 χ (γ )(R). (5.28)

Finally, for two combined representations Dμ and Dν , the expression for the off-
diagonal submatrices is

nγ = 1

lg

∑
g∈G ′

k0

χ
(μ)∗
k0

(g)χ (ν)
k0

(g)χ (γ )(g). (5.29)

5.3.3 Spinor Representation

There are two methods for constructing H (K). The first involves using the spinor
representation of D(G) from the start, which means the spin properties is built into
the formalism. The simplification is that the formalism for constructing the basis
matrices Xi explained above carries through. The disadvantage is that there is no
procedure for determining the relative strength of the spin-orbit coupling.

The second approach involves using product basis functions ψ(r, σ ) = ψ(r)α,
where α is a spinor, which leads to direct-product representations Dl ⊗ D 1

2
. The

basis matrices may then be expressed in terms of products of spatial matrices X (γ )

and spin operators σi .

5.4 Valence Band of Diamond

We describe again, in summary form, the procedure explained above for obtaining
the Hamiltonian using the theory of invariants. The first step is to identify a set of
basis matrices. The latter are then symmetrized according to the irreducible repre-
sentations present in the reduction of the direct product of the basis states. Finally,
invariants are formed with the correspondingly symmetrized functions. In practice,
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the invariant equation is next recast into a matrix form and usually compared to the
perturbation theory in order to relate the parameters in the two methods.

5.4.1 No Spin

The problem statement is: given that the valence band of diamond is three-fold
degenerate at k = 0, how can one construct the most general Hamiltonian for finite
k in the absence of external fields? Using the theory of invariants, we note first that
any 3 × 3 matrix can be written in terms of the following nine linearly-independent
ones:

Ix , Iy, Iz, I 2
x , I 2

y , {Ix Iy}, {Iy Iz}, {Iz Ix }.

Restricting oneselves to these matrices and up to ki k j terms, one obtains the irre-
ducible basis functions and matrices given in Table 5.1.

These are obtained by noting that

k ∼ Γ −
15, I ∼ Γ +

15 .

Then,

Γ −
15 ⊗ Γ −

15 = Γ +
1 ⊕ Γ +

12 ⊕ Γ +
15 ⊕ Γ +

25, (5.30)

Γ +
15 ⊗ Γ +

15 = Γ +
1 ⊕ Γ +

12 ⊕ Γ +
15 ⊕ Γ +

25 . (5.31)

Table 5.1 Irreducible basis functions for Oh in 3 × 3 subspace. ω = e2π i/3, {AB} = 1
2 (AB +

B A), [A, B] = (AB − B A)

Time reversal

Even Odd

Γ +
1 k2, I 2

Γ +
12 k2

x + ωk2
y + ω2k2

z , k2
x + ω2k2

y + ωk2
z

I 2
x + ωI 2

y + ω2 I 2
z , I 2

x + ω2 I 2
y + ωI 2

z

Γ +
15 Ix , Iy, Iz

[ky, kz], [kz, kx ], [kx , ky]

σx , σy, σz

Γ +
25 {kykz}, {kzkx }, {kx ky}

{Iy Iz}, {Iz Ix }, {Ix Iy}
Γ −

15 kx , ky, kz

Note that the antisymmetric combination [ki , k j ] will be shown later to be related
to the magnetic field and the linear-in-k terms (the Γ −

15 representation) do not par-
ticipate since there are no corresponding Ii matrices of the same symmetry (and
vice versa). Finally, there are three popular forms for the basis functions of Γ +

12 .
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We have chosen the complex conjugate pair of Bir and Pikus [1]. The other two are:
I 2

x − I 2
y , I 2

y − I 2
z [80] and 3I 2

z − I 2,
√

3(I 2
x − I 2

y ) (e.g., Koster et al. [33]).
The next step is to form invariants with combinations of the ki k j terms together

with the corresponding Ii I j factors. This then leads to [4]

H (k) = α1k2 + α2
(
k2

x I 2
x + k2

y I 2
y + k2

z I 2
z

)

+α3
({kx ky}{Ix Iy} + {kykz}{Iy Iz} + {kzkx }{Iz Ix }

)
(5.32)

= Ak2 − (A − B)
(
k2

x I 2
x + k2

y I 2
y + k2

z I 2
z

)

−2C
({kx ky}{Ix Iy} + {kykz}{Iy Iz} + {kzkx }{Iz Ix }

)
. (5.33)

The matrices can be expanded giving

H (k) =

⎛
⎜⎜⎝

α1k2 + α2
(
k2

y + k2
z

) −α3
2 kx ky −α3

2 kx kz

−α3
2 kx ky α1k2 + α2

(
k2

x + k2
z

) −α3
2 kykz

−α3
2 kx kz −α3

2 kykz α1k2 + α2
(
k2

x + k2
y

)

⎞
⎟⎟⎠ .

(5.34)

Comparing to the DKK (noting that the Luttinger Hamiltonians include the free-
electron term, the DKK does not), we have

α1 = AL = L + �
2

2m0
,

α2 = BL − AL = M − L , (5.35)

α3 = −2CL = −2N .

5.4.2 Magnetic Field

In the discussion of Luttinger’s Hamiltonian with spin later, it will be useful for
completeness to include the interaction with an external magnetic field. Hence, we
present a derivation of the magnetic Hamiltonian at this point, leaving the complete
treatment of the magnetic problem for Chap. 9.

5.4.2.1 DKK Hamiltonian

One can look at the influence of an externally applied homogeneous magnetic field
on the DKK Hamiltonian. While the general theory will be treated next using the
method of invariants, we repeat here a discussion of Luttinger [4] in terms of the
antisymmetric components of the D matrix since this issue of antisymmetry is an
important one. We are following the work of Luttinger and will use his D matrix
rather than the DKK one for illustration.
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The key lies in the observation that Di j
nm is not necessarily symmetric in the

cartesian indices, as is clear in its definition, Eq. (3.7). Let us, therefore, introduce
symmetrized and antisymmetrized components:

ki k j ≡ 1

2
(ki k j − k j ki ) + 1

2
(ki k j + k j ki ) ≡ 1

2
[ki , k j ] + {ki k j },

Di j
nm ≡ 1

2
(Di j

nm − D ji
nm) + 1

2
(Di j

nm + D ji
nm), (5.36)

Di j
nmki k j = 1

4
(Di j

nm − D ji
nm)[ki , k j ] + 1

2
(Di j

nm + D ji
nm){ki k j }.

Now

(Di j
nm − D ji

nm){ki k j } = 0,

so, in the absence of a magnetic field
(
i.e.,

[
ki , kj

] = 0
)
, we have

Di j
nmki k j = 1

2

(
Di j

nm + D ji
nm

) {
ki k j

}
. (5.37)

In the presence of a magnetic field, the components of k no longer commute. To
show this, we assume that the magnetic field is included into the effective Hamilto-
nian via minimal coupling [4] (with e > 0):

k = 1

�
(p + eA).

This will be derived later in the chapter on magnetic field (Chap. 9). Then,

[
ky, kz

] = kykz − kzky = 1

�2

[(
py + eAy

)
(pz + eAz) − (pz + eAz)

(
py + eAy

)]

= 1

i�
eBx ,

[kz, kx ] = 1

i�
eBy, (5.38)

[
kx , ky

] = 1

i�
eBz .

Thus, there are additional contributions to the Hamiltonian. Recall that, in the
absence of the magnetic field, the Di j

nm is symmetric and has three independent real
constants (AL , BL , CL ). We need to correct this by adding antisymmetric terms. The
question is how many new constants there are.



92 5 Method of Invariants

Note that D must be hermitian for real eigenvalues. In particular, for the diagonal
elements,

D∗
nn = Dnn = Di j

nnki k j = 1

2

[
Di j

nn, D ji
nn

] [
ki , k j

] + {
Di j

nn, D ji
nn

} {
ki k j

}
.

But, since Di j
nn is real and [ki , k j ] pure imaginary, then there cannot be an antisym-

metric contribution in the diagonal terms.
Consider, therefore, the off-diagonal ones. For example,

DXY = Dxy
XY kx ky + Dyx

XY kykx .

Let

K ≡ Dxy
XY − Dyx

XY . (5.39)

Then

DXY = (
Dxy

XY + Dyx
XY

) {
kx ky

} + 1

2

(
Dxy

XY − Dyx
XY

) [
kx , ky

]

= CL
{
kx ky

} + K

2

[
kx , ky

] = CL
{
kx ky

} + ie

2�
K Bz,

DY X = (
Dxy

Y X + Dyx
Y X

) {
kx ky

} + 1

2

(
Dxy

Y X − Dyx
Y X

) [
kx , ky

]

= CL
{
kx ky

} + ie

2�
K Bz .

Thus, we can write

D = D(S) + D(A), (5.40)

where

D(A) = eK

2�

⎛
⎜⎜⎝

0 −iBz iBy

iBz 0 −iBx

−iBy iBx 0

⎞
⎟⎟⎠ . (5.41)

There is, therefore, one new parameter, K .

5.4.2.2 Method of Invariants

We now consider the valence band of diamond in a magnetic field using the method
of invariants [4]. The components of k no longer commute. It is, therefore, necessary
to keep the antisymmetrized products of the wave vector. The latter has the following
character table:
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E 8C3 3C2 6S4 6C ′
2

[Γ −
15 ⊗ Γ −

15 ]A 3 0 −1 1 −1

which is none other than that of Γ +
15 . Since the angular momentum also trans-

forms according to the same irreducible representation, one can get an invariant by
combining the two:

[
ky, kz

]
Ix + [kz, kx ] Iy + [

kx , ky
]

Iz .

The total Hamiltonian can, therefore, be written as

HaL = α1k2 + α2

(
k2

x I 2
x + k2

y I 2
y + k2

z I 2
z

) + α3

({
kx ky

} {
Ix Iy

} + {
kykz

} {
Iy Iz

} + {kzkx } {Iz Ix }
)

+α4

([
ky, kz

]
Ix + [kz, kx ] Iy + [

kx , ky

]
Iz

)
, (5.42)

which is Eq. (32) of Luttinger [4]. Comparing with Eq. (5.41), one also finds that
the last term can be written as

D(A) = e

2�
K I · B.

Note that, in the limit of large mass, the energy of a tightly-bound electron is given
by the Zeeman term

ΔE = μBI · B = e�

2m0
I · B.

Hence, K ∼ �
2/m0.

5.4.3 Spin-Orbit Interaction

The spin-orbit Hamiltonian had been studied earlier in Chap. 3. We now wish to
obtain a form of the spin-orbit matrix using the method of invariants.

5.4.3.1 LS Basis

We first note that ∇V × p transforms like an axial vector which, as we have already
seen, leads to only one independent matrix element in a basis of Γ +

25 states. We thus
write

Hso = 1

3
Δ0I · σ , (5.43)

where the constant Δ0 is chosen to parametrize the spin-orbit energy. To agree with
Eq. (3.33), we write
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〈
ε+

1

∣∣∣∣ �

4m2
0c2

(∇V × p)z

∣∣∣∣ ε+
2

〉
≡ − i

3
Δ0.

We also already know that the spin-orbit Hamiltonian is not diagonal in the L S
basis. The proper basis (or a good quantum number) is the total angular momentum:

J = I + 1

2
σ . (5.44)

Then

J 2 =
(

I + 1

2
σ

)2

= I 2 + 1

4
σ 2 + I · σ ,

=⇒ I · σ = J 2 − I 2 − 1

4
σ 2 = j ( j + 1) − i (i + 1) − 1

4
σ (σ + 1).

Now, i = 1, σ = 1 and j = 5
2 , 3

2 . Hence,

I · σ = j( j + 1) − 11

4
,

Hso = Δ0

3

[
j( j + 1) − 11

4

]
= Δ0

3
,−2

3
Δ0.

The full Hamiltonian in the L S basis is obtained from Eq. (5.6) by adding the
spin-orbit interaction:

H (k) = Eν + 1

3
Δ0I · σ + Ak2 + 3B

∑
i

k2
i

(
I 2
i − 1

3
I 2

)
+ 2D

√
3
∑
i< j

ki k j
{

Ii I j
}
.

(5.45)
It can be diagonalized exactly at k = 0. Letting Ev = − 1

3Δ0,

H (k = 0) = Eν + 1

3
Δ0I · σ = −1

3
Δ0

[
15

4
− j( j + 1)

]

= 0,−Δ0.

5.4.3.2 JMJ Basis – First Version

The above Hamiltonian was arrived at by first considering the 3 × 3 Hamiltonian
without spin-orbit coupling, then adding the latter. In many cases, Δ0 is large and the
hh and lh states can be understood to be derived from a 4 × 4 Hamiltonian. In other
words, we have a four-dimensional space. A convenient basis set is expected to be
the angular momentum matrices for j = 3

2 . Since J hasthe same properties as I, the
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terms in the above Hamiltonian still apply. Additional terms might be expected since
the number of independent basis matrices is now 16, but Luttinger showed them not
to contribute in the absence of a magnetic field and in the presence of time-reversal
symmetry. We will explore this later.

Thus, the Hamiltonian for the hh and lh is

H (k) = Ak2 + B
∑

i

k2
i

(
J 2

i − 1

3
J 2

)
+ 2D√

3

∑
i< j

ki k j
{

Ji J j
}
. (5.46)

We will now show that the A, B, D are the same as before. The proof is based upon
the Wigner-Eckart theorem, Eq. (A.30).

If one applies the Wigner-Eckart theorem to two irreducible tensors T and S,

〈
njm

∣∣T (k)
κ

∣∣ n′ j ′m ′〉 =
〈
nj ||T (k)||n′ j ′〉

√
2 j + 1

〈
j ′k; m ′κ| j ′k; jm

〉
,

〈
njm

∣∣S(k)
κ

∣∣ n′ j ′m ′〉 =
〈
nj ||S(k)||n′ j ′〉

√
2 j + 1

〈
j ′k; m ′κ| j ′k; jm

〉
,

then one can write

〈
njm

∣∣T (k)
κ

∣∣ n′ j ′m ′〉 =
〈
nj ||T (k)||n′ j ′〉〈
nj ||S(k)

κ ||n′ j ′
〉 〈njm

∣∣S(k)
∣∣ n′ j ′m ′〉

= γ
〈
njm

∣∣S(k)
κ

∣∣ n′ j ′m ′〉, (5.47)

where γ 	= f (m, m ′, κ). This is known as the equivalent-operator method [84].
In Eqs. (5.6) and (5.46), the angular momenta can be cast into irreducible tensors.

Indeed, note that all three of 1, J 2
i − 1

3 J 2, and {Ji J j } in Eq. (5.46) can be obtained
by working with the traceless symmetric tensor

Ji j ≡ {Ji J j } − 1

3
J 2δi j . (5.48)

For example, J 2
i − 1

3 J 2 = Jii . Ji j is a spherical tensor of rank 2 and transforms under
the rotation group according to the D2 representation; hence, we can use it in the
Wigner-Eckart theorem. For completeness, note that Ji j has only five independent
components. They can be chosen as follows:

J (2)
0 =

√
3

2

[
Jzz − 1

3

(
Jxx + Jyy + Jzz

)] =
√

3

2

[
J 2

z − 1

3
J 2

]
,
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J (2)
±1 = ∓ (

Jxz ± iJyz
) = ∓1

2

[(
Jx ± iJy

)
, Jz

]
, (5.49)

J (2)
±2 = 1

2

(
Jxx − Jyy ± 2iJxy

) = 1

2

(
Jx ± iJy

)2
.

We wish to find γ such that

〈
njm|Ji j |n′ j ′m ′〉 = γ

〈
njm|Ii j |n′ j ′m ′〉 . (5.50)

In our case, n = n′, j = j ′ = 3
2 ; m, m ′, κ arbitrary. Let m = m ′ = 3

2 , i = j = z.
Then,

LHS = 〈njm|Jzz |njm〉 =
〈

3

2

3

2

∣∣∣∣J 2
z − 1

3
J 2

∣∣∣∣ 3

2

3

2

〉
= 9

4
− 1

3
j( j + 1) = 1,

RHS = γ 〈njm|Izz |njm〉 = γ

〈
3

2

3

2

∣∣∣∣I 2
z − 1

3
I 2

∣∣∣∣ 3

2

3

2

〉
=
[

1 − 1

3
l(l + 1)

]
γ = 1

3
γ,

=⇒ γ = 3.

This difference was made explicit in Eqs. (5.6) and (5.46).
If we now apply the same procedure to the sh band, j = 1

2 , and

〈
1

2

1

2

∣∣∣∣J 2
z − 1

3
J 2

∣∣∣∣ 1

2

1

2

〉
= 0,

=⇒ γ = 0.

Hence,

Hso = −Δ0 + Ak2. (5.51)

5.4.3.3 Eigenvalues

An analytical solution to the 4 × 4 Hamiltonian exists; we have already obtained it
from the DKK matrix. We now do so starting from Eq. (5.46). The first term on the
RHS is already diagonal, hence we focus on the remaining terms. Let

Ω =
∑

i

αi i

(
J 2

i − 1

3
J 2

)
+ 2√

3

∑
i< j

αi j {Ji J j }, (5.52)

where

αi i = Bk2
i , αi j = Dki k j (i 	= j). (5.53)
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Each solution is doubly degenerate (Kramer’s theorem). Writing them as ω1 and ω2,
we have

(ω1 − ω)2(ω2 − ω)2 = [
ω2 − (ω1 + ω2) + ω1ω2

]2 = 0.

But, by construction, Ω is traceless,

TrΩ = 2(ω1 + ω2) = 0, (5.54)

=⇒ ω1 + ω2 = 0. (5.55)

The fact that Ω is traceless can also be obtained directly. For this, we need the matrix
representation of the Ji matrices and the result

Tr(αA + βB) = dαTrA + dβTrB,

where d is the dimension of the representation. We know that

TrJi = 0; J 2
i = 1.

Also, using Eqs. (A.27) and with the basis ordering MJ = 3
2 , 1

2 ,− 1
2 ,− 3

2 ,

J+ =

⎛
⎜⎜⎜⎜⎜⎝

0
√

3 0 0

0 0 2 0

0 0 0
√

3

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

, J− =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0
√

3 0 0 0

0 2 0 0

0 0
√

3 0

⎞
⎟⎟⎟⎟⎟⎠

,

Jx =

⎛
⎜⎜⎜⎜⎜⎜⎝

0
√

3
2 0 0

√
3

2 0 1 0

0 1 0
√

3
2

0 0
√

3
2 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, Jy =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 −i
√

3
2 0 0

i
√

3
2 0 −i 0

0 i 0 −i
√

3
2

0 0 i
√

3
2 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, Jz =

⎛
⎜⎜⎜⎜⎜⎝

3
2 0 0 0

0 1
2 0 0

0 0 − 1
2 0

0 0 0 − 3
2

⎞
⎟⎟⎟⎟⎟⎠

,

J 2
x =

⎛
⎜⎜⎜⎜⎜⎜⎝

3
4 0

√
3

2 0

0 7
4 0

√
3

2
√

3
2 0 7

4 0

0
√

3
2 0 3

4

⎞
⎟⎟⎟⎟⎟⎟⎠

, J 2
y =

⎛
⎜⎜⎜⎜⎜⎜⎝

3
4 0 −

√
3

2 0

0 7
4 0 −

√
3

2

−
√

3
2 0 7

4 0

0 −
√

3
2 0 3

4

⎞
⎟⎟⎟⎟⎟⎟⎠

, J 2
z =

⎛
⎜⎜⎜⎜⎜⎝

9
4 0 0 0

0 1
4 0 0

0 0 1
4 0

0 0 0 9
4

⎞
⎟⎟⎟⎟⎟⎠

,

J 2 = 15

4
1, TrJ 2 = j( j + 1) × (2 j + 1) = 15, (5.56)
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giving

Tr

(
J 2

i − 1

3
J 2

)
= Tr

(
J 2

i

) − Tr

(
1

3
J 2

)
= 0.

Our Ji ’s agree with Fishman. Luttinger’s ones [4] differ from ours by a factor of i
and complex conjugate:

iJ ∗
x,y = J L

x,y .

Now, for Tr{Ji J j }, one can either evaluate directly or first note that

{Ji J j } = 1

2
(Ji J j + Jj Ji ),

[Ji , Jj ] = iεi jk Jk = Ji J j − Jj Ji ,

=⇒ {Ji J j } = Jj Ji + i

2
εi jk Jk,

Tr{Ji J j } = Tr(Jj Ji ) + id

2
εi jkTrJk = Tr(Jj Ji ),

and the latter can be shown to be zero by explicit calculation. Hence, TrΩ = 0.
Also, when Ω is diagonalized (say Λ), the diagonal elements are the eigenvalues:
ω1, ω1, ω2, ω2. Then the diagonal elements of Λ2 are ω2

1, ω
2
1, ω

2
2, ω

2
2. Since the trace

is invariant,

TrΩ2 = TrΛ2 = 2
(
ω2

1 + ω2
2

) = 4ω2
1, (5.57)

using Eq. (5.55). In computing TrΩ2, we use

Tr(A + B)2 = TrA2 + TrB2 + 2TrAB.

The first term gives

Tr

⎧⎨
⎩
[

3∑
i=1

αi i

(
J 2

i − 1

3
J 2

)]2
⎫⎬
⎭ = 2

[(
αyy − αzz

)2 + (αzz − αxx )2 + (
αxx − αyy

)2
]
,

the second

Tr

⎡
⎣ 3∑

i< j

αi j {Ji J j }
⎤
⎦

2

= 4
(
α2

yz + α2
zx + α2

xy

)
,
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and the product of terms gives zero. Hence,

ω1,2 = ± [
α2

xx + α2
yy + α2

zz − αyyαzz − αzzαxx − αxxαyy + α2
yz + α2

zx + α2
xy

] 1
2 ,

(5.58)
and

E1,2(k) = Ak2 + ω1,2

= Ak2 ±
[

B
2 (

k4
x + k4

y + k4
z

) − B2 (k2
yk2

z + k2
z k2

x + k2
x k2

y

)

+D
(
k2

yk2
z + k2

z k2
x + k2

x k2
y

)] 1
2

= Ak2 ±
[

B
2
k4 + C

2 (
k2

yk2
z + k2

z k2
x + k2

x k2
y

)] 1
2
, (5.59)

where

C ≡ D
2 − 3B

2
. (5.60)

The parameters are consistent with Eq. (5.8).

5.4.3.4 JMJ Basis – Luttinger Model

For cases when the spin-orbit energy Δ0 is large, it is often appropriate to study the
four-dimensional Γ +

8 subspace. First, we note that there are 16 linearly independent
4 × 4 matrices [4]:

1, Jx , Jy, Jz, J 2
x , J 2

y , {Jx Jy}, {Jy Jz}, {Jz Jx },
{
(J 2

y − J 2
z )Jx

} ≡ Vx ,
{
(J 2

z − J 2
x )Jy

} ≡ Vy,
{
(J 2

x − J 2
y )Jz

} ≡ Vz, (5.61)

J 3
x , J 3

y , J 3
z , Jx Jy Jz + Jz Jy Jx ,

and the table of irreducible basis functions and matrices is given in Table 5.2. They
are found by decomposing Γ +

8 ⊗ Γ +
8

∗
into irreducible components.

Since Γ −
2 cannot be formed from ki k j , there are only two new invariants:

Vx {kykz} + Vy{kzkx } + Vz{kx ky}, (5.62)

and

J 3
x Bx + J 3

y By + J 3
z Bz . (5.63)

On the basis of time-reversal symmetry, Eq. (5.62) cannot occur because it consists
of three factors of Ji and is odd with respect to time reversal. On the other hand,
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Table 5.2 Irreducible basis functions, operators, and tensors for O ′
h in 4 × 4 subspace [1]. ω =

e2π i/3, {AB} = 1
2 (AB + B A)

Time reversal

Even Odd

Γ +
1 k2, J 2

Γ +
2 Jx Jy Jz + Jz Jy Jx

Γ +
12 k2

x + ωk2
y + ω2k2

z , k2
x + ω2k2

y + ωk2
z

J 2
x + ωJ 2

y + ω2 J 2
z , J 2

x + ω2 J 2
y + ωJ 2

z

Γ +
15 Jx , Jy, Jz ; J 3

x , J 3
y , J 3

z ; σx , σy, σz

[ky, kz], [kz, kx ], [kx , ky]

Γ +
25 {kykz}, {kzkx }, {kx ky} Vx , Vy, Vz

{Jy Jz}, {Jz Jx }, {Jx Jy}
Γ −

15 kx , ky, kz

Γ −
1 kxσx + kyσy + kzσz

Γ −
12 K1 = kxσx + ωkyσy + ω2kzσz , K2 = K †

1

Γ −
25 kxσy + kyσx , kyσz + kzσy, kxσz + kzσx

Eq. (5.63) is permissible since the magnetic field also changes sign. Hence, the
most general Hamiltonian with spin and magnetic field is Eq. (38) of Luttinger [4]:

HbL(k) = β1k2 + β2
(
k2

x J 2
x + k2

y J 2
y + k2

z J 2
z

)

+β3
({kx ky}{Jx Jy} + {kykz}{Jy Jz} + {kzkx }{Jz Jx }

)
(5.64)

+β4
(
Bx Jx + By Jy + Bz Jz

) + β5
(
Bx J 3

x + By J 3
y + Bz J 3

z

)
.

5.4.3.5 Luttinger Parameters

In his paper, Luttinger introduced the now popular dimensionless Luttinger param-
eters. Furthermore, the parameters in his Hamiltonians with and without spin,
Eqs. (5.33) and (5.64), were related. We first establish the latter by rewriting
Eq. (5.33) with the inclusion of the magnetic-field dependent terms:

H (k) = Ak2−(A−B)
∑

i

k2
i I 2

i −2C
∑
i< j

{ki k j }{Ii I j }+ e

2�
K I·B+μBσ ·B. (5.65)

Using the Wigner-Eckart theorem, he showed that
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σ → 2

3
J, I → 2

3
J,

{Iα Iβ} − 1

3
δi j I 2 → 1

3

(
{Jα Jβ} − 1

3
δi j J 2

)
,

which give

{Iα Iβ} → 1

3
{Jα Jβ} + 1

4
δi j ,

I 2
α = {Iα Iα} → 1

3
J 2
α + 1

4
.

Then,

∑
i

k2
i I 2

i = −1

3
(A − B)

∑
i

k2
i J 2

i − 1

4
(A − B)k2,

and Eq. (5.65) becomes

H (k) = Ak2 − 1

3
(A − B)

∑
i

k2
i J 2

i − 1

4
(A − B)k2 − 2

3
C
∑
i< j

{ki k j }{Ji J j }

+eK

2�

2

3
J · B + 2

3
μBJ · B

= 1

4
(3A + B)k2 − 1

3
(A − B)

∑
i

k2
i J 2

i − 2

3
C
∑
i< j

{ki , k j }{Ji , Jj }

+ e�

3m0
(1 + K m0

�2
)J · B, (5.66)

where we have replaced μB = e�/(2m0). Comparing with Eq. (5.64) gives

β1 = 1

4
(3A + B),

β2 = −1

3
(A − B),

β3 = −2

3
C, (5.67)

β4 = e�

3m0

(
1 + K m0

�2

)
,

β5 = 0.
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This shows that β5 is zero in the limit of no spin-orbit. Luttinger now introduced the
dimensionless parameters

�
2

2m0
γ1 = −1

3
(A + 2B),

�
2

2m0
γ2 = −1

6
(A − B),

�
2

2m0
γ3 = −1

6
C, (5.68)

�
2

2m0
κ = �

3m0

(
1 + K m0

�2

)
,

e�

m0
q = −β5,

so that

β1 = − �
2

2m0

(
γ1 + 5

2
γ2

)
,

β2 = �
2

m0
γ2, (5.69)

β3 = 2�
2

m0
γ3,

β4 = − e�

m0
κ,

and

HL(k) ≡ − �
2

m0

{(
γ1 + 5

2
γ2

)
k2

2
− γ2

(
k2

x J 2
x + k2

y J 2
y + k2

z J 2
z

)

−2γ3
({kx ky}{Jx Jy} + {kykz}{Jy Jz} + {kzkx }{Jz Jx }

)
(5.70)

+ e

�
κ
(
Bx Jx + By Jy + Bz Jz

) + e

�
q
(
Bx J 3

x + By J 3
y + Bz J 3

z

) }
.

Note that this work was done for a basis of four degenerate states. When nondegen-
erate states are included, the Luttinger parameters are no longer uniquely defined.
A recent discussion is that of Fishman and coworkers [64]. The first detailed study
of the valence-band parameters for ZB semiconductors was carried by Lawaetz [85].
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Example Luttinger parameters are given in Table 5.5. It is worth pointing out that
κ is not determined by classical (i.e., large quantum number) cyclotron resonance
even though it affects magnetic levels [25]. q was first measured by Pidgeon and
Brown [86] and an expression for it derived by Hensel and Suzuki [87].

5.4.3.6 Kane’s Version: Zero Field

We will now write out the Luttinger Hamiltonian in the absence of a magnetic field
explicitly using the angular momentum matrices in Eq. (5.4). Following Kane [88]
and Fishman [24], we write

H (k, B = 0) = − �
2

2m0

[
γ1k2 + h23(k)

]
, (5.71)

with

h23(k) = 5

2
γ2k2 − 2γ2

(
k2

x J 2
x + k2

y J 2
y + k2

z J 2
z

)

−4γ3
({kx ky}{Jx Jy} + {kykz}{Jy Jz} + {kzkx }{Jz Jx }

)
. (5.72)

Now,

{Jx Jy} = i

2

⎛
⎜⎜⎜⎜⎜⎝

0 0 −√
3 0

0 0 0 −√
3

√
3 0 0 0

0
√

3 0 0

⎞
⎟⎟⎟⎟⎟⎠

,

{Jy Jz} = i

2

⎛
⎜⎜⎜⎜⎜⎝

0 −√
3 0 0

√
3 0 0 0

0 0 0
√

3

0 0 −√
3 0

⎞
⎟⎟⎟⎟⎟⎠

, (5.73)

{Jx Jz} = 1

2

⎛
⎜⎜⎜⎜⎜⎝

0
√

3 0 0
√

3 0 0 0

0 0 0 −√
3

0 0 −√
3 0

⎞
⎟⎟⎟⎟⎟⎠

,
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giving

{kx ky}{Jx Jy} + {kykz}{Jy Jz} + {kzkx }{Jz Jx }

= 1

2

⎛
⎜⎜⎜⎜⎜⎝

0
√

3(kx kz − ikykz) −√
3ikx ky 0

√
3(kx kz + ikykz) 0 0 −√

3ikx ky
√

3ikx ky 0 0 −√
3(kx kz − ikykz)

0
√

3ikx ky −√
3(kx kz + ikykz) 0

⎞
⎟⎟⎟⎟⎟⎠

.

Next

k2
x J 2

x + k2
y J 2

y + k2
z J 2

z

= 1

4

⎛
⎜⎜⎜⎜⎜⎜⎝

3(k2
x + k2

y + 3k2
z ) 0 2

√
3(k2

x − k2
y) 0

0 7(k2
x + k2

y) + k2
z 0 2

√
3(k2

x − k2
y)

2
√

3(k2
x − k2

y) 0 7(k2
x + k2

y) + k2
z 0

0 2
√

3(k2
x − k2

y) 0 3(k2
x + k2

y + 3k2
z )

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Thus,

h23(k)

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

γ2(k2
x + k2

y − 2k2
z ) −2

√
3γ3(kx − iky )kz

√
3[−γ2(k2

x − k2
y ) 0

+2iγ3kx ky ]

−2
√

3γ3(kx + iky )kz −γ2(k2
x + k2

y − 2k2
z ) 0

√
3[−γ2(k2

x − k2
y )

+2iγ3kx ky ]
√

3[−γ2(k2
x − k2

y ) 0 −γ2(k2
x + k2

y − 2k2
z ) 2

√
3γ3(kx − iky )kz

−2iγ3kx ky ]

0
√

3[γ2(k2
x − k2

y ) 2
√

3γ3(kx + iky )kz γ2(k2
x + k2

y − 2k2
z )

−2iγ3kx ky ]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡

⎛
⎜⎜⎜⎜⎜⎝

A B C 0

B∗ −A 0 C

C∗ 0 −A −B

0 C∗ −B∗ A

⎞
⎟⎟⎟⎟⎟⎠

, (5.74)
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with

A = γ2
(
k2

x + k2
y − 2k2

z

)
,

B = −2
√

3γ3
(
kx − iky

)
kz, (5.75)

C = −
√

3γ2
(
k2

x − k2
y

) + 2i
√

3γ3kx ky .

This form of the Hamiltonian was given by Kane [88]; however, with the same defi-
nition of A, B, C as Kane, we get a slightly different matrix. Indeed, the structure of
his matrix agrees with the 4 × 4 subblock of the six-band DKK Hamiltonian we had
obtained earlier, Tables 3.5 and 3.6. On the other hand, the structure of the matrix in
Eq. (5.74) is similar to that of Elliott [35], DKK [2], Bir and Pikus [1] (after adding
the diagonal term), and S. L. Chuang [15].

Finally

H (k, B = 0) = − �
2

2m0

⎡
⎢⎢⎢⎢⎢⎣

γ1k2 +

⎛
⎜⎜⎜⎜⎜⎝

A B C 0

B∗ −A 0 C

C∗ 0 −A −B

0 C∗ −B∗ A

⎞
⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎦

= − �
2

2m0

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣ 3
2 − 3

2

〉

A + γ1k2 B C 0

B∗ −A + γ1k2 0 C

C∗ 0 −A + γ1k2 −B

0 C∗ −B∗ A + γ1k2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5.76)

By comparing Table 3.6 and Eq. (5.76), one can relate the Luttinger parameters
to the DKK parameters. Thus, taking the (1,1) element,

1

2
P = − �

2

2m0

(
A + γ1k2

)
,

=⇒ �
2k2

2m0
+ (L + M)

2

(
k2

x + k2
y

) + Mk2
z = − �

2

2m0
γ1k2 − �

2

2m0
γ2
(
k2

x + k2
y − 2k2

z

)
,
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giving

�
2

2m0
γ1 = −1

3
(L + 2M) − �

2

2m0
,

�
2

2m0
γ2 = −1

6
(L − M). (5.77)

Similarly, comparing the (1,2) element,

R = − �
2

2m0
B,

=⇒ − N√
3

(
kx − iky

)
kz = − �

2

2m0

(
−2

√
3γ3(kx − iky)kz

)
,

giving

�
2

2m0
γ3 = −1

6
N . (5.78)

Finally,

�
2

2m0
2(3κ + 1) = −K ,

e�

m0
q = −β5.

5.4.3.7 Chuang’s Version

We now compare Kane’s four-band to Chuang’s six-band model [15]. Let the matrix
elements in Chuang’s model be

PC = �
2γ1

2m0

(
k2

x + k2
y + k2

z

) = �
2γ1

2m0
k2,

QC = �
2γ2

2m0

(
k2

x + k2
y − 2k2

z

) = �
2 A

2m0
, (5.79)

SC = �
2

2m0
2
√

3γ3
(
kx − iky

)
kz = −�

2 B

2m0
,

RC = �
2

2m0

[
−

√
3γ2

(
k2

x − k2
y

) + 2i
√

3γ3kx ky

]
= �

2C

2m0

=
√

3μk2
+ −

√
3γ k2

−,
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where k± = kx ± iky, γ = 1
2 (γ3 + γ2), μ = 1

2 (γ3 − γ2). Then Eq. (5.76) becomes

−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣ 3
2 − 3

2

〉
PC + QC −SC RC 0

−S∗
C PC − QC 0 RC

R∗
C 0 PC − QC SC

0 R∗
C S∗

C PC + QC

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5.80)

The rest of the 6 × 6 matrix can be similarly obtained, e.g., starting from Table 3.6.
(Note that this will give our phase convention.) We need the DKK parameters in
terms of the Luttinger ones. Inverting Eqs. (5.77) and (5.78), we have

L = − �
2

2m0
(γ1 + 4γ2 + 1),

M = − �
2

2m0
(γ1 − 2γ2 + 1), (5.81)

N = − �
2

2m0
6γ3.

Then, the matrix elements of Table 3.6 are

P = (L + M)
(
k2

x + k2
y

) + 2Mk2
z + �

2k2

m0

= �
2

2m0

[−2 (γ1 + γ2)
(
k2

x + k2
y

) − 2 (γ1 − 2γ2) k2
z

] = −2(PC + QC ),

Q = M
(
k2

x + k2
y

) + Lk2
z + �

2k2

2m0

= �
2

2m0

[−(γ1 − 2γ2)
(
k2

x + k2
y

) − (γ1 + 4γ2) k2
z

] = −(PC − 2QC ),

R = − N√
3

(
kx − iky

)
kz = �

2

2m0

[
2
√

3γ3(kx − iky)kz

]
= SC ,

S = − 1

2
√

3

[
(L − M)(k2

x − k2
y) − 2iNkx ky

] = �
2

2m0

[√
3(γ2

(
k2

x − k2
y

) − 2iγ3kx ky)
]

= −Rc,

(1, 1) = 1

2
P = −(PC + QC ),

(1, 2) = R = SC ,
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(1, 3) = S = −RC ,

(2, 2) = 1

6
P + 2

3
Q = −(PC − QC ),

(2, 5) = 1

3
√

2
(P − 2Q) = −

√
2QC ,

(3, 5) = 1

3
(P + Q) − Δ0 = −PC − Δ0.

Therefore, we get the Hamiltonian in Table 5.3. We have dropped the C subscript
on the matrix elements for conciseness. Changing the sign of the

∣∣ 3
2 − 3

2

〉
and

∣∣ 1
2

1
2

〉
states leads to a matrix identical to Chuang’s.

Of course, this matrix is the same as the canonical one in Table 3.5. Indeed, we
have defined the quantities Q, R, S to be identical in both cases and

P ′ ≡ −(P + Q), P ′′ ≡ −(P − Q), P ′′′ ≡ −P. (5.82)

The form in Table 5.3 is often known as the Luttinger–Kohn Hamiltonian though we
already clarified in Chap. 3 that this is not the form to be found in their paper [6].

Table 5.3 Six-band Hamiltonian in JMJ basis using our phase convention. Note differences
compared to Eq. (4.3.14) of Chuang [15]. We have dropped the C subscript on the matrix elements
used in the text. Also note the conventional negative sign outside the matrix

H (k) = −

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣ 3
2 − 3

2

〉 ∣∣ 1
2

1
2

〉 ∣∣ 1
2 − 1

2

〉

P + Q −S R 0 1√
2

S
√

2R

−S∗ P − Q 0 −R
√

2Q
√

3
2 S

R∗ 0 P − Q −S −
√

3
2 S∗ √

2Q

0 −R∗ −S∗ P + Q −√
2R∗ 1√

2
S∗

1√
2

S∗ √
2Q −

√
3
2 S −√

2R P + Δ0 0

√
2R∗

√
3
2 S∗ √

2Q 1√
2

S 0 P + Δ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

with

P = �
2

2m0
γ1
(
k2

x + k2
y + k2

z

)
,

Q = �
2

2m0
γ2
(
k2

x + k2
y − 2k2

z

)
,

S = �
2

2m0
2
√

3γ3
(
kx − iky

)
kz,

R = �
2

2m0

[
−

√
3γ2

(
k2

x − k2
y

) + 2i
√

3γ3kx ky

]
.
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The earliest we have been able to trace it is in a 1985 paper by Broido and Sham in
a four-band version [89].

If inversion asymmetry is neglected, this six-band model applies to ZB as well.
An example of the six-band calculation for the valence band of GaAs is given in
Fig. 5.1.

–1.0

–0.8

–0.6

–0.4

–0.2

0

k

E
 (

eV
)

GaAs

Fig. 5.1 Valence band of GaAs using six-band model. Parameters used are given in Table 5.5

5.4.3.8 Broido-Sham Transformation

The four-band Hamiltonian can be block diagonalized. The idea actually originated
from Kane [3]. However, the work of Broido and Sham [89] is often quoted and
we will develop it here. The procedure is to apply a unitary transformation to the
Hamiltonian in, e.g., Eq. (5.80). The Broido-Sham transformation is given by the
matrix

U =

⎛
⎜⎜⎜⎜⎜⎝

1√
2
e−iφ 0 0 − 1√

2
eiφ

0 1√
2
e−iη − 1√

2
eiη 0

0 1√
2
e−iη 1√

2
eiη 0

1√
2
e−iφ 0 0 1√

2
eiφ

⎞
⎟⎟⎟⎟⎟⎠

. (5.83)

Then [note that the basis has been re-ordered from Eq. (5.80)]

U H =

⎛
⎜⎜⎜⎜⎜⎝

1√
2
e−iφ 0 0 − 1√

2
eiφ

0 1√
2
e−iη − 1√

2
eiη 0

0 1√
2
e−iη 1√

2
eiη 0

1√
2
e−iφ 0 0 1√

2
eiφ

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

P + Q R −S 0

R∗ P − Q 0 S

−S∗ 0 P − Q R

0 S∗ R∗ P + Q

⎞
⎟⎟⎟⎟⎟⎠
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= 1√
2

⎛
⎜⎜⎜⎜⎜⎜⎝

e−iφ(P + Q) e−iφ R − eiφ S∗ −e−iφ S − eiφ R∗ −eiφ(P + Q)

e−iη R∗ + eiηS∗ e−iη(P − Q) −eiη(P − Q) e−iηS − eiη R

e−iη R∗ − eiηS∗ e−iη(P − Q) eiη(P − Q) e−iηS + eiη R

e−iφ(P + Q) e−iφ R + eiφ S∗ −e−iφ S + eiφ R∗ eiφ(P + Q)

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Finally, UHUT is given in Table 5.4. The matrix is block diagonal if the following
element is zero:

S̃ ≡ 1

2

[
ei(η−φ) R − e−i(η−φ) R∗ − ei(η+φ)S∗ − e−i(η+φ)S

]

= 1

2

[
eiα R − e−iα R∗ − ei( π

2 +β)S∗ − e−i( π
2 +β)S

]
. (5.84)

Writing

eiα R − e−iα R∗ = (
ei(α+θ) − e−i(α+θ)

) |R|,

then, the term is zero if α = −θ or

tan α = − tan θ = 2γ3kx ky

γ2
(
k2

x − k2
y

) . (5.85)

Similarly, writing

ei( π
2 +β)S∗ + e−i( π

2 +β)S =
(

e−i( π
2 +β−θ ′) + ei( π

2 +β−θ ′)
)

|S|,

then, the term is zero if β = θ ′ or

tan β = tan θ ′ = kx

ky
. (5.86)

A discussion in the presence of strain was given by Lee and Vassell [90].

5.4.3.9 Eigenvalues

Recall that the four-band DKK model could be diagonalized exactly. Since the Lut-
tinger Hamiltonian is equivalent, one should expect an exact diagonalization too.
This is straightforward to demonstrate. The problem is equivalent to diagonalizing
h23. The eigenvalues are given by

||h23 − λ|| = 0
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Ta
bl

e
5.

4
B

ro
id

o-
Sh

am
H

am
ilt

on
ia

n
[8

9]

U
H

U
T

=

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝

P
+

Q
1 2

[ ei(
η
−φ

) R
+

e−i
(η

−φ
) R

∗
1 2

[ ei(
η
−φ

) R
−

e−i
(η

−φ
) R

∗
0

−e
i(
η
+φ

) S∗
+

e−i
(η

+φ
) S]

−e
i(
η
+φ

) S∗
−

e−i
(η

+φ
) S]

1 2

[ e−i
(η

−φ
) R

∗
+

ei(
η
−φ

) R
P

−
Q

0
1 2

[ e−i
(η

−φ
) R

∗
−

ei(
η
−φ

) R

−e
−i

(η
+φ

) S
+

ei(
η
+φ

) S∗]
+e

i(
η
+φ

) S∗
+

e−i
(η

+φ
) S]

1 2

[ e−i
(η

−φ
) R

∗
−

ei(
η
−φ

) R
0

P
−

Q
1 2

[ e−i
(η

−φ
) R

∗
+

ei(
η
−φ

) R

−e
−i

(η
+φ

) S
−

ei(
η
+φ

) S∗]
−e

i(
η
+φ

) S∗
+

e−i
(η

+φ
) S]

0
1 2

[ ei(
η
−φ

) R
−

e−i
(η

−φ
) R

∗
1 2

[ ei(
η
−φ

) R
+

e−i
(η

−φ
) R

∗
P

+
Q

+e
i(
η
+φ

) S∗
+

e−i
(η

+φ
) S]

+e
i(
η
+φ

) S∗
−

e−i
(η

+φ
) S]

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠.
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Table 5.5 Examples of Luttinger parameters [96]

γ1 γ2 γ3 κ q

AlAs 3.45 0.68 1.29 0.12 0.03
GaAs 6.85 2.10 2.90 1.20 0.01
GaSb 11.80 4.03 5.26 3.18 0.13
InP 5.04 1.56 1.73 0.97 0.02
InAs 19.67 8.37 9.29 7.68 0.04

= (A − λ)

∣∣∣∣∣∣∣∣

−A − λ 0 C

0 −A − λ −B

C∗ −B∗ A − λ

∣∣∣∣∣∣∣∣
− B

∣∣∣∣∣∣∣∣

B∗ 0 C

C∗ −A − λ −B

0 −B∗ A − λ

∣∣∣∣∣∣∣∣
+ C

∣∣∣∣∣∣∣∣∣

B∗ −A − λ C

C∗ 0 −B

0 C∗ A − λ

∣∣∣∣∣∣∣∣∣

= [(
A2 − λ2

) + |B|2 + |C |2]2
.

Therefore,

λ = ±
√

A2 + |B|2 + |C |2

= ±
{
γ 2

2

(
k2

x + k2
y − 2k2

z

)2 + 12γ 2
3 k2

z

(
k2

x + k2
y

) + 3γ 2
2

(
k2

x − k2
y

)2 + 12γ 2
3 k2

x k2
y

} 1
2

= ±2k2

{
γ 2

2 + 3
(
γ 2

3 − γ 2
2

) k2
x k2

y + k2
yk2

z + k2
z k2

x

k4

} 1
2

. (5.87)

We can now write down the band structure along various directions. For k =
[00k],

E(00k) = −�
2k2

2m0
(γ1 ± 2γ2), (5.88)

and the effective masses are given by

mlh,hh = 1

γ1 ± 2γ2
. (5.89)

Note that B = 0 in Eq. (5.74). Thus, the m = 3
2 and m = 1

2 states are decoupled
along this direction and we can say that the heavy-hole (light-hole) states are pure
m = ± 3

2 (m = ± 1
2 ). For all other cases, those states are mixed.

For k = [kkk]/
√

3,

E(kkk) = −�
2k2

2m0
(γ1 ± 2γ3), (5.90)

and the effective masses are given by
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mlh,hh = 1

γ1 ± 2γ3
. (5.91)

For k = [kk0]/
√

2,

E(kk0) = −�
2k2

2m0

[
γ1 ± (

γ 2
2 + 3γ 2

3

) 1
2

]
, (5.92)

and the effective masses are given by

mlh,hh = 1

γ1 ± (
γ 2

2 + 3γ 2
3

) 1
2

. (5.93)

Sometimes it is useful to quantize the spin along the wave vector k. One advan-
tage is seen by rewriting

h23 = 5

2
γ2k2 − 2γ2

(
k2

x J 2
x + k2

y J 2
y + k2

z J 2
z

)

−4γ3
({kx ky}{Jx Jy} + {kykz}{Jy Jz} + {kzkx }{Jz Jx }

)

= 5

2
γ2k2 − 2γ2 (k · J)2

+4(γ2 − γ3)
({kx ky}{Jx Jy} + {kykz}{Jy Jz} + {kzkx }{Jz Jx }

)
. (5.94)

For example, if γ2 = γ3, then h23 is diagonal. But there are other instances when the
latter is diagonal. The simplest is when both the spin and the wave vector are along
a cubic direction. For example, take k = [k00]. If J is quantized along k, then it
must be diagonal in that direction; hence, (k · J)2 becomes k2 J 2. The diagonal form
of J 2 is the same as for J 2

z for z-axis quantization. Thus,

h23(k00) = 5

2
γ2k2 − 2γ2k2

⎛
⎜⎜⎜⎜⎜⎝

9
4 0 0 0

0 1
4 0 0

0 0 1
4 0

0 0 0 9
4

⎞
⎟⎟⎟⎟⎟⎠

= γ2k2

⎛
⎜⎜⎜⎜⎜⎝

−2 0 0 0

0 2 0 0

0 0 2 0

0 0 0 −2

⎞
⎟⎟⎟⎟⎟⎠

,

(5.95)
which is diagonal. It is, of course, the same result as for z-axis quantization with
k = [00k].

5.4.3.10 Spherical and Axial Approximations

The condition

γ2 = γ3, (5.96)
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is known as the spherical approximation since the valence band is then isotropic.
This was already discussed in terms of the DKK parameters in Sect. 3.2.4. Ekenberg
and Altarelli [91] showed that the spherical approximation is also obtained if one
replaces γ2 and γ3 by

γ = 1

5
(2γ2 + 3γ3). (5.97)

Then, the Hamiltonian is obtained by combining Eqs. (5.71) and (5.72) and (5.94):

H (k) = − �
2

2m0

[(
γ1 + 5

2
γ

)
k2 − 2γ (k · J)2

]
. (5.98)

The above is to be contrasted to the axial approximation whereby one term of
cubic symmetry is retained so that full spherical symmetry is not recovered but
rather axial symmetry in the x-y plane [92], i.e., the Hamiltonian becomes cylindri-
cally symmetric. This corresponds to replacing γ2 and γ3 by [91, 93, 94]

γ̃ = 1

2
(γ2 + γ3). (5.99)

This only affects the R matrix element (e.g., in Table 5.3). Indeed, it is easy to see
that the valence-band Hamiltonian then conserves angular momentum. For example,
in Table 5.3,

〈
3

2

3

2
|H |3

2

1

2

〉
= S ∝ kzk−,

and the increase in MJ from 1
2 to 3

2 is offset by the decrease in the orbital angular
momentum via k− [95].

5.5 Six-Band Model for Diamond

This work was first carried out by Suzuki and Hensel [80]. It was a generalization
of the work of Luttinger by treating all six valence states (heavy hole, light hole and
spin-orbit split off).

The representation obtained from Γ +
25 ⊗ D 1

2
is six-dimensional; hence, 36 inde-

pendent matrices are needed. They will be formed from combinations of the angular-
momenta I matrices with I = 1 and of the Pauli matrices σ [Eq. (3.34)]. The Hamil-
tonian will be at most second order in I and first order in σ . We extend Table 5.1
into Table 5.6, with the basis choices of Suzuki and Hensel [80]. One can now write
down the lowest-order k · p Hamiltonian for the Γ +

25 ⊗ Γ 1
2

subspace. Following
Suzuki and Hensel [80], one can separate it into two components.
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Table 5.6 Irreducible basis functions, operators and tensors for O ′
h in 6 × 6 subspace [80]. c.p.

stands for cyclic permutation and the partners in Γ +
12 , Γ +

15 , Γ +
25 , and Γ −

15 are implied. {AB} =
1
2 (AB + B A)

Time reversal

Even Odd

Γ +
1 k2, I 2

I · σ

Γ +
2 {Ix Iz} σx+ c.p.

Γ +
12 k2

x − k2
y , I 2

x − I 2
y

Ixσx − Iyσy{
Ix
(
Iyσz − Izσy

)} − {
Iy (Izσx − Ixσz)

}
Γ +

15 Ix

σx

Iyσz − Izσy (
I 2

x − 1
3 I 2

)
σx + {

Ix Iy
}
σy + {Iz Ix }σz(

I 2
x − 1

3 I 2
)
σx − 2

3

({Ix Iy}σy + {Iz Ix }σz
)

Γ +
25 {kykz}, {Iy Iz}

Iyσz + Izσy (
I 2

y − I 2
z

)
σx − ({Ix Iy}σy − {Iz Ix }σz

)
(
I 2

y − I 2
z

)
σx + 2

({Ix Iy}σy − {Iz Ix }σz
)

Γ −
15 kx

5.5.1 Spin-Orbit Interaction

From Table 5.6, the only invariant (Γ +
1 ) involving both orbital and spin operators is

I · σ and

Hso = 1

3
Δ0I · σ . (5.100)

5.5.2 k-Dependent Part

Again from Table 5.6, the quadratic Hamiltonian is given by

HHS(k) = �
2

2m0

{(
A1 + B1(I · σ )

]
k2 +

[
A2(I 2

x − 1

3
I 2) + B2(Ixσx − 1

3
I · σ )

]
k2

x + c.p.

+
[

A3(Ix Iy + Iy Ix ) + B3(Ixσy + Iyσx )
)
{kx ky} + c.p.

}
, (5.101)
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where c.p. stands for cyclic permutation. These parameters can be compared to the
DKK ones. Thus, comparing to a perturbative expansion [80], one finds, e.g.,

A1 = 1 + 1

3
(F + 2G + 2H1 + 2H2) ,

A2 = −F − 2G + H1 + H2, (5.102)

A3 = −F + G − H1 + H2.

Suzuki and Hensel have redefined the parameters on the RHS to be dimensionless
compared to the equivalent ones by DKK [2]. The new Bi parameters involve spin-
orbit correction in the k2 terms and were absent in the DKK model; hence, they are
typically dropped. Since this six-band model is identical to the DKK one, no further
analysis is presented here.

5.6 Four-Band Model for Zincblende

The most direct extension of the work of Luttinger to ZB was given in the paper
by Pidgeon and Groves [97], whereby they extended the Luttinger Hamiltonian by
including an odd part to the invariant form of the Hamiltonian in a four-dimensional
representation:

HPG(k) = �
2

m0

[(
γ1 + 5

2
γ2

)
k2

2
− γ2

(
k2

x J 2
x + k2

y J 2
y + k2

z J 2
z

)

−2γ3
({kx ky}{Jx Jy} + {kykz}{Jy Jz} + {kzkx }{Jz Jx }

)

+ e

�
κ (B · J) + e

�
q
(
Bx J 3

x + By J 3
y + Bz J 3

z

) ]
(5.103)

−2Ck√
3

[
kx {Jx Vx } + ky{Jy Vy} + kz{Jz Vz}

]
.

Note the overall sign difference compared to Luttinger for the even terms. The
current model introduces one additional parameter: Ck , which is obviously related
to the inversion asymmetry and gives a term linear in k. This contribution will be
discussed in detail in Chap. 6. Representative values of the band parameters obtained
by Pidgeon and Grove for InSb are given in Table 5.7.

Table 5.7 Parameters of Pidgeon-Grove model: InSb [97]

γ1 γ2 γ3 κ q Ck

3.60 −0.47 0.70 −1.48 0.39 9.3 × 10−11 eV cm
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5.7 Eight-Band Model for Zincblende

This work was first carried out by Weiler [98–100] and restudied by Trebin et al. [81].
We give the version by Weiler here as the formalism of Trebin et al. is closely related
to the 14-band of Winkler [21] to be presented next.

5.7.1 Weiler Hamiltonian

Weiler generalized the eight-band model of Pidgeon and Brown [86] to include
inversion-asymmetry terms. Her basis is given in Table 5.8. All the parameters of
the theory are given in Table 5.9 and the Hamiltonian in Table 5.10.

Table 5.8 Weiler’s eight-band basis set for zincblende [98, 99]

a set

|1〉 = S ↑,

|3〉 =
∣∣∣∣3

2

3

2

〉
= − i√

2
|(X + iY ) ↑〉,

|5〉 =
∣∣∣∣3

2
−1

2

〉
= i√

6
[|(X − iY ) ↑〉 + 2|Z ↓〉],

|7〉 =
∣∣∣∣1

2
−1

2

〉
= − i√

3
[|(X − iY ) ↑〉 − |Z ↓〉],

b set

|2〉 = |S ↓〉,

|6〉 =
∣∣∣∣3

2

1

2

〉
= − i√

6
[|(X + iY ) ↓〉 − 2|Z ↑〉],

|4〉 =
∣∣∣∣3

2
−3

2

〉
= i√

2
|(X − iY ) ↓〉,

|8〉 =
∣∣∣∣1

2

1

2

〉
= − i√

3
[|(X + iY ) ↓〉 + |Z ↑〉].

The following definitions are used (but where we have interchanged Γ
′

4 ↔ Γ
′

5
since Weiler followed the Dresselhaus notation [32] and we follow Koster et al. [33]):

k2 = k2
x + k2

y + k2
z , k± = kx ± iky,

F1
3 = 2k2

z − k2
x − k2

y, F2
3 =

√
3
(
k2

x − k2
y

)
,

F±
4 = {kz, k±} = (kzk± + k±kz), Fz

4 = {kx , ky}, (5.104)
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Table 5.9 Weiler’s eight-band Hamiltonian for zincblende: parameters. Adapted with permission
from [98]. c©1978 by the American Physical Society

Energy k2 (2k2
z − k2

x − k2
y),

√
3(k2

x − k2
y) {ky, kz}, {kz, kx }, {kx , ky} ki Bi

H 6c 6c E0 F N1

H 8v 8v γ1 γ2 γ3 C κ, q

H 7v 7v −Δ0 γ ′
1 κ ′

H 6c 8v N2 G P N3

H 6c 7v G ′ P ′

H 7v 8v γ ′
2 γ ′

3 C ′ κ ′′

Bz = i[kx , ky], B± = ±[k±, kz],

P = −i
�

m0
〈S|px |X〉, P ′ = −i

�

m0
〈S|px |X ′〉, Q = −i

�

m0
〈X |py |Z ′〉,

F = 1

m0

∑
Γ

′
5

|〈S|px |Γ ′
5〉|2

E0 − EΓ
′

5

, G = 1

m0

∑
Γ

′
5

〈S ↑ |px |Γ ′
5〉〈Γ

′
5|py|Z〉

E0 − E(Γ
′

5)
,

q = 8

27

i

m0

∑
Γ

′
8

〈 3
2

3
2 |px |Γ ′

8〉〈Γ
′

8|py| 3
2

3
2 〉

E0 − E(Γ
′

8)
, (5.105)

N1 = − i

m0

∑
Γ

′
8

〈S ↑ |px |Γ ′
8〉〈Γ

′
8|px |S ↑〉

E(Γ6) − E(Γ
′

8)
,

N2 = 1

m0

∑
Γ

′
8

〈S ↑ |px |Γ ′
8〉〈Γ

′
8|px | 3

2 − 3
2 〉

E(Γ6,8) − E(Γ
′

8)
,

N3 = − i

m0

∑
Γ

′
8

〈S ↑ |px |Γ ′
8〉〈Γ

′
8|py| 3

2 − 3
2 〉

E(Γ6,8) − E(Γ
′

8)
.

As defined, P , P ′ and Q are real. Note that there are different sets of “Luttinger”
parameters for the different subspaces, for a total of 20 parameters plus two energies.
In the double-group picture, these parameters are independent. However, it is pos-
sible to derive relations connecting some of them by starting from the single-group
picture and adding spin. Indeed, all the primed and unprimed parameters are then
the same. Weiler et al. makes the point that there are only three new parameters
beyond Luttinger’s model: the Ni ’s. For a physical interpretation of the parameters
in the Weiler model, we note that F is related to the conduction-band effective
mass, N1 to the corresponding g factor, G gives the quadratic coupling between the
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|1〉
|3〉

|5〉
|7〉

|2〉
|6〉

|4〉
|8〉

|1〉
E

0
+

(F
+

1 2
)k

2
1 √ 2

P
k +

+
1 √ 2

G
F

− 4
−

1 √ 6
P

k −
+

1 √ 6
G

F
+ 4

1 √ 3
P

′ k
−

−
1 √ 3

G
′ F

+ 4
(N

1
+

1 2
)B

−
−√ 2 3

P
k z

+
i√ 2 3

G
F

z 4
−N

2
F

1 3
+

N
3

B
z

1 √ 3
P

′ k
z
−

i √ 3
G

′ F
z 4

+(
N

1
+

1 2
)B

z
+

1 2
N

3
B

−
√ 3 2

N
3

B
+

+N
2
F

2 3

|3〉
−

1 2
γ

1
k2

+
1 2
γ

2
F

1 3
1 2
γ

2
F

2 3
−

i√ 3 2
γ

3
F

z 4
−

1 √ 2
γ

′ 2
F

2 3
+

i√ 6 2
γ

′ 3
F

z 4
N

2
F

1 3
+

N
3

B
z

√ 3 2
γ

3
F

− 4
−

1 2
C

k +
−

√ 3 2
C

k −
−

3 4
q

H
+

−√ 3 8
γ

′ 3
F

− 4
+

1 √ 8
C

′ k
+

−
3 2

(κ
+

9 4
q

)B
z

+C
k z

+
1 √ 2

C
′ k

z
−

√ 3 2
(κ

+
7 4

q
)B

−
+√ 3 8

(κ
′′

+
1)

B
−

|5〉
−

1 2
γ

1
k2

−
1 2
γ

2
F

1 3
−

1 √ 2
γ

′ 2
F

1 3
−√ 2 3

P
k z

−
i√ 2 3

G
F

z 4

√ 3 2
C

k −
−

√ 3 2
γ

3
F

− 4
−

1 2
C

k +
3 √ 8

γ
′ 3
F

+ 4
+
√ 3 8

C
′ k

−
+

1 2
(κ

+
1 4

q
)B

z
−

1 √ 2
(κ

′′
+

1)
B

z
−N

2
F

2 3
−(

κ
+

5 2
q

)B
+

−
√ 3 2

(κ
+

7 4
q

)B
−

−
1 √ 8

(κ
′′

+
1)

B
+

|7〉
−Δ

0
−

1 2
γ

′ 1
k2

−
1 √ 3

P
′ k

z
−

i √ 3
G

′ F
z 4

3 √ 8
γ

′ 3
F

+ 4
−

√ 3 8
C

′ k
−

−√ 3 8
γ

′ 3
F

− 4
−

1 √ 8
C

′ k
+

−(
κ

′ +
1 2

)B
+

+(
κ

′ +
1 2

)B
z

+
1 √ 8

(κ
′′

+
1)

B
+

−√ 3 8
(κ

′′
+

1)
B

−
|2〉

E
0
+

(F
+

1 2
)k

2
1 √ 6

P
k +

+
1 √ 6

G
F

− 4
−

1 √ 2
P

k −
+

1 √ 2
G

F
+ 4

1 √ 3
P

′ k
+

+
1 √ 3

G
′ F

− 4

−(
N

1
+

1 2
)B

z
−

√ 3 2
N

3
H

−
−

1 2
N

3
H

+
|6〉

−
1 2
γ

1
k2

−
1 2
γ

2
F

1 3
1 2
γ

2
F

2 3
−

i√ 3 2
γ

3
F

z 4
1 √ 2

γ
′ 2
F

1 3

−
1 2

(κ
+

1 4
q

)B
z

−C
k z

−
1 √ 2

(κ
′′

+
1)

B
z

|4〉
−

1 2
γ

1
k2

+
1 2
γ

2
F

1 3
1 √ 2

γ
′ 2
F

2 3
+

i√ 6 2
γ

′ 3
F

z 4

+
3 2

(κ
+

9 4
q

)B
z

+
1 √ 2

C
′ k

z

|8〉
−Δ

0
−

1 2
γ

′ 1
k2

−(
κ

′ +
1 2

)B
z

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦
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conduction and valence bands (i.e., must be related to Kane’s B parameter), and N2

and N3 are additional coupling between the conduction and valence bands absent in
the original Kane model. The fact that the Ni ’s are zero in the absence of spin-orbit
splitting of the Γ

′
8 bands explains why N2 does not appear in the model of Kane

(Table 4.2). Conceptually, even when the Kane model is expressed in double-group
notation and the spin-orbit splitting of the valence band (Δ0) is included, N2 is still
absent because the latter is due to the spin-orbit splitting of the remote states.

Within the approximation of including only one set of remote (conduction)
bands, one can derive simplified expressions for many of the parameters. For
example,

G ≈ − m0 P ′ Q
E(Γ

′
8) − 1

2Δ′ − E(Γ6,8)
, (5.106)

where Δ′ is the spin-orbit splitting of the Γ
′

8 bands.
We will carry out a further study of all the parameters in comparison with the

next model.

5.8 14-Band Model for Zincblende

The eight-band model of Trebin et al. [81] was extended by Rössler [23, 101] into
a 14-band one by including the second set of conduction bands as part of the A
set (Fig. 5.2). Thus, a 14-band model consists of the spin-split valence band (Γ8v

and Γ7v for ZB), the lowest conduction band (Γ6c) and the second set of conduction
bands (Γ8c and Γ7c). This is sometimes known as a five-level model [102, 103].
It was considered by Rössler [23, 101] in his study of nonparabolicity and spin
splitting of the conduction band of GaAs. It is also known as an extended Kane
model [21]. A variation on this was used by Cardona et al. for the study of spin
splitting in ZB by the addition of a set of conduction s states, giving a 16-band
model [104].

This model is interesting for a number of reasons. It is certainly one of the most
complex models set up for ZB. It will also allow us to gain further insight into the
Weiler Hamiltonian.

The structure of the 14-band Hamiltonian is

H (k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

H 8c8c H 8c7c H 8c6c H 8c8ν H 8c7ν

H 7c8c H 7c7c H 7c6c H 7c8ν H 7c7ν

H 6c8c H 6c7c H 6c6c H 6c8ν H 6c7ν

H 8ν8c H 8ν7c H 8ν6c H 8ν8ν H 8v7ν

H 7ν8c H 7ν7c H 7ν6c H 7ν8ν H 7v7ν

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5.107)
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E0’

E0 P

Δ0

Δ0’
Γ15c

Γ1c

Γ15v

P’

Q

Fig. 5.2 14-band model for zincblende in single-group notation

5.8.1 Symmetrized Matrices

The irreducible representations and symmetrized matrices needed for the Hamilto-
nian are given in Table 5.11. It can be seen that the Hamiltonian will be build out of
the following matrices: 1σ , σi , Ji , 1ρ , ρi , Ti , Ti j , Ui , and Ui j . We have already come
across σi and Ji . The H cc block is two-dimensional and, thus, the corresponding
invariant is the 2 × 2 identity matrix (1σ ) and an axial vector is the set of Pauli
matrices. The T and U matrices couple states in off-diagonal blocks. In this particu-
lar case, the subspaces of different angular momenta have j = 1

2 and j = 3
2 . Hence,

the allowed irreducible components are γ = 1, 2; in cartesian form, they are first
and second-rank tensors. Finally, in constructing H 6c7v , it will be necessary to have
2 × 2 matrices that have odd parity; hence, we define 1ρ and ρi to have the same
matrix representation as 1σ and σi but are otherwise odd.

The properties of ρi and U deserve additional discussion. Even though inversion
is not a symmetry operator for Td , it will be useful to define the spatial parity of the
operators and representations since consistency with the O(3) group is important as
a limiting case [i.e., Td is a subgroup of O(3)]. For instance, the lowest conduction
band for ZB is s-like (i.e., double group D 1

2
) which has even parity for O(3) (i.e.,

double group D+
1
2

). However, the p-like valence-band states are derived from the odd

parity states of O(3) (double groups D−
3
2

and D−
1
2

). Thus, the σ ’s are axial vectors

and transform like Γ25. The resulting desired parity of the X matrix will be given by
the product of the parities of the two D representations. Thus, for diagonal blocks,
the X matrices will need to have positive parities (like the Pauli spin matrices) but
not so for, for example, the cs block. One can, therefore, similarly define a set of
matrices that have the same matrix elements as the Pauli spin matrices but whose
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Table 5.11 Symmetrized matrices for 14-band model of zincblende. {AB} = 1
2 (AB + B A)

Block Representations Symmetrized matrices Time reversal

H 66 Γ6 ⊗ Γ ∗
6 = Γ1 ⊕ Γ25 Γ1 : 1σ +

Γ25 : σx , σy, σz −
H 88 Γ8 ⊗ Γ ∗

8

= Γ1 ⊕ Γ2 ⊕ Γ12 Γ1 : 14×4, J 2 +
⊕2Γ15 ⊕ 2Γ25 Γ2 : Jx Jy Jz + Jz Jy Jz −

Γ12 :
√

3(J 2
z − 1

3 J 2), J 2
x − J 2

y +
Γ15 : {Jx Jy}, {Jy Jz}, {Jz Jx }; +
{(J 2

y − J 2
z )Jx }, {(J 2

z − J 2
x )Jy}, {(J 2

x − J 2
y )Jz} −

Γ25 : Jx , Jy, Jz ; J 3
x , J 3

y , J 3
z −

H 77 Γ7 ⊗ Γ ∗
7 = Γ1 ⊕ Γ25 Γ1 : 1σ +

Γ25 : σx , σy, σz −

H 68 Γ6 ⊗ Γ ∗
8 Γ12 : Txx − Tyy,−

√
3Tzz

= Γ12 ⊕ Γ15 ⊕ Γ25 Γ15 : Tx , Ty, Tz

Γ25 : Tyz, Tzx , Txy

H 67 Γ6 ⊗ Γ ∗
7 = Γ2 ⊕ Γ15 Γ1 : 1σ

Γ15 : ρx , ρy, ρz

H 87 Γ8 ⊗ Γ ∗
7 Γ12 :

√
3Uzz, Uxx − Uyy,

= Γ12 ⊕ Γ15 ⊕ Γ25 Γ15 : Uyz, Uzx , Uxy

Γ25 : Ux , Uy, Uz

Adapted with permission from [21, 81]. c© 1979 by American Physical Society

cartesian components transform like a polar vector. These will be called ρ matrices
and transform like Γ15. Similarly, one defines the U matrices as

(Ui )mm ′ = (Ti )
∗
m ′m, (5.108)

but also with opposite parity to T .
The properly symmetrized interaction terms are given in Table 5.12. Terms

involving the magnetic field and strain tensor are included here only for complete-
ness and in order to illustrate the generality of the method; they will be discussed in
later chapters.



5.8 14-Band Model for Zincblende 123

Table 5.12 Irreducible tensors for 14-band model of zincblende. They are separated into
time-reversal even and odd combinations. {AB} = 1

2 (AB + B A)

Time
reversal

Terms from wave vector:

Γ1 1, k2 +
Γ12

√
3
(
k2

z − 1
3 k2

)
, k2

x − k2
y +

Γ15 {kx ky}, {kykz}, {kzkx } +
kx , ky, kz −

Terms from magnetic field:

Γ1 B2 +
Γ12 B2

x , B2
y +

Γ15 Bx By, By Bz, Bz Bx +
Γ25 Bx , By, Bz −

Terms from strain interaction:

Γ1 εxx + εyy + εzz +
Γ12

√
3
(
εzz − 1

3 Trε
)
, εxx − εyy +

Γ15 εyz, εzx , εxy +

Mixed terms:

Γ1 kxεyz + kyεzx + kzεxy −
Γ12

1√
3

(
2kzεxy − kxεyz − kyεzx

)
,
(
kxεyz − kyεzx

) −
Γ15 kyεxy + kzεxz, kzεyz + kxεyx , kxεzx + kyεzy ; −

kx
(
εxx − 1

3 Trε
)
, ky

(
εyy − 1

3 Trε
)
, kz

(
εzz − 1

3 Trε
)
; −

kx Trε, kyTrε, kzTrε −
Γ25

(
kyεxy − kzεxz

)
,
(
kzεyz − kxεyx

)
,
(
kxεzx − kyεzy

)
; −

kx
(
εyy − εzz

)
, ky (εzz − εxx ) , kz

(
εxx − εyy

) −

Adapted with permission from [81]. c©1979 by the American Physical Society

5.8.2 Invariant Hamiltonian

Combining the symmetrized matrices with the interaction terms gives the Hamil-
tonian of Table 5.13, where the blocks belong to Eq. (5.107). It is equivalent to a
second-order Kane model. The form given in Table 5.13 has been compared to the
one obtained from perturbation theory in order to express the invariant coefficients
in terms of more standard k · p parameters.
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Table 5.13 Invariant expansion of Hamiltonian for 14-band model of zincblende. {AB} = 1
2 (AB+

B A), c.p. stands for cyclic permutation

H 8c8c = E ′
0 + Δ′

0,

H 7c7c = E ′
0,

H 6c6c = E0 + �
2k2

2m0
+ A′k2,

H 8ν8ν = − �
2

2m0

⎧⎨
⎩γ ′

1k2 − 2γ ′
2

[(
J 2

x − 1

3
J 2

)
k2

x + c.p.

]
− 4γ ′

3

⎡
⎣{Jx Jy}{kx ky} + c.p.

⎤
⎦
⎫⎬
⎭

+ 2C√
3

[{Jx
(
J 2

y − J 2
z

)}kx + c.p.
]
,

H 7ν7ν = −
(

Δ0 + �
2

2m0
γ ′

1k2

)
,

H 8c7c = 0,

H 8c6c = −
√

3P ′(Ux kx + c.p.),

H 8c8ν = −2

3
Q({Jy Jz}kx + c.p.) + 1

3
Δ−,

H 8c7ν = −2Q(Uyzkx + c.p.),

H 7c6c = 1√
3

P ′(k · σ ),

H 7c8ν = −2Q(Tyzkx + c.p.),

H 7c7ν = −2

3
Δ−,

H 6c8ν =
√

3
{

Pk · T + iB+
8v(Tx {kykz} + c.p.)

+1

2
B−

8v

[(
Txx − Tyy

) (
k2

z − 1

3
k2

)
− Tzz

(
k2

x − k2
y

)] }
,

H 6c7ν = − 1√
3

[
P(k · ρ) + iB7v(ρx {kykz} + c.p.)

]
,

H 8ν7ν = − �
2

2m0

[−3γ ′
2

(
Uxx k2

x + c.p.
) − 6γ ′

3

(
Uxy{kx ky} + c.p.

)] − i
√

3Ck
(
Uyzkx + c.p.

)
.

Adapted with permission from [21, 81]. c© 1979 by the American Physical Society
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5.8.3 T Basis Matrices

While new matrices such as Ti and Ti j have been introduced in the invariant expres-
sion, their explicit form is only needed when expressing the Hamiltonian in matrix
representation. Therefore, we now look at how these matrices are obtained and, in
the process, we will also be comparing to perturbation theory.

For a detailed example, let us consider the H 6c8v block and we will leave out
external fields for simplicity. The theory of invariant, prior to comparing to pertur-
bation theory within the second-order Kane model (Table 4.2), gives

H 6c8v = α1k · T + α2
(
Tx {kykz} + c.p.

)
. (5.109)

We thus need a matrix representation for the Ti . Note that this leaves out the terms
proportional to Ti j as they are absent in this Kane model.

The technique is to relate the cartesian tensors to the spherical tensors of rank γ

(Sect. A.3.2). As an illustration, we will obtain the Tz matrix given in Table 5.14.
Combining Eq. (A.28) with the Wigner-Eckart theorem [Eq. (A.30)], we have

〈
1

2
m|Tz|3

2
m ′
〉

=
〈

1

2
m|T (1)

0 |3

2
m ′
〉

= (−)
1
2 −m

〈
α

1

2
||T (1)||β 3

2

〉 (
1
2 1 3

2−m 0 m ′

)

= (−1)
1
2 −m T (1)

(
1
2 1 3

2−m 0 m ′

)
δm,m ′ , (5.110)

where the reduced matrix element
〈
α 1

2 ||T (1)||β 3
2

〉
has been written as T (1).

Thus, the only nonzero elements for Tz are when m = m ′ = ± 1
2 . and

a
( 1

2 1)
3
2 ∓ 1

2 ± 1
2

=
√

2√
3
.

Finally

( 1
2 1 3

2
∓ 1

2 0 ± 1
2

)
= ∓1

2
a

( 1
2 1)

3
2 ∓ 1

2 ± 1
2

= ∓ 1√
6
.

Putting everything together gives

〈
1

2
m|Tz|3

2
m ′
〉

= T (1)

√
6

(
0 −1 0 0
0 0 −1 0

)
. (5.111)
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Similarly, we find

〈
1

2
m|Tx |3

2
m ′
〉

= − T (1)

2
√

6

(−√
3 0 1 0

0 −1 0
√

3

)
, (5.112)

〈
1

2
m|Ty|3

2
m ′
〉

= iT (1)

2
√

6

(√
3 0 1 0

0 1 0
√

3

)
. (5.113)

Then, the matrix representation of Eq. (5.109) is

H 6c8v = α1
T (1)

2
√

6

(√
3k+ −2kz −k− 0
0 k+ −2kz −√

3k−

)
(5.114)

+α2
T (1)

2
√

6

(√
3kz(ky + ikx ) −2kx ky −kz(ky − ikx ) 0

0 kz(ky + ikx ) −2kx ky −√
3kz(ky − ikx )

)
.

In perturbation theory, we had the Hamiltonian in Table 4.2. Note, however, that
if one were to use the |J MJ 〉 states from Table 3.4 and compare to Eq. (5.114),
then, one cannot obtain a consistent definition of T (1); this is due to the inconsis-
tency in the phase definition in the Clebsch-Gordan decomposition and in the 3 j
symbol. Thus, for this section, we will use the same |J MJ 〉 states as Winkler [21].
Converting to a J MJ basis we find, for example,

〈
1

2

1

2
|H |3

2

3

2

〉
= − 1√

2
Pk+ + i√

2
Bkz(ky + ikx ). (5.115)

Comparing to the corresponding matrix element in Eq. (5.114), we have

α1T (1) = −2P,

α2T (1) = 2iB,

and, if we choose α1 = √
3P , then the first equation gives

T (1) =
〈
c

1

2
||T (1)||v 3

2

〉
= − 2√

3
, (5.116)

and, from the second one, α2 = −i
√

3B. The Ti matrices then agree with the litera-
ture [21, 81].
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To find the Ti j , one carries out a similar calculation. First, one needs the second-
rank spherical tensors:

T (2)
2 = T (2)

√
5

(
0 0 0 −1

0 0 0 0

)
,

T (2)
1 = T (2)

2
√

5

(
0 0

√
3 0

0 0 0 −1

)
,

T (2)
0 = − T (2)

√
10

(
0 1 0 0

0 0 −1 0

)
,

T (2)
−2 = T (2)

√
5

(
0 0 0 0

1 0 0 0

)
,

T (2)
1 = T (2)

2
√

5

(
1 0 0 0

0 −√
3 0 0

)
,

Then

Txx = 1

2

(
T (2)

2 + T (2)
−2

)
− 1√

6
T (2)

0 = T (2)

2
√

15

(
0 1 0 −√

3
√

3 0 −1 0

)
, (5.117)

Tyy = −1

2

(
T (2)

2 + T (2)
−2

)
− 1√

6
T (2)

0 = T (2)

2
√

15

(
0 1 0

√
3

−√
3 0 −1 0

)
, (5.118)

Tzz =
√

2

3
T (2)

0 = − T (2)

√
15

(
0 1 0 0

0 0 −1 0

)
. (5.119)

One can now choose a matrix element, for example, in the H 7v8v block to compare.
Thus, from the second-order Kane Hamiltonian and using the Winkler basis states,

〈sh ↓ |H |lh ↓〉 =
〈

1

2
− 1

2

〉
|H |3

2
− 1

2

〉
= − 1

3
√

2
(H11 + H22 − 2H33)

= �
2

2m0

γ ′
2√
2

(
k2

x + k2
y − 2k2

z

)
. (5.120)

On the other hand, from Table 5.13,

H 7v8v = �
2

2m0

[−3γ ′
2

(
Txx k2

x + c.p.
)]

(5.121)

if the Tii matrices are real. Comparing, e.g., the term proportional to k2
z (which only

requires the Tzz matrix), one finds

〈
c

1

2
||T (2)||v 3

2

〉
= −

√
10

3
. (5.122)



128 5 Method of Invariants

All the needed symmetrized matrices are collected together in Table 5.11. Note that
the Tyz matrix given by Winkler [21] has a sign mistake.

Table 5.14 Cartesian matrices T for the j = 1
2 and j = 3

2 cross-space for zincblende [81]

Tx = 1
3
√

2

(−√
3 0 1 0

0 −1 0
√

3

)
, Ty = −i

3
√

2

(√
3 0 1 0

0 1 0
√

3

)
,

Tz =
√

2
3

(
0 1 0 0

0 0 1 0

)
,

Txx = 1
3
√

2

(
0 −1 0

√
3

−√
3 0 1 0

)
, Tyy = 1

3
√

2

(
0 −1 0 −√

3
√

3 0 1 0

)
,

Tzz =
√

2
3

(
0 1 0 0

0 0 −1 0

)
, Tyz = i

2
√

6

(−1 0 −√
3 0

0
√

3 0 1

)
,

Tzx = 1
2
√

6

(−1 0
√

3 0

0
√

3 0 −1

)
, Txy = i√

6

(
0 0 0 −1

−1 0 0 0

)
.

5.8.4 Parameters

Having presented the Hamiltonian, we will now spend some time understanding
some of the parameters. One of the reasons is because it is possible to relate the
parameters from different models. Indeed, it will also be important to establish any
connection among parameters in different subblocks of the same model. Finally,
there are some inconsistencies in the literature. For example, Winkler [21] has three
B parameters to the single one in the paper by Trebin et al. [81]. The other two
models to be compared to here are the one by Weiler [98] and by Kane [31].

First consider the γ ′
i parameters of Weiler. We can use the DKK Hamiltonian as

reference. From Table 3.5,

〈
3

2

3

2
|H (k)|1

2
−1

2

〉
= − 1√

6
(H11 − H22 − 2iH12)

= 1√
6

[
(L − M)K

(
k2

x − k2
y

) − 2iN K kx ky
]

= �
2

2m0

[√
6γ K

2

(
k2

x − k2
y

) − 2iγ K
3 kx ky

]
.

We have labeled the parameters as γ K
i to reflect the fact that, while Table 3.5 is for

the valence band only, the comparison to the Weiler parameters requires a Kane-like
model. Thus, in the Weiler model, we have the same matrix element being
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− 1√
2
γ ′

2 F2
3 − i

√
6

2
γ ′

3 Fz
4 = −

√
3

2
γ ′

2

(
k2

x − k2
y

) − i
√

6γ ′
3kx ky .

Comparing the two expressions give

γ ′
2 = γ K

2 , γ ′
3 = γ K

3 .

Similarly, we find

γ ′
1 = γ K

1 .

The γ K
i can be related to the Luttinger parameters as follows. Using Eqs. (5.77) and

(5.78), one has

γ1 = −2m0

3�2
(L + 2M) − 1 = γ K

1 + 2P2

3E0
,

γ2 = − m0

6�2
(L − M) = γ K

2 + P2

3E0
,

γ3 = −2m0

6�2
N = γ K

3 + P2

3E0
.

For example, comparing the
〈

3
2

3
2 |H |S ↑〉, Weiler has

1√
2

Pk− + 1√
2

G F+
4 + 1

2
N3 H+ = 1√

2
Pk− +

√
2Gk+kz + 1

2
N3

e

�
B+,

while Winkler has

− 1√
2

Pk− + 1√
2

B+
8νk+kz + 1√

3
μB D′

〈
3

2

3

2
| (Tyz Bx + c.p.

) |S ↑
〉

= − 1√
2

Pk− + 1√
2

B+
8νk+kz + i

6
√

2
μB D′ B+,

and Kane has

〈S|H |X〉 = iPkx + Bkykz .

Note that all three use bases that differ in phase. Taking this into account gives us
the relations among some of the parameters presented in Table 5.15.
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Table 5.15 Relationship among some zincblende parameters. Differences in the expansions are
not made explicit

Winkler [21] Weiler [98] Kane [31]

P P = P ′ P

B+
8v −2G B

B−
8v −3

√
2N2 0

B7v −2G ′ −B

D′ 3
√

2im0 N3/�
2

In Table 5.15, differences in contribution from remote bands are not made
explicit for simplicity. However, the differences can, of course, be important and we
illustrate a few cases. We recall that, in the Kane model, the valence-band param-
eters L ′ and N ′ differed from those of Luttinger due to the difference in F . In the
extended Kane model, M ′ also differs due to the difference in H1:

H1 = H ′
1 + Q2

(Ev − EΓ15c )
, (5.123)

where Q is the momentum matrix element between the Γ15v and Γ15c states (Fig. 5.2).
For instance, for γ1, the relationship among the Winkler (Wi), Kane (primed) and
Luttinger (unprimed) parameters are as follows:

γ Wi
1 = −2m0

3�2
(L ′ + 2M ′) − 1 = γ1 + 2m0 P2

3�2(Ev − EΓ1c )
+ 4m0 Q2

3�2(Ev − EΓ15c )
− 1.

(5.124)

Typical values of the parameters are given in Table 5.16. Most of the band parame-
ters have been illustrated in Fig. 5.2. Δ− is a spin-orbit energy between a conduction
state and a valence state. Ck characterizes the spin splitting of bands to be discussed
in Chap. 6. g∗ is the g-factor to be derived in the magnetic-field chapter (Chap. 9).
The cellular functions |X ′〉, |Y ′〉 and |Z ′〉 forming the Γ7,8c states were chosen to
be pure imaginary (and so was the Γ6c |S〉 state, while |X〉, |Y 〉 and |Z〉 forming
the Γ7,8v states were chosen to be pure real) so that some of the matrix elements
are imaginary. For diamond-type semiconductors, P ′, Δ− and Ck all vanish due to
inversion symmetry.

An example of a 14-band model band structure is given in Fig. 5.3. One can
clearly see anisotropy and nonparabolicity in the valence bands. The additional
splitting of the hh and lh bands along the [011] direction will be discussed in the
next chapter.
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Table 5.16 Example band parameters for the 14-band extended Kane model [21]

GaAs InSb

E0 (eV) 1.519 0.237

Δ0 (eV) 0.341 0.810

E ′
0 (eV) 4.488 3.160

Δ′
0 (eV) 0.171 0.330

Δ− (eV) −0.050i

P (eVÅ) 10.493 9.641

P ′ (eVÅ) 4.780i 6.325i

Q (eVÅ) 8.165 8.130

Ck (eVÅ) −0.0034 −0.0082

me (m0) 0.0665 0.0139

g∗ −0.44 −51.56

γ1 6.85 37.10

γ2 2.10 16.50

γ3 2.90 17.70

κ 1.20 15.60

q 0.01 0.39

Fig. 5.3 14-band model of GaAs valence band. Reprinted with permission from [103]. c©1996 by
the American Physical Society
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5.9 Wurtzite

The valence band of WZ semiconductors has been extensively studied using the
method of invariants.

5.9.1 Six-Band Model

The six-band model had been originally derived by Rashba, Sheka and Pikus
[1, 41, 61] and we will refer to the latest form in the book by Bir and Pikus. There
are now at least two other forms, by Sirenko and coworkers [43] and Chuang and
Chang [46]. We will compare all three here.

5.9.1.1 LS Basis

Near the Γ point, Bir and Pikus [1] gave the following result using the method of
invariants:

HRS P (k) = Δ1 J 2
z + Δ2 Jzσz +

√
2Δ3(J+σ− + J−σ+)

+ (
A1 + A3 J 2

z

)
k2

z + (A2 + A4 J 2
z )k2

⊥ − A5
(
J 2
+k2

− + J 2
−k2

+
)

−2iA6kz ({Jz J+}k− − {Jz, J+}k+) + A7(k− J+ + k+ J−) (5.125)

+ (
α1 + α3 J 2

z

)
(σ+k− + σ−k+) + α2

(
J 2
+k−σ− + J 2

−k+σ+
)

+2α4σz ({Jz J+}k− + {Jz J−}k+) + 2iα5kz ({Jz J+}σ− − {Jz J−}σ+) ,

where {AB} = (AB + B A)/2 and the individual terms in the above equation were
constructed from the following irreducible representations: Γ1, Γ2, Γ5, Γ1, Γ1, Γ6,
Γ5, Γ5, Γ1, Γ6, Γ5, and Γ5, respectively. They wrote down the six-band form given
in Table 5.17.

In comparing with the work of Sirenko and coworkers [43] and Chuang and
Chang [46], it is realized that the RSP Hamiltonian does not correspond to either
of the latter if the J matrices are chosen real, as given in Table 31.7 of Ref. [1]
and reproduced in Appendix C [Eq. (C.4)]. Indeed, real J± are inconsistent with the
definitions given in Table 5.18. Thus, Sirenko and coworkers [43] give

HSJKLS(k) = −I
(
Δ1 + Δ2 + B1k2

z + B3k2
⊥
) + Δ2 Jzσz

+
√

2Δ3 (J+σ− + J−σ+) − J 2
z

(
Δ1 − B2k2

z + B4k2
⊥
)

−B5
(
J 2
+k2

− + J 2
−k2

+
) − 2B6kz ({Jz J+}k− + {Jz J+}k−)

−i
�

2K
2m0

(k− J+ − k+ J−) (5.126)
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Table 5.17 Six-band RSP Hamiltonian in L S basis

HRSP(k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|Y1 1 ↑〉 |Y1 1 ↓〉 |Y1 0 ↑〉 |Y1 0 ↓〉 |Y1 −1 ↑〉 |Y1 −1 ↓〉
F 0 −H∗ 0 k∗ 0

0 G Δ −H∗ 0 k∗

−H Δ λ 0 I ∗ 0

0 −H 0 λ Δ I ∗

k 0 I Δ G 0

0 k 0 I 0 F

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

Δ =
√

2Δ3,

F = Δ1 + Δ2 + λ + θ,

G = Δ1 − Δ2 + λ + θ,

k = A5k2
+,

H = i(A6k+kz + A7k+),

I = i(A6k+kz − A7k+),

λ = A1k2
z + A2k2

⊥,

θ = A3k2
z + A4k2

⊥.

Table 5.18 Notations for irreducible representations, functions, and matrices for wurtzite

P62 [61]
SJKLS [43]

KDWS [33] BP75 [1] MU99 [55] CC96 [46]

Γ5 Γ5 Γ6

Γ6 Γ6 Γ5

k± = kx ± iky k± = kx ± iky

J± = ± i√
2

(
Jx ± iJy

)
J± = 1√

2

(
Jx ± iJy

)
σ± = ± i

2

(
σx ± iσy

)
σ± = 1

2

(
σx ± iσy

)

= −P I − Q J 2
z + Δ2 Jzσz +

√
2Δ3(J+σ− + J−σ+)

−R J 2
+ − R∗ J 2

− − 2S{Jz J+} − 2S∗{Jz J−} − T J+ − T ∗ J−, (5.127)

where the quantities in the second equation are defined in Table 5.19, together with
the matrix form of the Hamiltonian.
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Table 5.19 Six-band Hamiltonian in L S basis according to Sirenko and coworkers [43]

HS J K L S(k) = −

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|Y1 1 ↑〉 |Y1 1 ↓〉 |Y1 0 ↑〉 |Y1 0 ↓〉 |Y1 −1 ↑〉 |Y1 −1 ↓〉
P + Q − Δ2 0 T + S 0 R 0

0 P + Q + Δ2 −√
2Δ3 T + S 0 R

T ∗ + S∗ −√
2Δ3 P 0 T − S 0

0 T ∗ + S∗ 0 P −√
2Δ3 T − S

R∗ 0 T ∗ − S∗ −√
2Δ3 P + Q + Δ2 0

0 R∗ 0 T ∗ − S∗ 0 P + Q − Δ2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

P = Δ1 + Δ2 + B1k2
z + B3k2

⊥,

Q = −Δ1 + B2k2
z + B4k2

⊥,

R = B5k2
−,

S = B6kzk−,

T = i
�

2K
2m0

k−.

Finally, the third form we would like to present is the one by Chuang and
Chang [46].

HCC(k) = Δ1 J 2
z + Δ2 Jzσz + Δ(J+σ− + J−σ+)

+ �
2

2m0

[(
A1 + A3 J 2

z

)
k2

z + (
A2 + A4 J 2

z

)
k2
⊥ − A5

(
J 2
+k2

− + J 2
−k2

+
)

− 2A6kz ({Jz J+}k− + {Jz J−}k+)
]
. (5.128)

In the above, terms linear-in-k have been dropped. They wrote down the six-band
form given in Table 5.20. We now compare the above three Hamiltonians. The CC
Hamiltonian is the same as the SJKLS one, Table 5.19, with a slightly different
ordering. Comparison of the different constants is given in Table 5.21. The basis of
RSP appears to be the same as that of SJKLS. As Chuang and Chang [46] stated,
there are phase differences between their Hamiltonian and the RSP one, in addition
to the different basis ordering. The two are made almost identical by proposing
the following basis for RSP: {−u1, u2, iu3, u4,−u5, iu6}. In the CC Hamiltonian,
this changes the sign of K and changes their H and Δ to iH and iΔ. The first two
changes are needed to bring the RSP Hamiltonian to look like the CC one. However,
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the discrepancy that remains in Δ means it is only real in one of the two cases, and
pure imaginary in the other. We follow Chuang and Chang [46] in taking theirs to be
real. Indeed, we will use the Hamiltonian of Chuang and Chang [46] as the six-band
Hamiltonian for WZ in the L S basis.

Table 5.20 Six-band wurtzite Chuang–Chang Hamiltonian in L S basis [46]

HCC(k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u1〉 |u2〉 |u3〉 |u4〉 |u5〉 |u6〉
F −K ∗ −H∗ 0 0 0

−K G H 0 0 Δ

−H H∗ λ 0 Δ 0

0 0 0 F −K H

0 0 Δ −K ∗ G −H∗

0 Δ 0 H∗ −H λ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

F = Δ1 + Δ2 + λ + θ,

G = Δ1 − Δ2 + λ + θ,

λ = �
2

2m0

[
A1k2

z + A2
(
k2

x + k2
y

)]
,

θ = �
2

2m0

[
A3k2

z + A4
(
k2

x + k2
y

)]
,

K = �
2

2m0
A5

(
kx + iky

)2
,

H = �
2

2m0
A6

(
kx + iky

)
kz,

Δ =
√

2Δ3.

Table 5.21 Parameters for six-band Hamiltonian in L S basis for wurtzite
CC96 [46] BP75 [1] SJKLS [43]

�
2

2m0
A1 A1 −B1

�
2

2m0
A2 A2 −B3

�
2

2m0
A3 A3 −B2

�
2

2m0
A4 A4 −B4

�
2

2m0
A5 −A5 B5

�
2

2m0
A6 −A6 B6

A7
�

2K
2m0
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5.9.2 Quasi-Cubic Approximation

The six-band Hamiltonian is often simplified using the so-called quasi-cubic approx-
imation [1, 105]:

Δ1 = Δcr,Δ2 = Δ3 = 1

3
Δso,

A3 = 4A5 −
√

2A6, (5.129)

2A4 = −A3 = A1 − A2,

A7 = 0.

In the GJ model, the equivalence is to set q2
7 = 2/3. Within this approximation, the

WZ structure is viewed as a ZB one, strained along the [111] direction. According
to Bir and Pikus [1], the difference between Δ2 and Δ3 is at most about 2 % for
CdS, CdSe, ZnS and ZnSe, while A7 ∼ 10−9 eV/cm, i.e., reasonably small. These
would indicate that the quasi-cubic approximation is excellent for these materials.
Gutsche and Jahne [42] have reported q2

7 ∼ 0.43, 0.6 and 0.01 for CdS, CdSe, and
ZnO. Thus, one might question the applicability of this approximation for ZnO; the
same conclusion was reached by Langer et al. [106] by fitting excitonic lines under
a uniaxial stress.

5.9.2.1 J MJ Basis

Sirenko et al. [43] stated explicitly their choice of the JMJ states:

∣∣∣∣32 m

〉
=
√

3 − 2m

6

∣∣∣∣1 m + 1

2

〉
|↓〉 +

√
3 + 2m

6

∣∣∣∣1 m − 1

2

〉
| ↑〉,

∣∣∣∣12 m

〉
=
√

3 + 2m

6

∣∣∣∣1 m + 1

2

〉
|↓〉 −

√
3 − 2m

6

∣∣∣∣1 m − 1

2

〉
| ↑〉. (5.130)

This then gives
∣∣∣∣32

3

2

〉
= |1 1〉 | ↑〉,

∣∣∣∣32
1

2

〉
= 1√

3
|1 1〉| ↓〉 +

√
2

3
|1 0〉| ↑〉,

∣∣∣∣32 −1

2

〉
=
√

2

3
|1 0〉| ↓〉 + 1√

3
|1 − 1〉| ↑〉, (5.131)
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∣∣∣∣32 −3

2

〉
= |1 − 1〉| ↓〉,

∣∣∣∣12
1

2

〉
=

√
2

3
|1 1〉| ↓〉 − 1√

3
|1 0〉| ↑〉,

∣∣∣∣12 −1

2

〉
= 1√

3
|1 0〉| ↓〉 −

√
2

3
|1 − 1〉| ↑〉.

One can then rewrite the L S Hamiltonian in this basis.

5.9.3 Eight-Band Model

In Table 5.22, we give the functions and matrices transforming according to the dif-
ferent representations. Since we are about to construct the general k · p Hamiltonian
near the Γ point, time-reversal symmetry imposes additional restrictions namely
that all terms in the Hamiltonian must be even subject to time reversal. For that
reason, we partition the representation functions into even or odd components. In
Table 5.22, we have introduced the notation:

S = ik × k = e

�
B,

S± = i

2

(
Sx ± iSy

)
,

σ± = i

2

(
σx ± iσy

)
,

k± = (
kx ± iky

)
, (5.132)

and B and E denote the external magnetic field and electric field, respectively.

Table 5.22 Basis functions and matrices for wurtzite C6v . {AB} = 1
2 (AB + B A)

Representations Matrices Odd functions Even functions

Γ1 I kz, kzEz , kxEx + kyEy S+k− + S−k+, Ez

k2
z ; {k+k−}

Γ2 σz (k × E)z Sz , Szkz , S+k− − S−k+

Γ3 k3
x − 3{kx k2

y}
Γ4 k3

y − 3{kyk2
x }

Γ5 σ+, σ− S+, S−, k+, k− S+kz , S−kz , Szk+, Szk−, E+, E−

(k × E)+, (k × E)− {k+kz}, {k−kz}
Γ6 S+k+, S−k−

k2
+, k2

−
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Before continuing, we also need the double-group product representations of C6ν :

Γ7 ⊗ Γ7 = Γ1 ⊕ Γ2 ⊕ Γ5,

Γ8 ⊗ Γ8 = Γ1 ⊕ Γ2 ⊕ Γ5,

Γ9 ⊗ Γ9 = Γ1 ⊕ Γ2 ⊕ Γ3 ⊕ Γ4,

Γ7 ⊗ Γ9 = Γ5 ⊕ Γ6. (5.133)

5.9.3.1 Spin-Splitting Terms

Discarding first external fields and collecting spin-splitting terms linear-in-k and
cubic-in-k only, we find the following general result for the Γ7 and Γ8 bands using
Table 5.22:

H7,8(k) = γ1 (σ−k+ + σ+k−) + γ2k2
z (σ−k+ + σ+k−)

+γ3k2
⊥ (σ−k+ + σ+k−) , (5.134)

where γ1, γ2, γ3 are constants to be determined using perturbation theory, indepen-
dent theoretical results (e.g., ab initio), experimental data, or combinations hereof.

For the Γ9 bands, we find the following spin-splitting invariants up to third order
in k in the absence of external fields:

H9(k) = γ1
(
k3

x − 3kx k2
y

)
σx + γ2

(
k3

y − 3kyk2
x

)
σy, (5.135)

where, again, γ1, γ2 are constants to be determined using perturbation theory, inde-
pendent theoretical results.

5.9.3.2 Linear-in-k Terms

One can now give the general 8 × 8 Hamiltonian matrix structure using the method
of invariants. We shall consider only up to linear-in-k invariants but include external
electric and magnetic fields. Note that couplings between the eight states will allow
for higher order in k contributions.

For the 2 × 2 Γ7 × Γ7 matrix part, we have, using Table 5.22,

H7×7(k) = α7
0 + α7

1 (σ−k+ + σ+k−) + α7
2Ez + α7

3 (S−k+ + S+k−) + α7
4 Szσz

+α7
5 (S−σ+ + S+σ−) + α7

6(k × E)zσz + α7
7

[
(k × E)−σ+ + (k × E)+σ−

]

+β7
1 kz + β7

2 (σ+E− + σ−E+) + β7
3 kzEz + β7

4 (k+E− + k−E+)

+β7
5 kz Szσz + β7

6 (S−k+ − S+k−) σz + β7
7 (E−k+ − E+k−) σz

+β7
8 kz (S−σ+ + S+σ−) + β7

9 Sz (σ−k+ + σ+k−) , (5.136)
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where α (β) coefficients distinguish between terms fulfilling (not fulfilling) time-
reversal symmetry. This is relevant for the H7×7 blocks only since they appear in
the total Hamiltonian as both on- and off-diagonal blocks (on-diagonal blocks are
required to satisfy time-reversal symmetry while off-diagonal blocks are not).

For the 2 × 2 Γ9 × Γ9 matrix part, we have

H9×9(k) = α9
0 + α9

1Ez + α9
2 (S−k+ + S+k−) + α9

3 Szσz + α9
4(k × E)zσz, (5.137)

while for the 2 × 2 Γ7 × Γ9 matrix part, we find:

H7×9(k) = γ 79
1 (σ−k+ + σ+k−) + γ 79

2 (S−σ+ + S+σ−) + γ 79
3

(
S−k−σ 2

+ + S+k+σ 2
−
)

+γ 79
4

[
(k × E)−σ+ + (k × E)+σ−

] + γ 79
5 kz (S−σ+ + S+σ−)

+γ 79
6 Sz (σ−k+ + σ+k−) + γ 79

7 kz (E+σ− + E−σ+)

+γ 79
8 Ez (k+σ− + k−σ+) + γ 79

9

(
k+E+σ 2

− + k−E−σ 2
+
)
. (5.138)

The general 8 × 8 matrix then takes the following form:

H8×8(k) =

⎛
⎜⎜⎜⎜⎜⎝

H7×7 H ′
7×7 H ′

7×7 H7×9

H ′
7×7 H7×7 H ′

7×7 H7×9

H ′
7×7 H ′

7×7 H7×7 H7×9

H9×7 H9×7 H9×7 H9×9

⎞
⎟⎟⎟⎟⎟⎠

, (5.139)

where each of the 16 blocks are 2 × 2 matrices of the form given in Eqs. (5.136),
(5.137), and (5.138). The primes on the H ′

7×7 indicate that time-reversal symmetry
is not required such that terms with coefficients β7

i are allowed. For the diagonal
blocks H7×7 (without primes), however, the coefficients β7

i must be zero so as to
fulfill time-reversal symmetry. Obviously, since the Hamiltonian is hermitian, there
are only 10 independent blocks. Note that the constants (α’s and β’s) are different
for each of the 10 independent blocks. These must be determined using independent
information.

5.9.3.3 Effective-Mass Terms

Next, we use the method of invariants to obtain the general structure of the 8 × 8
Hamiltonian including linear-in-k and effective-mass terms in the absence of exter-
nal fields. At the Γ point, we find

H7×7(k) = α7
0 + α7

1 (σ−k+ + σ+k−) + α7
8k2

z + α7
9{k+k−} + β7

1 kz

+β7
10 (σ−{kzk+} + σ+{kzk−}) , (5.140)
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where α (β) refer to terms fulfilling (not fulfilling) time-reversal symmetry. The β

terms are allowed for the off-diagonal blocks only, i.e., the H ′
7×7 blocks.

Similarly, we find

H7×9(k) = γ 79
1 (σ−k+ + σ+k−) + γ 79

10 (σ−{kzk+} + σ+{kzk−}) , (5.141)

and

H9×9(k) = α9
0 + α9

5k2
z + α9

6{k+k−}. (5.142)

The total Hamiltonian structure is the same as in Eq. (5.139) and the text follow-
ing Eq. (5.139) still applies.

5.10 Method of Invariants Revisited

Cho [82] has provided another formulation of the method of invariants. This is now
described.

5.10.1 Zincblende

The irreducible tensors present in the effective Hamiltonian are given in Table 5.23.
Note that lx is the x component of an angular vector, e.g., the three-dimensional
orbital-angular matrix in the valence-band states [Eq. (5.148)] or the Pauli spin
matrices.

Table 5.23 Irreducible tensors for zincblende

Γ1 S [1]

Γ2 T [xlx + yly + zlz]

Γ12 (U, V ) [
√

3
(
x2 − y2

)
,
(
2z2 − x2 − y2

)
]

Γ25 (P, Q, R) [lx , ly, lz]

Γ15 (X, Y, Z ) [x, y, z]

Reprinted with permission from [82]. c© 1976 by the
American Physical Society

In Table 5.24, a list of relevant physical variables are given transforming accord-
ing to the various irreducible representations separated according to their time-
reversal transformation properties. While the transformation of the wave vector and
strain were already given in Table 5.12, they are repeated here in order to relate to
the notation in Table 5.23.

For example, the only independent components of the product of li with itself can
be obtained from Table 5.25 by noting that (P, Q, R) = (P ′, Q′, R′) = (lx , ly, lz)
and only combinations of the following symmetries are present in the Td group:
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Table 5.24 Examples of fields and transformation properties for zincblende. ki , Ei , Bi , and εi j

denote wave vector, electric field, magnetic field, and strain field, respectively. A field transforming
according to K+ (K−) is invariant (changes sign) under time reversal

K− K+
Γ1 S k2 = k2

x + k2
y + k2

z

E2 = E2
x + E2

y + E2
z

εxx + εyy + εzz

Γ2 T

Γ12 U E2
x − E2

y , εxx − εyy

V E2
z − E2, 2εzz − εxx − εyy

Γ25 P Bx

Q By

R Bz

Γ15 X kx Ex , kykz, εyz

Y ky Ey, kx kz, εxz

Z kz Ez, kx ky, εxy

Reprinted with permission from [82]. c© 1976 by the
American Physical Society

S = l2
x + l2

y + l2
z ,

(U, V ) =
√

3
(
l2
x − l2

y

)
, 2l2

z − l2
x − l2

y,

(X, Y, Z ) = ({lylz}, {lzlx }, {lx ly}).

In forming the invariant Hamiltonian, we have for the conduction band,

H (c)
S = τ S, (5.143)

H (c)
AS = 2λ(Pσex + Qσey + Rσez). (5.144)

For the valence band,

H (v)
S = (a1 + 2a2σ · I)S + c1

[√
3U

(
l2
x − l2

y

) + V (3l2
z − 2)

]

+
√

2c2

[√
3U (lxσx − lyσy) + V (3lzσz − σ · I)

]
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+
√

8d1
[
P(lyσz − lzσy) + c.p.

] +
√

8e1
[
X{lylz} + c.p.

]

+
√

8e2
[
X (lyσz + lzσy) + c.p.

]
, (5.145)

H (v)
AS = 4b1(σx {lylz} + σy{lzlx } + σz{lx ly})T

+
√

8c1

[
U (2{lx ly}σz − {lylz}σx − {lzlx }σy) +

√
3V ({lzlx }σy − {lylz}σx )

]

+
√

2d1(Plx + Qly + Rlz) + 2d2(Pσx + Qσy + Rσz)

+ 4d3[P({lx lz}σz + {lylx }σy) + c.p.] + 4d4
(
Pσx l2

x + c.p.
)

+
√

8e1
[
X
({lzlx }σz − {lylx }σy

) + c.p.
] + 4e2

[
X (l2

y − l2
x )σx + c.p.

]
.

(5.146)

The above expressions for the valence-band Hamiltonian components H (v)
S and

H (v)
AS can be used next to find a 6 × 6 Hamiltonian in the one-particle valence-band

states [82]:

φ1 = − 1√
2

[(X + iY ) ↑] ,

φ2 = 1√
6

[2Z ↑ −(X + iY ) ↓],

φ3 = 1√
6

[2Z ↓ +(X − iY ) ↑],

φ4 = 1√
2

[(X − iY ) ↓] , (5.147)

φ5 = 1√
3

[Z ↑ +(X + iY ) ↓],

φ6 = 1√
3

[−Z ↓ +(X − iY ) ↑].

Note that these differ from our choice in Table 3.4 by a sign change for the φ1, φ2,
φ3 and φ6 states. We make use of 2 × 2 spin matrices σi (i = x, y, z) and the orbital
angular momentum matrices,

lx = �√
2

⎛
⎜⎜⎝

0 1 0

1 0 1

0 1 0

⎞
⎟⎟⎠ , ly = i�√

2

⎛
⎜⎜⎝

0 −1 0

1 0 −1

0 1 0

⎞
⎟⎟⎠ , lz = �

⎛
⎜⎜⎝

1 0 0

0 0 0

0 0 −1

⎞
⎟⎟⎠ ,

(5.148)
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in the basis set consisting of the three states: |1〉 = −(X +iY )/
√

2, |0〉 = Z , |−1〉 =
(X − iY )/

√
2. This is consistent with our earlier choice of I matrices for diamond

(Sect. 5.2).
The matrix for H (c)

S and H (c)
AS can be found immediately:

(
τ S + λR λ(P − iQ)

λ(P + iQ) τ S − λR

)
. (5.149)

A matrix expression for H (ν)
S in the valence-band states defined by Eq. (5.147) is

then as given in Table 5.26, where, e.g., the matrix entry H (ν)
S (2, 3) is 〈φ2|H (ν)

S |φ3〉
and so on. The matrix coefficients are

a = (a1 + a2)S + (c1 +
√

2c2)V,

b = a1 S − 2c1V,

c = (a1 − a2)S + (c1 −
√

2c2)V,

d = −d1(Q + iP)S + (e1 + e2)(Y − iX ),

e = −d1(Q + iP)S − (e1 − e2)(Y − iX ),

f =
√

3c1U − i
√

2e1 Z ,

g =
√

2a2 S − c2V − 2id1 R, (5.150)

h =
√

2d1(Q + iP) +
√

2e2(Y − iX ),

k =
√

3c2U − 2ie2 Z ,

g+ = g + g∗ = 2
√

2a2 S − 2c2V .

As an example, note that the only terms in H (ν)
S contributing to entry H (ν)

S (1, 1)
are the terms where none of the operators σx , σy, lx , ly appear. Thus,

〈
3

2

3

2
|H (ν)

S |3

2

3

2

〉
=
〈

3

2

3

2
|S (a1 + 2a2σ · l) + c1V

(
3l2

z − 2
) +

√
2c2V (3lzσz − σ · l) |3

2

3

2

〉

=
〈

3

2

3

2
|S (a1 + 2a2σzlz) + c1V

(
3l2

z − 2
) +

√
2c2V (3lzσz − lzσz) |3

2

3

2

〉

=
〈

3

2

3

2
|S
(

a1 + 2a2 · 1

2
· 1

)
+ c1V (3 · 1 · 1 − 2) +

√
2c2V

(
3 · 1 · 1

2
− 1 · 1

2

)
|3

2

3

2

〉

= S (a1 + a2) + V
(

c1 +
√

2c2

)
. (5.151)

In analogy, we compute the matrix expression for H (ν)
AS in the same valence-band

states obtaining Table 5.27. As above, we give the derivation of the matrix entry
H (v)

AS (1, 1):

〈
3

2

3

2
|H (ν)

AS |3

2

3

2

〉
=
〈

3

2

3

2
|
(√

2d1 Rlz + 2d2 Rσz + 4d4 Rσzl
2
z

)
|3

2

3

2

〉

=
√

2d1 R + d2 R + 2d4 R.
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⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠,
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Other matrix elements can be obtained in a similar fashion. We will now show the
equivalence of these results to those previously obtained; for example, to the DKK
Hamiltonian (note that the latter is strictly for diamond but the Hamiltonian is the
same if the asymmetry terms are neglected).

Let us recall two DKK matrix elements in J MJ basis using Elliott-LK notation
(Table 3.6):

〈
3

2

3

2
|H |3

2

3

2

〉
= 1

2
P = 1

2
(L + M)

(
k2

x + k2
y

) + Mk2
z ,

〈
3

2

3

2
|H |3

2

1

2

〉
= R = −N

1√
3

(
kx − iky

)
kz, (5.152)

where the free-electron contribution to 〈 3
2

3
2 |H | 3

2
3
2 〉 has been discarded.

We now give the equivalent matrix elements following Cho’s procedure. In the
absence of external fields and strain, Tables 5.26 and 5.27 give

〈
3

2

3

2
|H (ν)

S + H (ν)
AS |3

2

3

2

〉
=
(

a1 + a2 + 2
(

c1 +
√

2c2

))
k2

z

+
(

a1 + a2 − c1 −
√

2c2

) (
k2

x + k2
y

)
,

〈
3

2

3

2
|H (ν)

S + H (ν)
AS |3

2

1

2

〉
=

√
2√
3

(e1 + 2e2)(Y − iX )

=
√

2√
3

(e1 + 2e2)(kx − iky)kz, (5.153)

and the two results (DKK and Cho) agree symmetrywise. It is important to notice
that time-reversal symmetry of the Hamiltonian ensures that there are no ki k j Γ15

contributions from H (ν)
AS to 〈 3

2
3
2 |H (ν)

S + H (ν)
AS | 3

2
1
2 〉. This is so since the ē1 term in

Eq. (5.146) involves three angular momenta and hence changes sign under time-
reversal symmetry if X = ki k j (ki k j is invariant under time-reversal symmetry).
In other words, contributions from ē1 term only arise when X changes sign under
time-reversal.

5.10.2 Wurtzite

We proceed with a similar discussion for the WZ crystal system. In Tables 5.28 and
5.29, we list the various irreducible components and fields, respectively.

Note that B is an axial vector and hence transforms as the three-dimensional
angular momentum matrices l. With the above tables, we can construct the Hamil-
tonian matrices in the two conduction states and the six valence states. This is done
in Eqs. (5.154), (5.155), (5.156), and (5.157).
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Ta
bl

e
5.

27
H

(ν
)

A
S

1 3

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝3ā
√ 6d̄

+
√ 3h̄

√ 3
f̄

+
√ 6r̄

3s̄
√ 3d̄

−
√ 6h̄

√ 6
f̄

−
√ 3r̄

2b̄
−

c̄
+

√ 2ḡ
+

2l̄
+

ū
+

√ 8ē
−√ 6r̄

−
√ 3

f̄
√ 2(

b̄
+

c̄)
+

ḡ∗
−

2ḡ
√ 2(

ū
−

l̄)
+

ē

c̄
−

2b̄
−

√ 2ḡ
+

√ 3h̄
+

√ 6d̄
√ 2(

l̄
−

ū
)∗

−
ē∗

√ 2(
b̄

+
c̄)

+
ḡ

−
2ḡ

∗

−3
ā

√ 6
f̄∗

−
√ 3r̄

∗
√ 6h̄

∗
−

√ 3d̄
∗

b̄
−

2c̄
−

√ 2ḡ
+

√ 8ē
−

(2
ū

+
t̄)

2c̄
−

b̄
+

√ 2ḡ
+

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠,

w
he

re

ā
=

(√ 2d̄
1
+

d̄ 2
+

2d̄
4
)R

,

b̄
=

d̄ 2
R

,

c̄
=

(−
√ 2d̄

1
+

d̄ 2
+

2d̄
4
)R

,

d̄
=

(d̄
1
+

d̄ 3
)(

P
−

iQ
)+

ē 1
(X

+
iY

),

ē
=

(d̄
1
−

d̄ 3
)(

P
−

iQ
)−

ē 1
(X

+
iY

),

f̄
=

−i
b̄ 1

T
−

i√ 2c̄
1
U

+
2ē

2
Z
,

ḡ +
=

4d̄
3
R

,

ḡ
=

−i
√ 3c̄

1
V

+
2d̄

3
R

,

h̄
=

(d̄
2
+

d̄ 4
)(

P
−

iQ
)−

ē 2
(X

+
iY

),

r̄
=

−i
√ 2b̄

1
T

+
ic̄

1
U

−
2ē

1
Z
,

s̄
=

(d̄
4
−

√ 2d̄
3
)(

P
+

iQ
)+

(√ 2ē
1
−

ē 2
)(

X
−

iY
),

t̄
=

(d̄
2
+

2d̄
4
)(

P
−

iQ
)+

2ē
2
(X

+
iY

),

ū
=

(d̄
4
+

√ 2d̄
3
)(

P
−

iQ
)−

(√ 2ē
1
+

ē 2
)(

X
+

iY
).
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Table 5.28 Irreducible tensors for wurtzite
Γ1 S [1, z, l2

z ]

Γ2 T [lz]

Γ3 U [(3x2 − y2)y]

Γ4 V [(3y2 − x2)x]

Γ5 X [x,−ly]

Y [y, lx ]

Γ6 W [x2 − y2, l2
x − l2

y ]

Z [2xy, 2lx ly]

Reprinted with permission from [82]. c©
1976 by the American Physical Society

Table 5.29 Examples of fields and transformation properties for wurtzite. ki , Ei , Bi , and εi j

denote wave vector, electric field, magnetic field, and strain field, respectively. A field transforming
according to K+ (K−) is invariant (changes sign) under time reversal

K− K+
Γ1 S kz k2

x + k2
y, k2

z , B2
x + B2

y , B2
z

Ez, E2
x + E2

y , E2
z

εxx + εyy, εzz

Γ2 T Bz

Γ3 U

Γ4 V

Γ5 X kx , By Ex , kx kz, ExEz, Bx Bz, εxz

Y ky,−Bx Ey, kykz, EyEz, By Bz, εyz

Γ6 W k2
x − k2

y, E2
x − E2

y , B2
x − B2

y , εxx − εyy

Z 2kx ky, 2ExEy, 2Bx By, 2εxy

Reprinted with permission from [82]. c© 1976 by the American Physical Society

H (c)
S = τ S, (5.154)

H (c)
AS = 2λσez + 2μ(Yσex − Xσey), (5.155)

H (ν)
S = [

a1 + a2l2
z + 2a3lzσz + 2a4(lxσx + lyσy)

]
S +

√
2b1(lxσy − lyσx )T (5.156)

+ 2
√

2e1(Xlx + Yly)σz + 2e2(Xσx + Yσy)lz + 2
√

2e3(X{lx lz} + Y {lylz})
+ f1

[
W (l2

x − l2
y) + 2Z{lx ly}

] +
√

2 f2
[
(lxσx − lyσy)W + (lxσy + lyσx )Z

]
,
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H (ν)
AS = 2

√
2a1

({lx lz}σy − {lylz}σx

)
S (5.157)

+
[
b1lz + 2b2σz + 2b3l2

z σz + 2
√

2b4

({lx lz}σx + {lylz}σy

)]
T

+ c1

[(
l2
x − l2

y

)
σx − 2{lx ly}σy

]
U + d1

[(
l2
x − l2

y

)
σy + 2{lx ly}σx

]
V

+
√

2e1

(
lx Y − ly X

) + 2
(
e2 + e4l2

z )(σx Y − σy X
) + 4

√
2e3

({lx lz}Y − {lylz}X
)
σz

+ e5

([(
l2
x − l2

y

)
σx + 2{lx ly}σy

]
Y + [(

l2
x − l2

y

)
σy − 2{lx ly}σx

]
X
)

+ 2 f 1

[
(l2

x − l2
y )σz Z − 2{lx ly}σz W

]

+ 2
√

2 f 2

[({lx lz}σy + {lylz}σx

)
W − ({lx lz}σx − {lylz}σy

)
Z
]
.

The coefficients in Eqs. (5.154), (5.155), (5.156), and (5.157) agree with those
in [82]. It is now possible to construct the representation of the conduction-band and
valence-band Hamiltonians using a set of two and three basis states, respectively.
This can be done, similar to the ZB case discussed above, accounting for mixing of
S and Z states (as both belong to Γ1) or using the quasi-cubic approximation for the
WZ structure. The interested reader may consult Cho [82] for the details using the
quasi-cubic approximation.

As an exercise, we will derive the final term in Eq. (5.157) using (1) Table 5.30
and (2) the tables in Koster et al. [33].

Table 5.30 Multiplication of irreducible components of representations for wurtzite

Γ1 S SS′ T T ′ UU ′ V V ′ X X ′ + Y Y ′ W W ′ + Z Z ′

Γ2 T ST ′ U V ′ XY ′ − Y X ′ W Z ′ − Z W ′

Γ3 U SU ′ T V ′ X Z ′ + Y W ′

Γ4 V SV ′ T U ′ Y Z ′ − X W ′

Γ5 X SX ′ −T Y ′ U Z ′ −V W ′ X Z ′ − Y W ′

Y SY ′ T X ′ U W ′ V Z ′ Y Z ′ + X W ′

Γ6 W SW ′ T Z ′ −U X ′ −V X ′ X X ′ − Y Y ′ Z Z ′ − W W ′

Z SZ ′ −T W ′ UY ′ V Y ′ XY ′ + Y X ′ W Z ′ + Z W ′

Reprinted with permission from [82] following the coupling-constant tables in [33]. c© 1976 by
the American Physical Society

(1) We can form states X ′ = −T Y = −(lz)(−lx ) = lzlx and Y ′ = T X =
(lz)(ly) = lzly transforming as X and Y , respectively, as follows from the fourth
column in the Γ5 states (Table 5.30) and the Γ5 states listed in Table 5.28. Further,
σy and −σx transform as X and Y , respectively, such that (σy)(lzlx ) − (−σx )(lzly)
and (σy)(lzly) + (−σx )(lzlx ) transform as W ′ and Z ′, respectively, using the seventh
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column in the Γ6 states (Table 5.30). Finally, we obtain from the eighth column in
the Γ1 states that W ′W + Z ′ Z = (σylzlx + σx lzly)W − (σx lzlx − σylzly)Z . Sym-
metrization of products involving the same angular vector (e.g., lzlx → {lx lz}) gives
the final term in Eq. (5.157).

(2) Following the notation in [33] (pp. 17–18 (Sect. 4.3) and tables on pp. 68–
70), we have either [(ψ5

−1, ψ
5
1 ) = (−i(x + iy), i(x − iy)) or (ψ5

−1, ψ
5
1 ) = (−(Sx +

iSy), (Sx − iSy)) where, e.g., Sx denotes the x component of an axial vector.
We shall use three coupling-coefficient tables (pp. 68–70 in [33]) for this deriva-

tion reproduced below (Tables 5.31, 5.32, and 5.33).

Table 5.31 Coupling-constant tables for wurtzite [33]

u2ν
5
−1 u2ν

5
1

ψ5
−1 i 0

ψ5
1 0 −i

Table 5.32 Coupling-constant tables for wurtzite [33]

u5
−1ν

5
−1 u5

−1ν
5
1 u5

1ν
5
−1 u5

1ν
5
1

ψ1 0 1√
2

1√
2

0

ψ2 0 i√
2

− i√
2

0

ψ6
−1 0 0 0 1

ψ6
1 1 0 0 0

Table 5.33 Coupling-constant tables for wurtzite [33]

u6
−1ν

6
−1 u6

−1ν
6
1 u6

1ν
6
−1 u6

1ν
6
1

ψ1 0 1√
2

1√
2

0

ψ2 0 i√
2

− i√
2

0

ψ6
−1 0 0 0 1

ψ6
1 1 0 0 0

u1, ψ1 and u2, ψ2 are states representing the one-dimensional representations Γ1

and Γ2, respectively. First, we shall construct states ψ5
−1 and ψ5

1 using Table 5.31.
These are: (ψ5

−1, ψ
5
1 ) = (iu2v

5
−1,−iu2v

5
1) = (−iSz(Sx + iSy),−iSz(Sx − iSy)) with

u2 = Sz and (v5
−1, v

5
1) = (−(Sx + iSy), Sx − iSy).

Combining the latter states with the ψ ′5 states: (σx − iσy,−(σx + iσy)) using
Table 5.32 allows us to construct ψ6

−1 and ψ6
1 states. We find: (ψ6

−1, ψ
6
1 ) =

(ψ5
1 ψ ′5

1, ψ
5
−1ψ

′5
−1) = (−i(Sx − iSy)Sz(S′

x − iS′
y), i(Sx + iSy)Sz(S′

x + iS′
y)).

An invariant (transforming according to ψ1) can be found by combining the lat-
ter ψ6 states with a different set of Γ6 states: (ψ ′6

−1, ψ
′6
1) = (ψ ′5

1ψ
′5
1, ψ

′5
−1ψ

′5
−1)

= (i(x − iy)i(x − iy),−i(x + iy) − i(x + iy)] = [−W + iZ ,−W − iZ ) employing
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Table 5.33. We obtain:

ψ1 = 1√
2

(
ψ6

−1ψ
′6
−1 + ψ6

1 ψ ′6
1

)
=

√
2
[
(Sz Sx S′

y + Sz Sy S′
x )W − (Sz Sx S′

x − Sz Sy S′
y)Z

]
.

(5.158)

Again, we note that the product of two identical angular vectors such as Sz Sx is
replaced by the symmetrized combination {Sz Sx } = 1

2 (Sz Sx + Sx Sz). Further, using
S = l, S′ = σ leads to the final term in Eq. (5.157).

5.11 Summary

The current chapter introduced the method of invariants, which allows one to list all
the independent invariant contributions to the Hamiltonian based upon symmetry
considerations. The parameters of the model can then be fitted to experiments or
can be compared to a perturbative formulation of the Hamiltonian. The latter step
requires that one expresses the invariant Hamiltonian in an explicit representation.
The theory was illustrated first using the classic work of Luttinger on the valence
band of diamond-type semiconductors in the presence of a magnetic field. This
allowed us to introduce the Luttinger parameters. The theory was then generalized
to Hamiltonians containing multiple representations, culminating in an exposition of
a 14-band model for zincblende. The theory was also applied to the wurtzite struc-
ture. Finally, the method was revisited using the more general formulation given
by K. Cho.



Chapter 6
Spin Splitting

6.1 Overview

The combined effect of inversion symmetry and time-reversal symmetry (Kramers
degeneracy) lead to spin degeneracy in semiconductors. Hence, if these two sym-
metries are present, all levels are at least two-fold degenerate, a familiar result from
atomic physics. The proof for crystalline solids is straightforward. Time-reversal
symmetry implies that both the wave vector and the spin components of a state
change sign:

E+(k) = E−(−k), (6.1)

whereas inversion symmetry changes the sign of the wave vector but leaves the spin
state unaffected:

E±(k) = E±(−k), (6.2)

where upper (lower) subscripts match together. Thus, combining the two operations
give spin degeneracy:

E+(k) = E−(k). (6.3)

This means that, for diamond structures where inversion symmetry is present, spin-
splitting terms with odd powers in k cannot appear in the energy-dispersion relations
near the Γ point.

In zincblende and wurtzite structures, being inversion asymmetric, the spin-
degeneracy at a given k point is lifted, even in the absence of an external magnetic
field. In other words, if inversion is not a symmetry, both even and odd powers in k
are generally allowed in the energy expansion around the Γ point. This effect occurs
in bulk structures and is known as the Dresselhaus effect [32] or bulk inversion
asymmetry (BIA).

Besides the Dresselhaus spin-splitting effect, inversion asymmetry in semicon-
ductors can result due to the presence of external fields and/or material macro-
scopic inhomogenities (such as a heterostructure). Spin splittings arising from the

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 6, C© Springer-Verlag Berlin Heidelberg 2009
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latter type of inversion asymmetry are known as Rashba spin splittings or structure
inversion asymmetry (SIA). The Rashba spin-splitting effects will be described in
Chap. 13.

The k · p theory of spin splitting has been extensively studied for bulk [32, 48,
104] using both perturbation theory and the method of invariant. A detailed presen-
tation of the effect was recently given by Winkler [21].

6.2 Dresselhaus Effect in Zincblende

One can study the spin splitting either within isolated conduction and valence bands
or within a coupled-band model. Both approaches will be presented.

6.2.1 Conduction State

The conduction electrons (Γ1 states) do not display spin splittings linear in k,
whether due to the σ · (k ×∇V ) spin-orbit coupling term (∇V transforms as Γ15) in
first-order perturbation theory, or due to the σ ·(p×∇V ) term (p×∇V transforms as
Γ25) coupled with the k · p term (p transforms as Γ15) in second-order perturbation
theory. This result (absence of linear-in-k in zincblende) was also obtained using
the method of invariant (refer to Tables 5.23 and 5.24 and the expression for the
conduction-band Hamiltonian in the same section). Hence, the lowest-order spin-
splitting contribution in k is third-order in nature. Using the theory of invariants,
it is possible to write down the general expression of third-order spin splittings in
zincblende structures. Note that the appropriate expressions depend upon the k · p
model being used.

Thus, using a two-band model for the conduction electrons, the result is [21, 107]

H 6c6c
k = γc

({
kx (k2

y − k2
z )
}
σx + c.p.

)

= γc

(
1
2

{
(k2

+ + k2
−)kz

}
1
4

{
(k2

+ − k2
−)k−

} − {
k2

z k+
}

1
4

{
(k2

− − k2
+)k+

} − {
k2

z k+
} − 1

2

{
(k2

+ + k2
−)kz

}
)

, (6.4)

where k± = kx ± iky , {AB} = 1
2 (AB + B A), and γc is a constant. Since the

conduction states along the [100, 111] directions transform according to the two-
dimensional Γ15 and Γ25 double-group representations of C2ν and C3ν , respec-
tively, conduction-band spin splittings vanish along these directions. This fact is
also immediately observable from the matrix in Eq. (6.4).

6.2.2 Valence States

For the Γ7ν and Γ8ν states, both linear and cubic spin splittings exist in zincblende.
The first-order coupling σ ·(k×∇V ) and the (more important) second-order coupling
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through σ · (p×∇V ) and k · p to the remote Γ12-like states [104] contribute to linear
spin splittings in k.

Again, spin splittings vanish along the [100] direction (though the dispersion
curve can be linear in k) as the wave-vector group C2ν only has two-dimensional
double-group irreducible representations. Along the [111] direction the heavy-hole
states split as they transform according to the one-dimensional double-group rep-
resentation Γ15 of C3ν . However, the light-hole states transform according to the
two-dimensional double-group representation Γ25 of C3ν along [111] and are thus
not split along this direction.

Dresselhaus derived a linear-in-k Hamiltonian for the Γ8 states [32]:

Hk = Ck

⎛
⎜⎜⎜⎜⎜⎜⎝

0 i
2 k+ −kz − i

√
3

2 k−

− i
2 k+ 0 − i

√
3

2 k+ kz

−kz
i
√

3
2 k− 0 i

2 k+
i
√

3
2 k+ kz − i

2 k− 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, (6.5)

with

Ck = − 1

2
√

3

�
2

m2
0c2

〈
x |∂V

∂y
|z
〉
. (6.6)

Solving for E(k) gives four roots (keeping terms to first order in k only),

E(k) = ±Ck
{
k2 ± [3(k2

x k2
y + k2

yk2
z + k2

x k2
z )]1/2

}1/2
, (6.7)

For k ‖ [100] the energy dispersion becomes (doubly degenerate)

E(k)[100] = ±Ckk, (6.8)

while, for k ‖ [111],

E(k/
√

3)[111] = 0 (double),

E(k/
√

3)[111] =
√

2Ckk, (6.9)

E(k/
√

3)[111] = −
√

2Ckk.

However, one can show that Dresselhaus’ Ck is nearly zero. Another more important
contribution involves coupling to second-order in the Hk·p and Hso Hamiltonians
with the Γ12 as intermediate states. Cardona et al. [104] estimates this second-order
contribution to the linear spin-splitting coefficient to be

− A
Δd,c

E(Γ 8
ν ) − Ed,c

+ B
Δd,a

E(Γ 8
ν ) − Ed,a

, (6.10)
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where Δd,c (Δd,c) and Ed,c (Ed,a) are the spin-orbit splittings of the outermost
cation (anion) d levels and their energies, respectively. The coefficients A, B are
constants for III-V materials (A = 285 meV Å and B = 155 meV Å).

Using a six-band model, invariants for the Γ7ν and Γ8ν states are [21, 107]

H 8v8v
k = 2√

3
Ck

[
kx {Jx , J 2

y − J 2
z } + ky{Jy, J 2

z − J 2
x } + kz{Jz, J 2

x − J 2
y }]

+γ8v,1
[{kx , k2

y − k2
z }Jx + {ky, k2

z − k2
x }Jy + {kz, k2

x − k2
y}Jz

]
+γ8v,2

[{kx , k2
y − k2

z }J 3
x + {ky, k2

z − k2
x }J 3

y + {kz, k2
x − k2

y}J 3
z

]
+γ8v,3

[{kx , k2
y + k2

z }{Jx , J 2
y − J 2

z } + {ky, k2
z + k2

x }{Jy, J 2
z − J 2

x }
+ {kz, k2

x + k2
y}{Jz, J 2

x − J 2
y }]

+ γ8v,4
[
k3

x {Jx , J 2
y − J 2

z } + k3
y{Jy, J 2

z − J 2
x } + k3

z {Jz, J 2
x − J 2

z }] , (6.11)

H 7v7v
k = γ7v

[{kx , k2
y − k2

z }σx + {ky, k2
z − k2

x }σy + {kz, k2
x − k2

y}σz
]
, (6.12)

H 8v7v
k = −i

√
3Ck

[
kxUyz + kyUzx + kzUxy

]
+γ8v7v,1

({kx , k2
y − k2

z }Ux + {ky, k2
z − k2

x }Uy + {kz, k2
x + k2

y}Uz
)

+γ8v7v,2
({kx , k2

y + k2
z }Uyz + {ky, k2

z + k2
x }Uzx + {kz, k2

x + k2
y}Uxy

)
+γ8v7v,3

(
k3

xUyz + k3
yUzx + k3

z Uxy
)
. (6.13)

In the expressions above, the Ji and Ui j matrices are given in Eqs. (5.56) and (5.108).

6.2.3 Extended Kane Model

If one, instead, uses the extended 14 × 14 Kane model, invariants for the Γ6c and
Γ7ν, Γ8ν states are (from Table 5.13)

H 6c8ν
k = iB+

8ν

[
Tx

{
kykz

} + Ty {kzkx } + Tz
{
kx ky

} ]

+1

2
B−

8ν

[ (
Txx − Tyy

) (
k2

z − 1

3
k2
)

− Tzz
(
k2

x − k2
y

) ]
, (6.14)

H 6c7ν
k = − i√

3
B7ν

[
ρx

{
kykz

} + ρy {kzkx } + ρz
{
kx ky

} ]
. (6.15)

The Ti j matrices are given in Table 5.14.
Cardona et al. [104] were the first to derive k · p expressions for the cubic

spin-splitting coefficients using fourth-order perturbation theory. The fourth-order
perturbation employed in [104] involves three times the k · p interaction and once
the spin-orbit interaction (∇ × p) · σ . The corresponding diagrams are shown in
Fig. 6.1. Evidently, the k · p interaction lines 1, 3, and 4 in Fig. 6.1a (and the k · p
lines 1, 2, and 3 in Fig. 6.1b) contribute with factors proportional to P , Q, and
P ′, respectively, such that the two diagrams (Fig.6.1a,b) lead to γc spin-splitting
contributions proportional to P P ′ Q. Similarly, the k · p interaction lines 1, 3, and 4
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Fig. 6.1 Spin-splitting terms in perturbation theory for the lowest conduction band

in Fig. 6.1c correspond to factors P , Q, and P giving a γc contribution proportional
to P2 Q. Finally, in Fig. 6.1d, two k · p interactions between Γ c

1 and Γ c
15, one k · p

interaction between Γ c
15 and Γ ν

15, and one spin-orbit interaction between Γ c
15 and Γ ν

15
(Δ−) lead to the fourth contribution proportional to P ′2 Q. Adding the four terms
gives [104, 108]

γc = A + B + C + D, (6.16)

where

A = 4

3
P P ′ Q

Δ0

3E0(E0 + Δ′
0)

[
2

E ′
0 − E0 + Δ′

0

+ 1

E ′
0 − E0

]
,

B = 4

3
P P ′ Q

Δ′
0

3(E ′
0 − E0)(E ′

0 − E0 + Δ′
0)

[
2

E0
+ 1

E0 + Δ0

]
, (6.17)

C = −4

3

P2 QΔ−

E
2
0(E

′
0 − E0)

,

D = −4

3

P ′2 QΔ−

E0(E
′
0 − E0)2

.

Here, E0 and E ′
0 refer to the EΓ c

6
− EΓ ν

8
and EΓ c

7
− EΓ ν

8
energies, Δ0, Δ′

0, and Δ−

are the Γ ν
8 −Γ ν

7 , Γ c
8 −Γ c

7 , and 3〈( 3
2

3
2 )ν |Hso|( 3

2
3
2 )c〉 spin-orbit energies. A bar above

the E0 and E ′
0 energies represents an average of the two spin-orbit split components

with weight 2 for Γ7 and 1 for Γ8. We note, as already pointed out above, that all
four terms A, B, C, D vanish in the absence of spin-orbit interaction.
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We emphasize that the Δ0 splitting term (Fig. 6.1a) was treated exactly in [104]
since Δ0 can be larger than the energies appearing in the denominators of the
general perturbative expression (in InSb, Δ0 = 0.8 eV while E0 = 0.23 eV).
Cardona, Christensen, and Fasol also derived, following a procedure similar to
the one just outlined for γc, expressions for the γlh , γhh , γsh , γle, γhe, and γse

spin-splitting coefficients in [104]. In particular, it was shown perturbatively that
γhh = 0. The cubic spin-splitting coefficients can be determined using third-order
perturbation theory in the k · p coupling [104] and involves coupling between the
Γ8ν, Γ7ν states, the Γ6c states, and the Γ8c, Γ7c states (hence the product Q P P ′

appears in all the cubic spin splittings). Such a calculation involves, for the con-
duction s band states,

∑
α

∑
β

〈s|Hk·p|α〉〈α|Hk·p|β〉〈β|Hk·p|s〉
(E − Eαα)(E − Eββ)

, (6.18)

where α (β) denotes a Γ c
15 (Γ ν

15) state or vice versa. A similar result is obtained for
the valence states. Carrying out this procedure gives

γc = −4i

3
P P ′ Q

[
1

(E0 + Δ0)(E0 − E ′
0 − Δ′

0)
− 1

E0(E0 − E ′
0)

]
, (6.19)

γ8ν,1 = i

6
P P ′ Q

1

E0

[
13

E ′
0

− 5

E ′
0 + Δ′

0

]
, (6.20)

γ8ν,2 = 2i

3
P P ′ Q

1

E0

[
1

E ′
0

− 1

E ′
0 + Δ′

0

]
, (6.21)

γ8v,3 = 2i

9
P P ′ Q

1

E0

[
1

E ′
0 + Δ′

0

− 1

E ′
0

]
, (6.22)

γ8ν,4 = 4i

9
P P ′ Q

1

E0

[
1

E ′
0

− 1

E ′
0 + Δ′

0

]
, (6.23)

γ7ν = 4i

3
P P ′ Q

1

(E0 + Δ0)(Δ0 + E ′
0 + Δ′

0)
, (6.24)

γ8ν7ν,1 = iP P ′ Q
[

1

E0(E ′
0 + Δ′

0)
+ 1

(E0 + Δ0)(Δ0 + E ′
0 + Δ′

0)

]
, (6.25)

γ8ν7ν,2 = −1

3
P P ′ Q

[
1

E0 E ′
0

− 1

E0(E ′
0 + Δ′

0)
+ 1

(E0 + Δ0)(Δ0 + E ′
0)

− 1

(E0 + Δ0)(Δ0 + E ′
0 + Δ′

0)

]
, (6.26)

γ8ν7ν,3 = γ8ν7ν,2. (6.27)
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“If Γ c
7 and Γ c

8 states are included among the A states (e.g., by changing from an 8×8
model to a 14×14 model), the Kane off-diagonal coefficients must be modified from
B+

8v, B−
8v, B7v to:

B8v,1 = B+
8v − P ′ Q

2i

[
1

E0 − E ′
0 − Δ′

0

− 1

E ′
0 + Δ′

0

+ 1

E0 − E ′
0

− 1

E ′
0

]
,(6.28)

B8v,2 = B−
8v − P ′ Q

2i

[
1

E0 − E ′
0 − Δ′

0

− 1

E ′
0 + Δ′

0

− 1

E0 − E ′
0

+ 1

E ′
0

]
,(6.29)

B ′
7v = B7v − P ′ Q

i

[
1

E0 − E ′
0 − Δ′

0

− 1

Δ0 + E ′
0 + Δ′

0

]
. (6.30)

Some general comments are worthwhile to mention at this point. In inversion-
symmetric structures, P ′ is always zero as Γ6c, Γ7c, Γ8c are even-parity states while
the momentum operator is a vector and hence changes under inversion. All coeffi-
cients except γ8v,1, γ7v, γ8v7v,1 are zero if the spin-orbit interactions Δ0,Δ

′
0 vanish.

Even though the cubic k terms associated with the latter three are nonzero in the
absence of spin-orbit interaction, these terms do not lead to spin splittings as they
only couple states with the same spin orientation and do so similarly for the two
spin orientations. In other words, spin splittings in bulk structures also require non-
vanishing spin-orbit interactions Δ0,Δ

′
0. The cubic terms that remain in the absence

of spin-orbit interactions are possible only due to degeneracy at the Γ point of the
Γ7v and Γ8v states since in this case the presence of cubic terms does not conflict
with time-reversal symmetry. It is important to mention that all cubic spin-splitting
terms in Eqs. (6.19), (6.20), (6.21), (6.22), (6.23), (6.24), (6.25), (6.26), and (6.27)
disappear in multiband Hamiltonian entries if the Γ6c states are included among
the ‘interesting’ states (the so-called A states in Löwdin perturbation theory) we are
solving for. Hence, in 8×8 or 14×14 matrix calculations where Γ6c belong to the set
of A states, only the Kane B terms and the linear Ck spin-splitting terms are present.
In Table 6.1, we list examples of spin-splitting coefficients for the zincblende mate-
rials GaAs, AlAs, InAs, and InSb [96, 104]. Values in Table 6.1 reveal that, near
the Γ point and for the valence band the non-vanishing cubic terms in the absence
of spin-orbit interaction: γ8v,1, γ7v, γ8v7v,1 are the most important together with the
linear spin-splitting coeffcient Ck . It should also be mentioned that according to
LMTO calculations the heavy-hole linear and cubic coefficients of GaAs along the
[110] direction are of opposite signs thus the spin-splitting coefficient for the heavy-
hole band becomes zero at a (small) but finite k = kc. Obviously then, for k < kc

(k > kc), the linear (cubic) spin-splitting is the most important and determines the
sign of the spin splittings. In contrast, as mentioned above, from k · p perturbation
theory, the cubic coefficient becomes zero for heavy holes along the [110] direction.”

An example of spin splitting in the valence band can be observed in the 14-band
model of GaAs in Fig. 5.3. It can be seen that the bands are spin split along the [011]
direction but not along the [001] one. The magnitude of the spin splitting reaches
50 meV.
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Table 6.1 Spin-splitting coefficients in some zincblende materials

GaAs AlAs InAs InSb

γc 27.58 18.53 27.18 760.1
γ8v,1 −81.93 −33.51 −50.18 −934.8
γ8v,2 .47 0.526 1.26 41.73
γ8v,3 0.49 0.175 0.42 13.91
γ8v,4 −0.98 −0.35 −0.84 −27.82
γ7v −58.71 −27.27 −22.31 −146.8
γ8v7v,1 −101.9 −44.30 −51.29 709.5
γ8v7v,2 −1.255i −0.474i −0.910i −23.92i
Ck −0.0034 0.0020 −0.0112 −0.0082
B8v,1 −21.32 −34.81 −3.393 −32.20
B8v,2 −0.5175 −1.468 −0.09511 −1.662
B7v −20.24 −32.84 −3.178 −27.77

Reprinted with permission from [96, 104]. c©1988 by the American Physical Society

6.2.4 Sign of Spin-Splitting Coefficients

Special attention is needed when evaluating the signs of spin-splitting coefficients
(both linear and cubic terms). Evidently, the signs of P , P ′, Q, Δ−, Δ0, and Δ′

0
determine the sign of the cubic spin-splitting coefficient γc (and likewise for the
other cubic spin-splitting coefficients). Cardona et al. [104] provided a detailed
discussion of the signs of matrix elements of the momentum operator p and the
spin-orbit Hamiltonian Hso based on wave function phase conventions. They chose
the anion to be located at the origin and the cation at a0(1, 1, 1)/4 which, with
their wavefunction phase convention, leads to positive values of P , P ′, and Q. The
opposite choice (cation at the origin) leads to a sign reversal of P ′. The same wave
function phase convention also fixes the sign of Δ− determined by renormalized
atomic anion and cation spin-orbit splittings. We note, however, that the signs of Δ0,
and Δ′

0 are independent of the wave function phase convention rather they are fixed
by the (well-known) signs of the renormalized atomic anion and cation spin-orbit
splittings only.

The linear spin-splitting coefficients Ck are determined by combining linear-
muffin-tin-orbital (LMTO) calculations along the [111, 110] directions with k · p
results for the cubic spin-splitting coefficients. For example, the splittings of the
light-hole and heavy-hole states, ΔElh and ΔEhh , respectively, for k along [110]
are given by [104]

ΔElh = 3
√

3

2
Ckk,

ΔEhh =
√

3

2
Ckk, (6.31)

provided the difference in the quadratic-energy terms (effective-mass terms) is
larger than ΔElh and ΔEhh . The sign of Ck is determined by LMTO calculations of
the E − k dispersion: As the cubic spin-splittings interfere with the linear ones, the
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knowledge of the cubic spin-splitting coefficient values with sign from k · p pertur-
bation theory expressions allows the sign of the linear spin-splitting coefficient to
be determined.

A recent paper by Chantis et al. [109] uses the self-consistent GW approxima-
tion to perform first-principles calculations of the conduction-band spin splitting
in GaAs under [110] strain. The spin-orbit interaction is perturbatively accounted
for and added to the scalar relativistic Hamiltonian using a full-potential LMTO
method [110, 111]. The GW scheme employed in [109] is expected to provide
accurate spin-splitting values since band parameters are accurately reproduced by
the GW approximation.

6.3 Linear Spin Splittings in Wurtzite

Two types of linear-in-k terms are possible in the band structure near the Γ

point. One results from the splitting of spin degenerate doublets, while the other
is a linear splitting between states which remain spin degenerate. We note that
both are allowed for a zincblende crystal for example, at the top of the valence
band, along the [111] and [100] directions. The second possibility requires a min-
imum four-fold degeneracy. While such degeneracy may exist in zincblende, it is
reduced in wurtzite to two-fold by the hexagonal crystal field (all wurtzite double-
group irreducible representations are two-dimensional). We also note that linear-
in-k spin splitting in the S conduction states is possible in wurtzite but not in
zincblende.

A detailed discussion of linear spin splittings for the lower conduction band and
the upper valence band in wurtzite bulk semiconductors can be found in [48]. In
this section, we give the main k · p results. In wurtzite, the upper valence band
consists of two Γ7 bands and a Γ9 band while the lowest conduction band has Γ7

symmetry. We point out that the normal ordering (in energy) of the valence band
states typically is: Γ9, Γ7, and Γ7 for, e.g., CdS and CdSe but Γ7, Γ9, and Γ7 for ZnO.
The reversal ordering of ZnO is due to a negative spin-orbit splitting of the valence
bands.

In addition to linear spin-splitting terms, third-order terms in k appear like for
zincblende structures [112, 113]. We note that linear spin-splitting terms also appear
in the lower conduction-band dispersion around the Γ point even in the absence of
strain in contrast to the result found in the zincblende case.

In Table B.9, we give the character table (C6ν) at the Γ point of wurtzite and
associated basis functions. We note that C6ν is the group of the wave vector along
the [0001] direction. Since all double-group representations Γ7, Γ8, Γ9 are two-
dimensional, spin splittings vanish along that direction. As before, linear spin split-
tings arise due to the term �

2(∇V ×k) ·σ/(4m2
0c2) by use of first-order perturbation

theory or the coupling between �k·p/m0 and �(∇V ×p)·σ/(4m2
0c2) in second-order

perturbation theory.
Before calculating spin-splitting results, we point out that the conduction and

valence basis states for wurtzite, accounting properly for s, p, d state mixing, are:
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|e ↑〉 = qs |s ↑〉 + qz|z ↑〉,
|Z ↑〉 = −qz|s ↑〉 + qs |z ↑〉,
|e ↓〉 = qs |s ↓〉 + qz|z ↓〉,
|Z ↓〉 = −qz|s ↓〉 + qs |z ↓〉,

|7 ↑〉 =
√

1 − q2
7 |u5 ↓〉 − q7|u1 ↑〉,

|9 ↑〉 =
√

1 − q2
9 |u5 ↑〉 + q9|u6 ↓〉,

|7 ↓〉 = −
√

1 − q2
7 |u∗

5 ↑〉 − q7|u1 ↓〉, (6.32)

|9 ↓〉 =
√

1 − q2
9 |u∗

5 ↓〉 − q9|u6 ↑〉,

|7′ ↑〉 = q7|u5 ↓〉 +
√

1 − q2
7 |u1 ↑〉,

|9′ ↑〉 = −q9|u5 ↑〉 +
√

1 − q2
9 |u6 ↓〉,

|7′ ↓〉 = −q7|u∗
5 ↓〉 +

√
1 − q2

7 |u1 ↓〉,

|9′ ↓〉 = q9|u∗
5 ↑〉 −

√
1 − q2

9 |u6 ↑〉,

where

u1 = Z , u3 = x
(
x2 − 3y2

)
, (6.33)

u5 = 1√
2

(x + iy) , u6 = 1

2
(x + iy)2 .

A popular approximation is to use the quasi-cubic model [49, 56] where the wurtzite
crystal is assumed to be a zincblende one strained along the [111] direction.
The quasi-cubic model is obtained from the above set of basis states by setting
qs = 1, qz = 0, q7 = 0, q9 = 0 while the zincblende limit is obtained for q2

7 = 2/3.
We shall show below, however, that this approximation leads to significant errors
in the discussion of spin splittings. In the following, in accordance with [48], the
wurtzite valence A, B, C states are represented by the Γ9, Γ7, Γ

′
7 states, respectively.

Since (kx , ky) and (σx , σy) belong to the Γ5 representation, the only possible
spin-splitting linear-in-k Hamiltonian invariant is [104, 114]

Hk ∝ (
kxσy − kyσx

)
. (6.34)

Note that a linear-in-kz spin-splitting Hamiltonian invariant does not exist in wurtzite.
Next, we combine each state of a given symmetry with its Kramers degenerate

partner (at the Γ point) uniquely defined by
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K|ui ↑〉 = |u∗
i ↓〉,

K|ui ↓〉 = −|u∗
i ↑〉, (6.35)

with K defined in Eq. (3.54), and find the spin-split Hamiltonian of the Γm (m = 9,

7, 7′) states to be, using Eq. (6.34),

Hm(k) = Cm

(
0 i(kx − iky)

−i(kx + iky) 0

)
, (6.36)

where Cm denotes the associated Γm spin-splitting coefficient. The spin-split ener-
gies Em are found immediately from Eq. (6.36):

Em = Cm
(
k2

x + k2
y

)1/2
. (6.37)

Having obtained the general form of the linear-in-k spin-splitting Hamiltonian
invariant, we can pursue with perturbation theory to determine the missing coeffi-
cient expressions.

6.3.1 Lower Conduction-Band e States

It is easy to show that the first-order perturbation contribution from �
2(∇V × k) ·

σ/(4m2
0c2) does not contribute to the spin splittings of the lower conduction-band

states. Since |S〉 are eigenstates of the Hamiltonian at the Γ point in the absence of
spin-orbit interaction, the following identity applies:

〈S|∇V |S〉 ∝ 〈S|[H0, p]|S〉 = (ES − ES) 〈S|p|S〉 = 0, (6.38)

and matrix elements of �
2(∇V × k) · σ/(4m2

0c2) between S states vanish.
Next, coupling the electron Γ7 states to the valence A, B, C states (denoted L)

using second-order perturbation theory yields a spin splitting

Hm,2 = �

m0

∑
L 	=L

〈L|Hso|〈L〉〈L|k · p|L〉 + c.c.

EL − EL

, (6.39)

where c.c. denotes complex conjugation. This is a very good approximation since
other (remote) bands are far away [48].

Hence, within the eABC model (the notation e, A, B, C refers to the lowest con-
duction band and the topmost three valence bands in decreasing order of energy,
respectively) we obtain linear spin-splitting contributions from Γ7 and Γ7′ (note that
both Γ7 and Γ7′ states transform according to the Γ7 representation) while Γ9 does
not contribute (the latter follows since 〈S|Hso|Γ9〉 ∼ Γ7 ⊗ Γ1 ⊗ Γ9 = 0):
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Ce = Ce,7 + Ce,7′ , (6.40)

Ce,7 = 1 − q2
7

Ee − E7
qzqsΔx,z Px,s, (6.41)

Ce,7′ = q2
7

Ee − E7′
qzqsΔx,z Px,s, (6.42)

where

Δx,z = �
2

m3
0c2

〈x |∇z V px − ∇x V pz|z〉, (6.43)

Px,s = −i�〈s|px |x〉. (6.44)

Note that Ce,7 and Ce,7′ have the same sign and would be zero if there were no s− pz

mixing.

6.3.2 A, B, C Valence States

For the valence-band states, we notice that first-order perturbation theory in
Hso,k = �

2(∇V × k) · σ/(4m2
0c2) now leads to linear-in-k spin splittings. Using,

Eq. (6.32), we find

C7,1 = −C7′,1 =
√

2�
2

4m2
0c2

q7

√
1 − q2

7

〈
x

∣∣∣∣∂V

∂x

∣∣∣∣ z

〉
. (6.45)

Γ9 linear-in-k spin-splittings are symmetry forbidden.
Considering next second-order perturbation theory contributions, we obtain for

the spin-splitting coefficients of the valence Γ7 band [48],

C7v = C7,e + C7,7′ , (6.46)

with

C7,e = −Ce,7, (6.47)

and

C7,7′ = 1√
2

qz
1 − 2q2

7

E7 − E7′
Px,s

(
q7

√
1 − q2

7Δx,y −
√

2qs(1 − 2q2
7 )Δx,z

)
, (6.48)

The expression for Δx,y is the same as for Δx,z in Eq. (6.43) with z replaced by y.
Further, the C7′ν coefficient becomes
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C7′ν = C7′,e + C7′,7 = −C7ν, (6.49)

since

C7′,e = −C7,e, (6.50)

C7′,7 = −C7,7′ . (6.51)

In words, the Γ7 − Γ7′ interaction is equal and opposite for the Γ7 and Γ7′ states
and arises due to the mixing of s-like states into the Γ7 and Γ7′ states (proportional
to qz).

6.3.3 Linear Spin Splitting

Compiling the various linear spin-splitting contributions within the eABC model,
we have

Ce ∼
[

1 − q2
7

Ee − E7
+ q2

7

Ee − E7′

] A
Ee − E5

, (6.52)

C7 ∼ − 1 − q2
7

Ee − E7

A
Ee − E5

+ B
(E7 − E7′ )(Ee − E5)

+ C, (6.53)

C7′ ∼ − q2
7

Ee − E7

A
Ee − E5

− B
(E7 − E7′ )(Ee − E5)

− C, (6.54)

where A,B, C are constants approximately independent of the band-edge energies
and E5 is the Γ5 (single-group) energy at k = 0. The constant A is positive for
semiconductors with normal ordering of the valence states while the term containing
B is expected to be the largest one and that containing C the smallest in magnitude.
A detailed discussion on the sign assignments of wurtzite linear spin-splitting coef-
ficients is given in [48].

A combination of LMTO ab initio and k · p band structure calculations was
carried out in [48]. The main results are listed in Table 6.2. CdS(u) and CdS(a)
refer to k · p unadjusted and adjusted LMTO results, respectively. It has been shown
(Table VIII in [48]) that k · p adjusted LMTO results are in good agreement with
experimental results.

Table 6.2 Linear spin-splitting coefficients of bulk CdS and CdSe wurtzite

CdS(u) CdS(a) CdSe(u) CdSe(a)

C7′ (LMTO + k · p) +145 +70 +425 +133
C7′ (LMTO) 100 27 450 95

Adapted with permission from [48]. c©1996 by the American Physical Society
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6.4 Summary

The theory of spin splitting at the zone-center of the Brillouin zone for both
zincblende and wurtzite was given. Spin splitting results from a lack of inversion
symmetry and from the spin-orbit coupling. For zincblende, the lowest (s-type)
conduction band only has cubic splittings near the zone center, while the valence
band has linear and cubic splittings. There is no spin splitting along Δ and a splitting
along Λ for Λ4,5 but not for Λ6 [104]. For wurtzite, the lowest conduction band, if
of Γ7 type, does have linear splittings as well due to the admixture of pz character
into that state. Thus, models that do not use such extended basis states are unable
to describe the linear spin splitting. Such linear spin splitting is not present for Γ9

states. Finally, there is no spin splitting along the kz direction.



Chapter 7
Strain

7.1 Overview

Experimentally, the application of an external stress on a bulk cubic semiconductor
is known to lead to a modification of the band gap (with hydrostatic pressure) and/or
a splitting of the heavy-hole–light-hole degeneracy (with uniaxial or biaxial stress).
The k · p theory is known as a deformation-potential theory. Early works on the
influence of homogeneous strain on electronic levels (critical points in diamond-
and zincblende-type semiconductors) can be found in [1, 115–121]. In this chapter,
we will discuss how the previously introduced k · p Hamiltonians need to be modi-
fied in order to incorporate strain effects. The resulting band structures will then be
analyzed for a few cases.

7.2 Perturbation Theory

We first consider the effect of small homogeneous strains on the band structure by
deriving the new Hamiltonian for a strained crystal.

7.2.1 Strain Hamiltonian

The following procedure was proposed by Bir and Pikus [1]. We need to first define
the strain tensor. Let x′ be the new coordinates in a deformed but still periodic
crystal. In linear approximation, we define the strain tensor ε via

x ′
i = xi + εi j x j . (7.1)

It is known that the strain tensor is symmetric. Differentiating Eq. (7.1), we have

∂x ′
i

∂x ′
k

= δik = (δi j + εi j )
∂x j

∂x ′
k

= [
(1 + ε) · (x/x′)

]
ik ,

or

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 7, C© Springer-Verlag Berlin Heidelberg 2009
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(x/x′) = 1

(1 + ε)
. (7.2)

We now consider the transformation of the Schrödinger equation [Eq. (2.5)]

[
p2

2m0
+ V (r) + �

4m2
0c2

(σ × ∇V (r)) · p
]

ψnk(r) = En(k)ψnk(r),

under the strain. In the new coordinate system, we have

[
p′2

2m0
+ V (r′) + �

4m2
0c2

(
σ × ∇′V (r′)

) · p′
]

ψnk(r′) = En(k)ψnk(r′). (7.3)

The goal is to re-express Eq. (7.3) in terms of unstrained coordinates and new terms
linear in the strain tensor. In keeping with the unstrained problem, we first obtain
the corresponding equation satisfied by the cellular function; it is clear that this is
similar to the unstrained problem. Thus, if

ψnk(r′) = eik·r′
unk(r′), (7.4)

then

[
p′2

2m0
+ V (r′) + �

4m2
0c2

(
σ × ∇′V (r′)

) · p′ + �

m0
k ·

(
p′ + �

4m0c2

[
σ × ∇′V (r′)

])]
unk(r′)

=
[

En(k) − �
2k2

2m2
0

]
unk(r′). (7.5)

We now need a number of results:

V (r′) = V (r) + (r′ − r) · ∇′V (r′)|r′=r + · · ·
= V (r) + εi j x j∂

′
i V (r′)|r′=r ≡ V (r) + εi j Vi j (r). (7.6)

Also, since

∂

∂x ′
i

= ∂x j

∂x ′
i

∂

∂x j
= ∂

∂x ′
i

(
x ′

j − ε jk xk
) ∂

∂x j
≈ ∂

∂xi
− ε j i

∂

∂x j
= ∂

∂xi
− εi j

∂

∂x j
,

then

p′
i ≈ pi − εi j p j ,

p′2 ≈ p2 − 2εi j pi p j . (7.7)

Thus
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(∇′V (r′) × p′)
i = εi jk

∂V (r′)
∂x ′

j

p′
k =εi jk

[
∂V (r′)
∂x j

− ε j p
∂V (r′)
∂x p

]
[pk − εkn pn]

≈ εi jk

[
∂V (r)

∂x j
+ εlm

∂Vlm(r)

∂x j
− ε j p

∂V (r)

∂x p

]
[pk − εkn pn]

≈ εi jk

[
∂V

∂x j
pk + εlm

∂Vlm

∂x j
pk − ε j p

∂V

∂x p
pk − εkn

∂V

∂x j
pn + · · ·

]

= (∇V (r)×p)i + εlmεi jk
∂Vlm

∂x j
pk − ε j pεi jk

∂V

∂x p
pk − εknεi jk

∂V

∂x j
pn.

The last term can be modified:

−εknεi jk
∂V

∂x j
pn = +εkpεik j

∂V

∂x j
pp = +ε j pεi jk

∂V

∂xk
pp,

and

(∇′V (r′) × p′)
i

= (∇V (r) × p)i + εlmεi jk
∂Vlm

∂x j
pk − ε j pεi jk

∂V

∂x p
pk + ε j pεi jk

∂V

∂xk
pp

= (∇V (r) × p)i + εlm

[
εilk

(
∂V

∂xk
pm − ∂V

∂xm
pk

)
+ εi jk

∂Vlm

∂x j
pk

]

= (∇V (r) × p)i + εkl

[
εi jk

(
∂V

∂xl
p j − ∂V

∂x j
pl

)
+ εi jn

∂Vlk

∂x j
pn

]
. (7.8)

The operator on the LHS of Eq. (7.5) becomes

p2

2m0
− εi j

pi p j

m0
+ V + εi j Vi j + �

4m2
0c2

σ · (∇V × p)

+ �

4m2
0c2

σiεkl

[
εi jk

(
∂V

∂xl
p j − ∂V

∂x j
pl

)
+ εi jn

∂Vlk

∂x j
pn

]

+ �

m0
k · p − �

m0
kiεi j p j + �

2

4m2
0c2

k · [σ × ∇V + σ × ∇Vi jεi j
] − �

2

4m2
0c2

kiεi jσ × ∂V

∂x j

= p2

2m0
+ V + �

4m2
0c2

σ · (∇V × p) + �

m0
k ·

[
p + �

4m0c2
(σ × ∇V )

]

−εi j
pi p j

m0
+ εi j Vi j + �

4m2
0c2

εklσi

[
εi jk

(
∂V

∂xl
p j − ∂V

∂x j
pl

)
+ εi jn

∂Vlk

∂x j
pn

]
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−εi j
�

m0
ki p j + εi j

�
2

4m2
0c2

k · (σ × ∇Vi j
) − �

2

4m2
0c2

kiεi jσ × ∂V

∂x j

= p2

2m0
+ V + �

4m2
0c2

σ · (∇V × p) + �

m0
k ·

[
p + �

4m0c2
(σ × ∇V )

]
+ εkl Dkl , (7.9)

where

Dkl = − pk pl

m0
+ Vkl − �

m0
kk pl − �

2

4m2
0c2

kiσ × ∂V

∂x j
(7.10)

+ �

4m2
0c2

σi

[
εi jk

(
∂V

∂xl
p j − ∂V

∂x j
pl

)
+ εi jn

∂Vlk

∂x j
pn

]
+ �

2

4m2
0c2

k · (σ × ∇Vkl ) .

Equation (7.9) gives the new Hamiltonian in the presence of linear, homogeneous
strain. It reveals that strain allows for additional band coupling via both the orbital
and spin-orbit terms. The strain Hamiltonian, Eq. (7.10), can be simplified if one
neglects spin-orbit effects in the strain energy. Note, also, that the third term on the
RHS is zero at an extremum. Then

Dkl ≈ − pk pl

m0
+ Vkl . (7.11)

7.2.2 Löwdin Renormalization

One can now apply second-order perturbation theory in order to reveal the impact
of the strain on the k · p Hamiltonian. To linear order in the strain, the renormalized
matrix is given by [122]:

Umn = H ′
mn +

∑
α∈B

H ′
mα H ′

αn

E − Eα

+ Dmn +
∑
α∈B

H ′
mα D′

αn + D′
mα H ′

αn

E − Eα

, (7.12)

where the first two terms on the RHS are the conventional k·p terms and the last term
couples states in class A and B via the strain; the latter effect is usually neglected.

There can, of course, be other contributions in higher orders of perturbation the-
ory. For instance, one can develop terms that are linear in strain and quadratic in
wave vector in third-order perturbation theory; they correspond to the strain depen-
dence of the effective mass [123].

7.3 Valence Band of Diamond

Since the strain tensor is symmetric, its transformation properties are identical to
{ki k j }. Thus, the extra strain Hamiltonian, Hε, has the same form as the k · p one
with the replacement {ki k j } → εi j .
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7.3.1 DKK Hamiltonian

Starting from the DKK Hamiltonian, Eq. (3.4), the strain Hamiltonian is [124]

Hε =

⎛
⎜⎝

lεxx + m(εyy + εzz) nεxy nεxz

nεxy lεyy + m(εzz + εxx ) nεyz

nεxz nεyz lεzz + m(εxx + εyy)

⎞
⎟⎠, (7.13)

where l, m, n are the new strain parameters known as the valence-band deformation
potentials.

7.3.2 Four-Band Bir–Pikus Hamiltonian

There are many forms of the k · p Hamiltonian with spin one can use. Following Bir
and Pikus [1], we consider the four-band one but with our phase convention. This
leads to the following k · p Hamiltonian (taken from Table 3.6):

H (k) =

⎛
⎜⎜⎜⎜⎜⎝

| 3
2

3
2 〉 | 3

2
1
2 〉 | 3

2 − 1
2 〉 | 3

2 − 3
2 〉

F H I 0

H∗ G 0 −I

I ∗ 0 G H

0 −I ∗ H∗ F

⎞
⎟⎟⎟⎟⎟⎠
, (7.14)

where

F = 1

2
(L + M)(k2

x + k2
y) + Mk2

z + �
2k2

2m0
,

G = 1

3
F + 2

3
[M(k2

x + k2
y) + Lk2

z ] + �
2k2

2m0
,

H = − N√
3

(kx − iky)kz,

I = − 1

2
√

3

[
(L − M)(k2

x − k2
y) − 2iNkx ky

]
.

Then, the corresponding strain Hamiltonian is

Hε =

⎛
⎜⎜⎜⎜⎜⎝

f h i 0

h∗ g 0 −i

i∗ 0 g h

0 −i∗ h∗ f

⎞
⎟⎟⎟⎟⎟⎠
, (7.15)
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where

f = 1

2
(l + m)(εxx + εyy) + mεzz,

g = 1

3
f + 2

3
[m(εxx + εyy) + lεzz],

h = − n√
3

(εxz − iεyz), (7.16)

i = − 1

2
√

3

[
(l − m)(εxx − εyy) − 2inεxy

]
.

Here we have the same three strain deformation potentials as in the DKK model.

7.3.3 Six-Band Hamiltonian

We can write the six-band Hamiltonian in the notation of the Burt–Foreman Hamil-
tonian to be derived in Sect. 12.4. We give it here for completeness. From Table 12.4,
we have

Hε =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣ 3
2 − 3

2

〉 ∣∣ 1
2

1
2

〉 ∣∣ 1
2 − 1

2

〉
p′ s −r 0 − 1√

2
s −√

2r

s∗ p′′ 0 r −√
2q −

√
3
2 s

−r∗ 0 p′′ s
√

3
2 s∗ −√

2q

0 r∗ s∗ p′ √
2r∗ − 1√

2
s∗

− 1√
2
s∗ −√

2q∗
√

3
2 s −√

2r p′′′ 0
√

2r∗ −
√

3
2 s∗ √

2q∗ − 1√
2
s 0 p′′′

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (7.17)

where

p′ = 1

2
(l + m)(εxx + εyy) + mεzz,

p′′ = 1

6
(l + 5m)(εxx + εyy) + 1

3
(2l + m)εzz,

p′′′ = 1

3
(l + 2m)(εxx + εyy + εzz),

q = −1

6
(l − m)(εxx + εyy + 2εzz), (7.18)

r = 1

2
√

3
(l − m)(εxx − εyy) − i√

3
nεxy,

s = − 1√
3

( f − g + h1 − h2)(εxz − iεyz).
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For example,

p′ =
〈

3

2

3

2
|Hε|3

2

3

2

〉
= 1

2
〈(x + iy) ↑ |Hε|(x + iy) ↑〉

= 1

2
(〈x |Hε|x〉 + 〈y|Hε|y〉) = 1

2

[
(l + m)(εxx + εyy) + 2mεzz

]
.

We can also extend the four-band model to include all six bands of Table 3.6. In
this case, we change the notation to be related to, e.g, Chuang’s version [15]:

Hε =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣ 3
2 − 3

2

〉 ∣∣ 1
2

1
2

〉 ∣∣ 1
2 − 1

2

〉
p + q s r 0 − 1√

2
s

√
2r

s∗ p − q 0 −r
√

2q −
√

3
2 s

r∗ 0 p − q s
√

3
2 s∗ √

2q

0 −r∗ s∗ p + q −√
2r∗ − 1√

2
s∗

− 1√
2
s∗ √

2q∗
√

3
2 s −√

2r p 0
√

2r∗ −
√

3
2 s∗ √

2q∗ − 1√
2
s 0 p

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (7.19)

where

p = aTrε,

q = b(εzz − 1

2
εxx − 1

2
εyy), (7.20)

r = b

√
3

2
(εxx − εyy) − diεxy,

s = d(εxz − iεyz).

There are still three parameters, now written as a, b, and d. The three types of strain
correspond to hydrostatic, uniaxial, and shear strain, respectively, as we will see in
Sect. 7.4.

We note that Eq. (7.19) only differs marginally from Eq. (7.17) in the following
replacements:

p + q ↔ p′, p − q ↔ p′′, p ↔ p′′′, r ↔ −r, q ↔ −q.

Thus, comparing the two forms of the six-band strain Hamiltonian allows us to
relate the two sets of deformation potentials. For example
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p′ = 1

2
(l + m)(εxx + εyy) + mεzz

= p + q = aTrε + b(εzz − 1

2
εxx − 1

2
εyy),

=> l = a − 2b, m = a + b.

We, therefore, get the correspondence given in Table 7.1.

Table 7.1 Comparison of the a, b, d deformation potentials to the l, m, n set

l = a − 2b
m = a + b
n = −√

3d

7.3.4 Method of Invariants

We will now use the method of invariants to obtain the strain Hamiltonian. This
follows from the fact that the strain tensor is symmetric; hence, its transformation
properties are identical to {ki k j }. The extra terms can, therefore, be seen to mimick
the k · p terms. We illustrate using the cubic case.

7.3.4.1 LS Basis

Following Eq. (5.6), the three new terms, in L S basis, can be written as

εkl Dkl = a
∑

i

εi i + 3b
∑

i

εi i (I 2
i − 1

3
I 2) + 2d

√
3
∑
i< j

εi j {Ii I j }, (7.21)

where

{Ii I j } = 1

2
(Ii I j + I j Ii ).

There is an overall sign difference compared to, e.g., Pollak [125]. Hence, the full
Hamiltonian is

H (k, ε) = E0 + 1

3
Δ0I · σ + Ak2 + a

∑
i

εi i + 3
∑

i

(Bk2
i + bεi i )(I 2

i − 1

3
I 2)

+2
√

3
∑
i< j

(Dki k j + dεi j ){Ii I j }. (7.22)

In analogy to the relationships in Eq. (5.7), comparing Eq. (7.13) with Eq. (7.22)
gives the same results as in Table 7.1.
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The above has neglected strain-dependent spin-orbit terms. The latter can be
written down just like Eq. (7.21) [125]:

H (2)
ε = −a2(I ·σ )

∑
i

εi i −3b2

∑
i

εi i (Iiσi − 1

3
I ·σ )−2d2

√
3
∑
i< j

εi j {Ii I j }. (7.23)

7.3.4.2 JMJ Basis

Similarly, in the J MJ basis, we have

H 3
2
(k, ε) = Ak2+a

∑
i

εi i +
∑

i

(Bk2
i +bεi i )(J 2

i − 1

3
J 2)+ 2√

3

∑
i< j

(Dki k j +dεi j ){Ji J j },

(7.24)
and

Hso(k, ε) = −Δ0 + Ak2 + a
∑

i

εi i . (7.25)

In Yu and Cardona [16], the b and d terms have an extra factor of 3 in front. An
explicit form of the strain matrix can be written down, using the matrices given in
Chap. 5. Thus,

J 2
x,y − 1

3
J 2 =

⎛
⎜⎜⎜⎝

− 1
2 0 ±

√
3

2 0

0 1
2 0 ±

√
3

2

±
√

3
2 0 1

2 0

0 ±
√

3
2 0 − 1

2

⎞
⎟⎟⎟⎠, J 2

z − 1

3
J 2 =

⎛
⎜⎜⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

⎞
⎟⎟⎠, (7.26)

∑
i

εi i (J 2
i − 1

3
J 2)

=

⎛
⎜⎜⎜⎝

(εzz − εxx
2 − εyy

2 ) 0
√

3
2 (εxx − εyy) 0

0 ( εxx
2 + εyy

2 − εzz) 0
√

3
2 (εxx − εyy)√

3
2 (εxx − εyy) 0 ( εxx

2 + εyy

2 − εzz) 0

0
√

3
2 (εxx − εyy) 0 (εzz − εxx

2 − εyy

2 )

⎞
⎟⎟⎟⎠,

and, from Eq. (5.73),

∑
i< j

εi j {Ji J j } =
√

3

2

⎛
⎜⎜⎝

0 (εxz − iεyz) −iεxy 0
(εxz + iεyz) 0 0 −iεxy

iεxy 0 0 −(εxz − iεyz)
0 iεxy −(εxz + iεyz) 0

⎞
⎟⎟⎠.



176 7 Strain

Ta
bl

e
7.

2
Fo

ur
-b

an
d

st
ra

in
H

am
ilt

on
ia

n

H
ε

=

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝aT
rε

+
b(

ε
zz

−
1 2
ε

x
x
−

1 2
ε

yy
)

d
(ε

x
z
−

iε
yz

)
b

√ 3 2
(ε

x
x
−

ε
yy

)−
d

iε
x

y
0

d
(ε

x
z
+

iε
yz

)
aT

rε
−

b(
ε

zz
−

1 2
ε

x
x
−

1 2
ε

yy
)

0
b

√ 3 2
(ε

x
x
−

ε
yy

)−
d

iε
x

y

b
√ 3 2

(ε
x

x
−

ε
yy

)+
d

iε
x

y
0

aT
rε

−
b(

ε
zz

−
1 2
ε

x
x
−

1 2
ε

yy
)

−d
(ε

x
z
−

iε
yz

)

0
b

√ 3 2
(ε

x
x
−

ε
yy

)+
d

iε
x

y
−d

(ε
x

z
+

iε
yz

)
aT

rε
+

b(
ε

zz
−

1 2
ε

x
x
−

1 2
ε

yy
)⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠.
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Therefore, the four-band strain Hamiltonian is as given in Table 7.2. Note, however,
that there are a couple of sign differences compared to the previously obtained form
in Eq. (7.19). For example, they can be made the same by changing the sign of the
| 3

2 − 3
2 〉 state.

7.4 Strained Energies

If one assumes the bands to be decoupled, then one can write, from Table 7.2, the
band edges as

Ehh(ε) = Ehh(0) + avTrε + b(εzz − 1

2
εxx − 1

2
εyy), (7.27)

Elh(ε) = Elh(0) + avTrε − b(εzz − 1

2
εxx − 1

2
εyy).

Otherwise, one can separately look at the solutions to the four-band and six-band
models.

7.4.1 Four-Band Model

One can obtain the exact eigenvalues to the four-band problem in the presence of
strain. One still has Eq. (5.52), with Eq. (5.53) modified to

αi i = Bk2
i + bεi i , αi j = Dki k j + dεi j (i 	= j). (7.28)

Then the solution is similar to previously obtained with

E1,2(k) = Ak2 + a
∑

i

εi i ± (Rk + Rε + Rkε)1/2 , (7.29)

where

Rk = B2k4 + (D2 − 3B2)(k2
yk2

z + k2
z k2

x + k2
x k2

y), (7.30)

Rε = b2

2

[
(εyy − εzz)2+(εzz − εxx )2 + (εxx − εyy)2

]+d2(ε2
yz + ε2

zx + ε2
xy), (7.31)

Rkε = −Bbk2(εxx + εyy + εzz) + 3bB(k2
xεxx + k2

yεyy + k2
z εzz)

+2Dd(kykzεyz + kzkxεzx + kx kyεxy). (7.32)

At k = 0,
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E1,2(Γ ) = a
∑

i

εi i (7.33)

±
{

b2

2

[(
εyy − εzz

)2 + (εzz − εxx )2 + (
εxx − εyy

)2
]

+ d2
(
ε2

yz + ε2
zx + ε2

xy

)}1/2

.

Thus, exact solutions can be obtained at k = 0 under various strains that can be
realized experimentally.

7.4.1.1 Hydrostatic Pressure

The strain tensor is diagonal and isotropic. Writing

∑
i

εi i = Trε,

we find that the valence-band top shifts under hydrostatic pressure by

ΔEν = aνTrε. (7.34)

There is a corresponding shift of the conduction band given by

ΔEc = acTrε. (7.35)

7.4.1.2 [001] Strain

Again the strain tensor is diagonal; now, εxx = εyy 	= εzz . Then, Eq. (7.33) becomes

E1,2(Γ ) = a
∑

i

εi i ± bεzz, (7.36)

and the hh and lh splits by

ΔE = 2|bεzz|. (7.37)

7.4.1.3 [111] Strain

One can write the strain tensor as

εi j = ε′
111

3
(1 − δi j ), (7.38)

and the hh and lh splits by

ΔE = 2

3
|dε′

111|. (7.39)
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7.4.2 Six-Band Model

There are a few well-known results within the six-band model [125, 126]. Using
Eq. (7.19), consider a uniaxial stress σ in the [001] direction. Then, s = r = 0 and
the strain Hamiltonian block-diagonalizes. For example, one 3 × 3 strain block is

⎛
⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 1
2

1
2

〉
p + q 0 0

0 p − q
√

2q

0
√

2q p

⎞
⎟⎟⎟⎟⎟⎠
, (7.40)

where

p = aTrε, (7.41)

q = b(εzz − εxx ). (7.42)

It can be seen that the hh state is decoupled.

7.4.3 Deformation Potentials

In general, one can define deformation potentials at each wave-vector point.

7.4.3.1 k = 0

Now that we understand the role of the deformation potentials, we study them in
more detail. The standard values for the deformation potentials are such that: ac <

0, aν > 0, b < 0, d < 0. Examples are given in Table 7.3.

Table 7.3 Elasticity and strain parameters for a few bulk cubic semiconductors [127]

C11 (kbar) C12 (kbar) C44 (kbar) ac (eV) av (eV) b (eV) d (eV)

GaAs 1181 532 595 −7.17 1.16 −1.7 −4.55

GaSb 883.4 402.3 432.2 −6.85 0.8 −1.8 −4.6

InAs 832.9 452.6 395.9 −5.08 1.00 −1.8 −3.6

Sign of av agrees with Yu and Cardona [16] but opposite to that chosen by Marzin et al. [128].

A comparison of the various deformation potentials is given in Table 7.4.
For completeness, it is worth mentioning the very detailed and insightful study

of deformation potentials by Blacha, Presting and Cardona [129], using pseudopo-
tential and tight-binding theory.
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Table 7.4 Notations for deformation potentials

k = 0
Bir-Pikus [1] Kleiner-Roth [117] Kane [119] Trebin et al. [81]

ac C1

a 1
3 (l + 2m) Dv

d
1√
3

D1
1 Dv

d

b 1
3 (m − l) − 2

3 Du
1√
3

D3 − 2
3 Du

d − 1√
3
n − 2√

3
Du′ 1√

2
D5 − 2√

3
Du′

C2

C4

C ′
5

k 	= 0
Brooks [115] Herring-Vogt [116] Kane [119]

E1 Ξd + 1
3 Ξu

1√
3

D1
1

E2 Ξu

√
2
3 D3

1 k along 〈001〉
E3

1
2 Ξu

√
3

2 D5
1 k along 〈111〉

7.4.3.2 k �= 0

A number of authors have also studied the deformation potentials at finite wave
vector, particularly at band extrema and critical points [115, 116, 119]. In this case,
a uniaxial stress can lead to either a reduction of the degeneracy of energy bands due
to a lowering of the crystal symmetry or to a coupling between neighboring bands.
For example, the energy change of a band extrema (shift and degeneracy splitting)
is given by [125]

ΔE = n̂ ·
[
E1Trε + E2(ε − 1

3
Trε1)

]
· n̂, (7.43)

where n̂ is a unit vector in the direction of the band extremum, and E1 (E2) is the
hydrostatic (shear) deformation potential. A comparison to other notations is given
in Table 7.4. A more extensive discussion of the deformation potentials can be found
in the review article by Pollak [125].

7.5 Eight-Band Model for Zincblende

There are some additional effects that occur for strain in an eight-band model. This
problem has been studied by, e.g., Trebin et al. [81] using the method of invariant
in a paper in 1979. A perturbative solution was given by Pollak in his review arti-
cle [125]. We believe it is more instructive to present the perturbative treatment first,
followed by the method of invariant.
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7.5.1 Perturbation Theory

The Hamiltonian given by Pollak is in terms of a J MJ basis that differs in phase
from ours but agrees with the one used by Kane (Table C.2). We give the complete
Hamiltonian (including the unstrained terms) in Table 7.5.

The matrix elements are defined as follows:

H11 = (1 + D′
c)

�
2k2

2m0
+ acTrε,

H13 = �

2
√

m0
iPk+,

H14 = �√
3m0

iPkz,

H33 =
[

A′k2 − B ′

2

(
2k2

z − k2
x − k2

y

) �
2

2m0
− (a1 + a2)Trε − (b1 + 2b2)

2

(
2εzz − εxx − εyy

)
,

H34 = −
[

1√
3

N ′k−kz

]
�

2

2m0
+ (d1 + d2)

(
εxz − εyz

)
,

H35 = −
[√

3

2
B ′ (k2

x − k2
y

) + 1√
3

N ′kx kz

]
�

2

2m0
−

√
3(b1 + 2b2)

2

(
εxx − εyy

)

+i(d1 + 2d2)εxy, (7.44)

H37 = 1√
6

N ′k−kz
�

2

2m0
− (d1 − d2)(εxz − iεyz),

Table 7.5 Eight-band zincblende strained Hamiltonian [125]

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|S ↑〉 |S ↓〉 ∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣ 3
2 − 3

2

〉 ∣∣ 1
2

1
2

〉 ∣∣ 1
2 − 1

2

〉

E0 + H11 0 H13 H14
1√
3

H∗
13 0 1√

2
H∗

14 −
√

2
3 H∗

13

0 E0 + H11 0 1√
3

H13 H14 H∗
13

√
2
3 H13

1√
2

H14

H∗
13 0 H33 H34 H35 0 H37 H38

H∗
14

1√
3

H∗
13 H∗

34 H44 0 H35 H47 H48

1√
3

H13 H∗
14 H∗

35 0 H44 H34 H48 −H47

0 H13 0 H∗
35 H∗

34 H33 −H∗
38 H37

1√
2

H14

√
2
3 H∗

13 H∗
37 H∗

47 H∗
48 −H38 −Δ0 + H77 0

−
√

2
3 H13

1√
2

H∗
14 H∗

38 H∗
48 −H∗

47 H∗
37 0 −Δ0 + H77

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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H38 =
[√

3

2
B ′ (k2

x − k2
y

) + 1√
3

N ′kx kz

]
�

2

2m0
+
√

3

2
(b1 − b2)(εxx − εyy)

+i
√

2(d1 − d2)εxy,

H44 =
[

A′k2 + B ′

2

(
2k2

z − k2
x − k2

y

) �
2

2m0
− (a1 + a2)Trε + (b1 − b2)

2
(2εzz − εxx − εyy),

H47 = B ′
√

2

(
2k2

z − k2
x − k2

y

) �
2

2m0
− (b1 − b2)√

2
(2εzz − εxx − εyy),

H48 = − 1√
2

N ′k−kz
�

2

2m0
+
√

3

2
(d1 − d2)(εxz − iεyz),

H77 = A′
so

�
2k2

2m0
− (a1 − 2a2)Trε,

with

P = −i
√

2m0〈s|px |x〉,

D′
c = 2

m0

∑
j

|〈s|px |u j 〉|2
(Ec − E j )

, (7.45)

A′
so = 1

3
(L ′

so + 2M ′
so) + 1.

7.5.2 Method of Invariants

We had already discussed the eight-band model of Trebin et al. in the absence of
strain in Chap. 5. In Table 7.6, we give the additional linear-in-strain contributions.

Table 7.6 Strain contributions to the eight-band model for zincblende

H 6c 6c
ε = C1Trε

H 8v 8v
ε = Dd Trε + 2

3
Du

[(
J 2

z − 1

3
J 2

)
εxx + c.p.

]
+ 2

3
D′

u

[
2{Jx Jy}εxy + c.p.

]

H 8v 8v
εk = [

C4(εyy − εzz)kx + C ′
5(εxyky − εxzkz)

]
Jx + c.p.

H 7v 7v
ε = Dd Trε

H 6c 8v
ε =

√
3[iC2(Txεyz + c.p.) − 2P(Tx

∑
i

εxi ki + c.p.)]

H 6c 7v
ε = − 1√

3

[
iC2(ρxεyz + c.p.) − 2P(σx

∑
i

εxi ki + c.p.)

]

H 8v 7v
ε = 2Du(Uxxεxx + c.p.) + 2D′

u(Uxyεxy + c.p.)

H 8v 7v
εk = 3

2

[
C4(εyy − εzz)kx + C ′

5(εxyky − εxzkz)
]

Ux + c.p.

Adapted with permission from [21]. c© 2003 Springer Verlag
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Note that this is actually the result quoted in the book by Winkler [21] as the latter
has the linear-in-k coupling missing in Trebin et al.

Comparing Table 7.5 with Table 7.6, we find, e.g., that

ac = C1, (7.46)

a1 + a2 = Dd . (7.47)

The Pollak model does not have terms linear in k and ε. These are present both
within the valence band, e.g., via the parameters C4 and C ′

5, and they also couple
the conduction band to the valence band.

7.6 Wurtzite

Historically, the method of invariants was used first to obtain the strain Hamiltonian
but we will start with the expressions from perturbation theory.

7.6.1 Perturbation Theory

From Eq. (3.71), the strain Hamiltonian in X, Y, Z basis is given by

Hε =

⎛
⎜⎜⎜⎜⎝

|X〉 |Y 〉 |Z〉
l1εxx + m1εyy + m2εzz n1εxy n2εxz

n1εxy m1εxx + l1εyy + m2εzz n2εyz

n2εxz n2εyz m3(εxx + εyy) + l2εzz

⎞
⎟⎟⎟⎟⎠.

(7.48)

It is straightforward to convert to the u-basis (Table C.9). For example,

〈u1|Hε|u1〉 = 1

2
〈X + iY |Hε|X + iY 〉

= 1

2
(〈X |Hε|X〉+〈Y |Hε|Y 〉+i〈X |Hε|Y 〉−i〈Y |Hε|X〉)

= 1

2

[
(l1 + m1)(εxx + εyy) + 2m2εzz

]
, (7.49)

〈u2|Hε|u2〉 = 1

2
〈X − iY |Hε|X − iY 〉 = 〈u1|Hε|u1〉, (7.50)

〈u3|Hε|u3〉 = 〈Z |Hε|Z〉 = m3(εxx + εyy) + l2εzz, (7.51)

〈u1|Hε|u2〉 = −1

2
〈X + iY |Hε|X − iY 〉 = −1

2
(〈X |Hε|X〉 − 〈Y |Hε|Y 〉 − 2i〈X |Hε|Y 〉)

= 1

2
(l1 − m1)(εyy − εxx ) + in1εxy, (7.52)
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Table 7.7 Strain Hamiltonian in ui basis

Hε =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u1〉 |u2〉 |u3〉 |u4〉 |u5〉 |u6〉
u11 u12 u13 0 0 0

u∗
12 u11 −u∗

13 0 0 0

u∗
13 −u13 u33 0 0 0

0 0 0 u11 u∗
12 −u∗

13

0 0 0 u12 u11 u13

0 0 0 −u13 u∗
13 u33

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

with

u11 = 1

2

[
(l1 + m1)(εxx + εyy) + 2m2εzz

]
,

u33 = m3(εxx + εyy) + l2εzz,

u12 = 1

2
(l1 − m1)(εyy − εxx ) + in1εxy,

u13 = − n2√
2

(εxz − iεyz).

The result is given in Table 7.7.

7.6.2 Method of Invariants

Strain contributions to the Hamiltonians of Sect. 5.9 are now considered.

7.6.2.1 RSP Hamiltonian

Bir and Pikus [1] gave the following contributions:

HRS P (ε) = (D1 + D3 J 2
z )εzz + (D2 + D4 J 2

z )ε⊥ − D5(J 2
+ε− + J 2

−ε+)

−2iD6({Jz J+}ε−z − {Jz J−}ε+z),

where {AB} = (AB + B A)/2 and

ε⊥ = εxx + εyy,

ε±z = εxz ± iεyz, (7.53)

ε± = εxx + εyy ± 2iεxy,

and Table 5.17 for the other quantities. There are, therefore, six deformation poten-
tials for the valence band of wurtzite within this model (Table 7.8).
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7.6.2.2 SJKLS Hamiltonian

Sirenko and coworkers [43] gave

HSJKLS(ε) = C1εzz + C3ε⊥ + C2εzz + C4ε⊥

−C5(J 2
+ε− + J 2

−ε+) − 2C6({Jz J+}ε−z + {Jz J−}ε+z). (7.54)

7.6.2.3 CC Hamiltonian

Finally, the third form is the one by Chuang and Chang [46].

HCC(ε) = (D1 + D3 J 2
z )εzz + (D2 + D4 J 2

z )ε⊥ − D5(J 2
+ε− + J 2

−ε+)

−2D6({Jz J+}ε−z + {Jz J−}ε+z). (7.55)

Comparison of the different constants is given in Table 5.21.

Table 7.8 Comparison of deformation potentials for six-band Hamiltonian for wurtzite

CC96 [46] BP75 [1] SJKLS [43]

D1 D1 −C1

D2 D2 −C3

D3 D3 −C2

D4 D4 −C4

D5 −D5 C5

D6 −D6 C6

Table 7.9 Deformation potentials and elasticity constants for wurtzite

ZnOGaN AlN

[57] [57] [53] [130]

ac (eV) −6.05
D1 (eV) −3.0 −3.0 −2.66 −3.90
D2 (eV) 3.6 3.6 2.82 −4.13
D3 (eV) 8.82 9.6 −1.34 −1.15
D4 (eV) −4.41 −4.8 1.00 1.22
D5 (eV) −4.0 −4.0 1.53
D6 (eV) −5.1 −5.1 2.83
C11 (GPa) 209.7
C13 (GPa) 121.1
C13 (GPa) 105.1 105.1
C33 (GPa) 210.9 210.9
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7.6.3 Examples

Example deformation potentials are given in Table 7.9 and band structures are
shown in Fig. 7.1. The calculations were done using the model of Chuang and
Chang. As can be seen, there is no further splitting of the valence band for WZ
(as could have happened for ZB) but there is observable change in the energy gaps
and dispersions. Since this model ignores the A7 parameter, there is no spin splitting
either.

Fig. 7.1 GaN valence-band structure. Reprinted with permission from [46]. c© 1996 by the
American Physical society

7.7 Summary

The strain Hamiltonian has been written down for various cubic and hexagonal
Hamiltonians. This follows again either from a perturbative treatment or an invariant
one. Due to the formal similarity between the strain tensor and the symmetrized
product ki k j , the strain Hamiltonian can be automatically written down once the
quadratic k · p Hamiltonian is formed. For example, the strain Hamiltonian for the
DKK Hamiltonian has three deformation potentials.



Chapter 1
Introduction

1.1 What Is k · p Theory?

Bir and Pikus [1] made the interesting observation, since the physics of semicon-
ductors is (for the most part) governed by the carriers in the extrema of the various
energy bands, that: first, only the neighborhoods of the band extrema are important
and, second, the qualitative physics should be governed by the shape of these energy
surfaces – a property that should be readily obtainable from symmetry arguments.
The first observation has led to the common view of k · p theory as a perturbative
theory as explified by the seminal work of Dresselhaus et al. [2] and Kane [3], while
the second one has manifested itself through the power of symmetry analysis such
as the method of invariants introduced by Luttinger [4].

The fact that one can go beyond the neighborhood of band extrema (by not using
perturbation theory) was already demonstrated by Cardona and Pollak in 1966 [5],
when they obtained realistic band structures for Si and Ge using a full-zone k · p
theory. Thus, k · p theory is an empirical band-structure method with a basis of
band states. This definition can be extended to nonperiodic systems such as impuri-
ties [6] and nanostructures [7] by replacing the Bloch phase factor by an envelope
function.

1.2 Electronic Properties of Semiconductors

The subtitle of the book is the electronic properties of semiconductors. Specifically,
we will show how the k · p method can be used to obtain the band structure of
four types of semiconductors: those with a diamond, a zincblende, and a wurtzite
structure, and of their nanostructures (Fig. 1.1). For those not familiar with their
band structures, we hereby present a very brief description.

Diamond and zincblende are closely related and they will, therefore, be discussed
together. They both have cubic symmetry with two atoms per primitive unit cell
(see Appendix B for details). They are mostly the group-IV elements such as Si, the
III-V compounds such as GaAs, and a few II-VI compounds such as CdTe. Most
of them are direct-gap semiconductors, though some are indirect (e.g., Si and GaP)

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 1, C© Springer-Verlag Berlin Heidelberg 2009

1
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DM/ZB WZ

E

k k

E

Fig. 1.1 Band structures to be studied in this book: diamond (DM), zincblende (ZB), wurtzite
(WZ), and their nanostructures

and others are semimetallic (e.g., Sn [8] and HgTe [9] have a negative gap). For
the semiconductors, the band gap tends to separate a valence band derived from
atomic-like p orbitals and a conduction band derived from atomic-like s orbitals.
The maximum of the valence band is, for most materials, at the zone center of the
Brillouin zone (k = 0). In the absence of spin-orbit coupling and spin degeneracy,
the highest valence band is, therefore, three-fold degenerate while the lowest con-
duction band is nondegenerate. With spin-orbit coupling, the valence band consists
of a four-fold degenerate band at the zone center (though the degeneracy is reduced
for finite wave vectors into either two two-fold degenerate bands—so-called light
and heavy-hole bands—or further splittings into nondegenerate states due to the
phenomenon of spin splitting for zincblende) and a two-fold spin-hole split (also
known as spin-orbit split) band.

Wurtzite has a primitive unit cell with four atoms and is the stable structure for
many of the II-VI compounds (e.g., ZnO) and a few of the III-V compounds (e.g.,
GaN). A useful picture of the wurtzite structure is to envision it as a zincblende one
strained along the [111] direction. Hence, the band structure can also be derived
from the zincblende case by adding a crystal-field splitting. The main consequence
is that the six highest valence states of zincblende are mixed and split into three
three-fold degenerate states at the zone center.

The above band pictures and their modifications in external fields and in nanos-
tructures are what we will be describing in this book.
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1.3 Other Books

This book is about the k · p method and the resulting electronic structure of semicon-
ductor bulk and nanostructure. Our approach differs significantly from other recent
books and review articles where some exposition of the k · p theory has been given
but with the emphasis on the application to, e.g., modeling devices or interpret-
ing various types of experiments. While bits of k · p theory can be found in most
textbooks [7, 10–19], we now give a brief outline of some of the more advanced
presentations of the k · p theory and how they differ from ours.

First, the only books that place a heavy emphasis on developing the k · p theory
appear to be those by Bir and Pikus [1], Ivchenko and Pikus [20] and Winkler [21].
They are all very useful books in their own rights and would be worth consulting
together with the current one. For example, the book by Bir and Pikus [1] was a
milestone in that it finally provided the first compendium in English of the sem-
inal research by russian physicists in using symmetry to develop the k · p theory,
particularly in two areas not previously considered by Luttinger: the impact of defor-
mations and the study of hexagonal crystals. The book by Ivchenko and Pikus [20]
follows along the same lines but the focus is on applications to heterostructures and
their optical properties. Taken together, they cover a lot of the k · p theory and its
applications. However, the book by Bir and Pikus is a little bit dated while the one by
Ivchenko and Pikus only devotes a chapter to explaining k · p theory. Furthermore,
both books are currently out of print. The book by Winkler [21] is rather more
focused and is probably the most comprehensive exposition of the spin-splitting
theory. Zeiger and Pratt [12] give a very detailed discussion of the Luttinger–Kohn
theory, particularly as applied to the magnetic problem. A significant part of the
modern use of the k · p theory is applied to semiconductor heterostructures so it is
not surprising that the newer books focus on such applications [7, 14, 15, 17–22].

In many ways, the current book is a combination of all of the above work (and
of the work cited throughout, of course). Thus, we present a comprehensive and,
for that reason, both a historical and modern exposition of the k · p theory for both
bulk crystals and nanostructures, taking into account deformations, impurities, and
external static electric and magnetic fields. One can also use this book as an aid to
reading the original literature. Certainly, the book is aimed at people who wishes to
learn how to derive k · p Hamiltonians.



Chapter 8
Shallow Impurity States

8.1 Overview

An electron in a periodic (crystalline) potential is described by a Bloch function
When a nonperiodic potential is added to the problem (can be, e.g., an external elec-
tromagnetic field or an impurity atom or a heterojunction), translational symmetry
is lost, and the Hamiltonian is no longer diagonal in a basis of Bloch functions. The
question being posed is: how does one solve this new eigenvalue problem? This
problem was probably first considered by Wannier [131] and Adams [132].

In theory, one does not need to appeal to quantum-mechanical perturbation the-
ory. The Bloch functions form a complete set of orthonormal functions. Hence, one
could expand any wave function as a linear combination of the Bloch functions.
Schrödinger’s equation then becomes an exact matrix equation which can, in prin-
ciple, be diagonalized for the new solutions. In practice, the latter step is not fea-
sible due to the band and wave-vector coupling, unless certain approximations are
made.

One might wonder why use Bloch states as basis functions (so-called Bloch rep-
resentation). It might seem reasonable if one is doing perturbation theory since the
Bloch states are the unperturbed ones. However, there is already a simple obvi-
ous complication. The nonperiodic potential couples different k values (in addi-
tion to different bands). If the perturbation is such that large k Bloch functions
are coupled to small k Bloch functions, this implies the exact solution is far from
a Bloch basis. This is most clearly seen by Fourier transforming Schrödinger’s
equation. A sharply varying nonperiodic potential (e.g., a step function) will have
large k components. These will couple a given k state to a much different k′ state.
One can also understand the inadequacy of the Bloch function in real space. A
lot of delocalized, i.e., Bloch, states will be needed to describe a sharply varying
potential.

Such an expansion has been written down by, e.g., Kittel and Mitchell [133] for
the impurity problem:

ψ(r) =
∑

n′

∫
d3k Bn′ (k)ψn′k(r) =

∑
n′

∫
d3k Bn′ (k)eik·run′k(r), (8.1)

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 8, C© Springer-Verlag Berlin Heidelberg 2009
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and operators would be evaluated via the matrix elements

Onn′(k, k′) ≡ 〈
nk|Ô|n′k′〉 =

∫
d3r ψ∗

nk(r)O(r)ψn′k′(r). (8.2)

Another example of the inadequacy of the Bloch representation is in the definition of
the position operator. A number of authors have discussed that the latter is ill-defined
in a Bloch representation at a degeneracy point [134–136].

Since Eq. (8.1) is general, one can expect to be able to get other representations
by manipulating it. Indeed, the RHS can be shown to be exactly equivalent to [6]

ψ(r) =
∑

n′

∫
d3k An′ (k)eik·run′0(r). (8.3)

If we now view Eq. (8.3) as a special case of

ψ(r) =
∑

n′

∫
d3k An′ (k)eik·reik0·run′k0 (r)

≡
∑

n′

∫
d3k An′ (k)χn′k(r), (8.4)

and define matrix elements as

Onn′(k, k′) ≡ (nk|Ô|n′k′) =
∫

d3r χ∗
nk(r)O(r)χn′k′(r), (8.5)

we have what is known as the Luttinger–Kohn (LK) representation. LK had shown
that the χnk form a complete set of orthonormal states. This is, of course, the basis
used by LK in treating an impurity center and an external homogeneous magnetic
field. A second basis set for representing operators is in terms of Wannier functions.
This was used by Slater et al. [137].

8.2 Kittel–Mitchell Theory

Kittel and Mitchell [133] attempted to explain the data in Table 8.1. They consid-
ered what happens to the Wannier effective-mass Hamiltonian given the multiplicity
of conduction-band energy minima and degeneracy of valence bands. Kittel and
Mitchell (KM) compared the Fourier transform (i.e., plane-wave expansion) of the
Wannier equation with the exact Hamiltonian in a Bloch function representation.
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Table 8.1 Experimental
ionization energies of
substitutional
impurities [133]

Binding energies (eV)

Host Acceptor Donor

Si 0.05 0.04
Ge 0.01 0.01

8.2.1 Exact Theory

The Schrödinger equation for the impurity problem is

(H0 + U )ψ = Eψ, (8.6)

where U (r) is the additional potential due to the defect. One can expand the impurity
wave function in terms of the Bloch functions of the perfect crystal:

ψ =
∑
nk

ankψnk. (8.7)

The energy of the impurity state is

E =
∫

d3r ψ∗(H0 + U (r))ψ =
∑
nk

En(k)|ank|2 +
∑

nkn′k′
a∗

nkan′k′ 〈nk|U (r)|n′k′〉.
(8.8)

If we now expand the impurity potential in a Fourier series,

U (r) =
∑

K

bKeiK·r, (8.9)

then

〈nk|U |n′k′〉 =
∑

K

bK

∫
d3r ψ∗

nk(r)eiK·rψn′k′(r)

=
∑

K

bK

∫
d3r u∗

nk(r)un′k′(r)ei(k′+K−k)·r.
(8.10)

We will now prove via two separate methods that the integral is zero unless
k′ + K = k. First, since the cellular functions are periodic,

u∗
nk(r)un′k′(r) =

∑
G

ck,k′
nn′ (G)eiG·r, (8.11)

with G a reciprocal lattice vector and Eq. (8.10) becomes

〈nk|U (r)|n′k′〉 =
∑
K,G

bKck,k′
nn′ (G)

∫
d3r ei(k′+K−k+G)·r. (8.12)
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Using (with V the crystal volume)

∫
d3r ei(k′+K−k+G)·r = V δk′+K−k+G, (8.13)

∫
d3r u∗

nk(r)un′k′(r)e−iG·r =
∑
G′

ck,k′
nn′ (G′)

∫
d3r ei(G′−G)·r = V ck,k′

nn′ (G). (8.14)

Equation (8.12) becomes

〈nk|U (r)|n′k′〉 = 1

V

∑
K

bKck,k′
nn′ (k′ + K − k), (8.15)

and

ck,k′
nn′ (G) = 1

V

∫
d3r u∗

nk(r)un′k′(r)e−iG·r. (8.16)

Now, if u∗
nk(r)un′k′(r) is smooth, the dominant term in its Fourier expansion has

G = 0. Therefore, k = k′ + K.
For the second method, consider

∫
d3r u∗

nk(r)un′k′(r)ei(k′+K−k)·r =
∫

d3r u∗
nk(r − R)un′k′(r − R)ei(k′+K−k)·r

= ei(k′+K−k)·R
∫

d3r u∗
nk(r)un′k′(r)ei(k′+K−k)·r.

Since the latter must be valid ∀ R, we have k = k′ + K.
Hence, Eq. (8.10) is written as

〈nk|U (r)|n′k′〉 =
∑

K

bK

∫
d3r u∗

nk(r)un′k′(r) ≡
∑

K

bKΔn′n
k′,k′+K, (8.17)

where

Δn′n
k′,k′+K ≡

∫
d3r u∗

nk′+K(r)un′k′(r), (8.18)

and Eq. (8.8) becomes

E =
∑
nk

En(k)|ank|2 +
∑

nkn′k′

∑
K

a∗
nkan′k′bKΔn′n

k′,k′+K. (8.19)

Equation (8.19) is exact. As for the bulk problem, one can now apply a variational
principle to obtain a secular equation. The difficulty lies in the determination of
Δn′n

k′,k′+K. One can circumvent it for a smooth impurity potential. When that is the
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case, the Fourier expansion of the latter will only involve wave vectors K ≈ 0. With
this approximation,

Δn′n
k′,k′ ≡

∫
d3r u∗

nk′ (r)un′k′(r) = δnn′ ,

and Eq. (8.19) becomes

E =
∑

n

[∑
k

En(k)|ank|2 +
∑
kK

a∗
nk+KankbK

]
. (8.20)

Note that, in the latter equation, there is no coupling of different band states. Finally,
we need to show that the latter is the Wannier equation.

8.2.2 Wannier Equation

The Wannier theorem states that, for a perturbed problem, one can replace the band
electron by a free electron and the free Hamiltonian H0 by E(−i∇). The Wannier
equation for the wave function is then

[En(−i∇) + U (r)] φn = Eφn. (8.21)

To relate Eq. (8.21) to Eq. (8.20), we expand φn in a plane-wave expansion:

φn = 1√
V

∑
k

ankeik·r. (8.22)

Plugging into Eq. (8.21),

∑
k

ankeik·r [En(k) + U (r)] = E
∑

k

ankeik·r,

or

E =
∫

d3r φ∗
n [En(−i∇) + U (r)] φn

=
∑
k,k′

a∗
nkank′ En(k′)

∫
d3r
V

ei(k−k′)·r +
∑
k,k′

a∗
nkank′

∫
d3r
V

U (r)ei(k−k′)·r

=
∑

k

|ank|2 En(k) +
∑
kK

a∗
nk+KankbK, (8.23)
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since, from Eq. (8.9),

∫
d3r U (r)e−iG·r =

∑
K

bKei(K−G)·r = V bG.

Therefore, Eq. (8.23) corresponds to a one-band version of Eq. (8.20). The theory is
now applied to donor and acceptor states.

8.2.3 Donor States

We next examine the applicability of the Wannier equation to multiply degenerate
valleys of conduction bands.

8.2.3.1 Single-Valley Approximation

If both k and K lie within the same valley, one can treat each spheroid separately.
Given that, one still has to investigate the convergence of the sums

∑
kK

a∗
nk+KankbK.

Following KM, we now provide an order of magnitude. Since the problem is hydro-
genic, take

φ = e−r/R0 (8.24)

as the ground-state function. Then,

ak =
∫

d3r φe−ik·r = 2π

∫ ∞

0
dr r2e−r/R0

∫ 1

−1
dxe−ikr x = 2π

k

∫ ∞

0
dr re−r/R0 sin kr

= 2π

ik

∫ ∞

0
dr r

[
e

r
(
− 1

R0
+ik

)
− e

r
(

1
R0

−ik
)]

= 4πR3
0

(1 + k2 R2
0)2

. (8.25)

For U (r) ∼ 1/r ,

bk = 1

V

∫
d3r U (r)e−iK·r = 1

2ε0V

∫ ∞

0
dr r

∫ 1

−1
dxe−iKr x = 1

ε0V K 2
, (8.26)

∑
kK

a∗
nk+KankbK ≈

∑
k

|ank|2
∫

dK K 2bK ≈ 1(
1 + k2 R2

0

)4 . (8.27)

Thus, the sum converges fast for k R0 > 1. Example: R0 ∼ 50a0, k ∼ 2π/a, then
k R0 ∼ 250a0/a ∼ 25. Hence, one can solve around one minimum.
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8.2.3.2 Band-Decoupling Approximation

Now examine

Δn′n
k,k+K ≈ δn′n.

Since K is assumed small, one can find uk+K by nondegenerate perturbation
theory:

|i〉 = |i〉0 +
′∑
k

|k〉00〈k|H ′|i〉0

E0
i − E0

k

.

Here

H ′ = �

m0
K · p = − i�2

m0
K · ∇.

Thus

unk+K = unk − i�2

m0

∑
n′

K · ∫ d3r u∗
n′k∇unk

En(k) − En′ (k)
un′k + O(K 2). (8.28)

As is well known, the state normalization is accurate to order 1 + O(K 2), i.e.,

Δn′n
k,k+K = 1 + O(K 2).

Now

Δn′n
k,k+K =

∫
d3r u∗

n′k+Kunk

= δn′n + i�2

m0

∑
n′′

K · ∫ d3r u∗
n′′k∇un′k

En′ (k) − En′′ (k)

∫
d3r′ u∗

n′′k(r′)unk(r′) + O(K 2)

= δn′n + i�2

m0

K · ∫ d3r u∗
nk∇un′k

En′(k) − En(k)
+ O(K 2)

= δn′n − �

m0

K · 〈unk|p|un′k〉
En′(k) − En(k)

+ O(K 2). (8.29)

In order to estimate the latter, we will appeal to the effective-mass tensor to get rid
of the momentum matrix elements. Thus,

En(k + K) = En(k) + �
2 K 2

2m0
+
〈
unk

∣∣∣∣ �

m0
K · p

∣∣∣∣ unk

〉
+
∑

n′

∣∣∣ �

m0
K · 〈unk|p|un′k〉

∣∣∣2
En(k) − En′ (k)

≡ En(k) + �
2

2
Ki

(
1

m∗

)
i j

K j ,
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=⇒
(

1

m∗

)
i j

= 1

m0
δi j + 2

m2
0

∑
n′

〈unk|pi |un′k〉〈un′k|p j |unk〉
En(k) − En′ (k)

.

Along the principal directions of the spheroid, the effective-mass tensor is diago-
nal. Choosing one of the two possible directions and also restricting to a two-band
model, one finds

1

m∗ ≈ 2�
2

m2
0

∣∣∫ d3r u∗
l ′k∇ulk

∣∣2
El(k) − El ′(k)

≈ 2�
2

K 2
[El(k) − El ′(k)]

∣∣∣Δl ′l
k+K, k

∣∣∣2

if 1/m∗ >> 1/m0. Then,

Δn′n
k+K,k ≈

[
�

2 K 2/2m∗

En(k) − En′(k)

]1/2

. (8.30)

Note that K follows from Fourier transforming the perturbation. Thus, the effective
scale is K ∼ 1/R0, where R0 is the donor radius. Therefore,

Δn′n
k+K,k ≈

[
impurity ionization energy

band gap

]1/2

≈ [
impurity ionization energy

]1/2

if the band gap is around 1 eV.

8.2.3.3 Eigenvalue Problem

Finally, for a spheroidal valley, the perfect crystal has the following dispersion rela-
tion:

E(Δ k) = �
2

[
(Δk||)2

2m1
+ (Δk⊥)2

2m2

]
, (8.31)

where Δk = k − ki and ki is the location of one of the equivalent minima. One is,
therefore, solving the eigenvalue equation

− �
2

2m0

[
1

α1

∂2

∂x2
+ 1

α2

(
∂2

∂y2
+ ∂2

∂z2

)]
φ + q

4πεr
φ = Eφ, (8.32)

where m∗
i = αi m0 and ε is the static dielectric constant. This equation is not separa-

ble for α1 	= α2. It is common to use the variational method to estimate the binding
energies. KM [133] used

φ =
[

ab2

πr3
0

]1/2

e−[a2x2+b2(y2+z2)]1/2
/r0 , (8.33)
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Table 8.2 Ionization energies
of donors [133]

Si Ge

P 0.039 0.0120
As 0.049 0.0127
Sb 0.039 0.0096
Theory 0.030 0.0090

where r0 = 4πε�
2/me2. KM reported the data in Table 8.2.

8.2.4 Acceptor States

We treat here the case when the energy band minimum is degenerate. It will be
found that the simple Wannier equation gets replaced by a set of coupled differential
equations. Recall that the unperturbed Hamiltonian itself, e.g., the DKK one, is not
diagonal; nor will the impurity perturbation be. Hence, the process is, in effect, one
of simultaneously diagonalizing both terms.

Define n orthogonal states φi
0 degenerate at k = 0. To first order in perturbation

theory, one obtains a new set of functions

φnk =
[
φn0 − i�2

m0

∑
l

k · ∫ d3r ψ∗
l0∇φn0

En(0) − El(0)
ψl0

]
eik·r. (8.34)

The sum over l does not contain the degenerate states since the matrix elements
among themselves are zero. φ

j
k is an eigenstate of the translational operator but not

of the unperturbed Hamiltonian. The φ’s are then known as pseudo-Bloch functions.
Nevertheless, they are appropriate for expanding the perturbed problem:

ψ =
∑

n

ankφnk. (8.35)

As before, if

(H0 + U (r))ψ = Eψ,

then

〈φnk|H0 + U (r)|ψ〉 = Eank =
∑
n′k′

an′k′ 〈φnk|H0|φn′k′ 〉 +
∑
n′k′

an′k′ 〈φnk|U (r)|φn′k′ 〉.
(8.36)

Also
U (r) =

∑
K

bKeiK·r,
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and

〈φ j
k |U (r)|φi

k′ 〉 = bKΔ
j i
k,k−K. (8.37)

Using the same procedure as previously leads to the secular equation

∑
n′

an′k Hnn′ (k) + ank−KbK, (8.38)

where

Hnn′ (k) = 〈φnk|H0|φn′k〉. (8.39)

Thus, the corresponding Wannier equation is

∑
n′

Hnn′ (−i∇)Un′ (r) = EUn(r). (8.40)

Kohn and Schechter [138] used a trial function of the form

ae−r/r1

⎛
⎜⎜⎝

1
0
0
0

⎞
⎟⎟⎠ + ber/r2

⎛
⎜⎜⎝

z2 − 1
2 (x2 + y2)

0

− (
3
2

)1/2
(x2 − y2)
0

⎞
⎟⎟⎠ + ice−r/r2

⎛
⎜⎜⎝

0
(x + iy)z

xy
0

⎞
⎟⎟⎠ , (8.41)

and the variational method for Ge and got 0.089 eV for the ionization energy. A
very interesting recent calculation of acceptor levels in diamond resolved a long-
standing problem with respect to the measurement of the spin-orbit energy and
the difference between the spin-splitting of the band states and of the acceptor
levels [139].

8.3 Luttinger–Kohn Theory

The problem discussed in the previous section is now treated using the canonical
transformation technique of Luttinger and Kohn [6]. The goal of Luttinger and
Kohn (LK) was also to generalize the Wannier equation for a single charge in
a perturbed periodic field. They developed a more systematic theory than KM.
They considered band structures with increasing level of complexity: simple band
with minimum at k = 0, simple band with minimum not at k = 0, degenerate
bands, and finally degenerate bands with spin-orbit coupling. We adopt the same
presentation.
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8.3.1 Simple Bands

The impurity envelope-function equation will be derived followed by a simple
application.

8.3.1.1 Theory

The starting Schrödinger equation (without spin–orbit interaction) is again Eq. (8.6).
The wave vector k is no longer a good quantum number since translational sym-
metry is lost. As in the KM theory, we expand the solution in terms of all Bloch
functions:

ψ(r) =
∑

n

∫
d3kBn(k)ψnk(r) =

∑
n

∫
d3kBn(k)eik·runk(r)

=
∑

n

∫
d3kBn(k)eik·r ∑

n′
Ann′(k)un′0(r)

=
∑

n′

∫
d3k eik·run0(r)

∑
n

Bn(k)Ann′ (k)

≡
∑

n′

∫
d3kχn′k(r)An′(k), (8.42)

where
χnk ≡ eik·run0(r), (8.43)

An′ (k) ≡
∑

n

Bn(k)Ann′ (k). (8.44)

The state in Eq. (8.43) is the Luttinger–Kohn basis state. Indeed, this establishes that
the χnk’s form a complete set of states too. One would similarly expect them to be
orthonormal. This is now demonstrated. The proof is based upon the orthonormality
of the Bloch functions, Eq. (2.3). Similarly,

(nk|n′k′) ≡
∫

V
d3r χ∗

nkχn′k′ =
∫

V
d3r ei(k′−k)·ru∗

n0(r)un′0(r).

From periodicity, one can expand the product of cellular functions in a Fourier
series:

u∗
n0(r)un′0(r) =

∑
m

Bnn′
m e−iKm ·r. (8.45)

Then

(nk|n′k′) =
∑

m

Bnn′
m

∫
V

d3r ei(k′−k−Km )·r = (2π )3
∑

m

Bnn′
m δ(k′ − k − Km). (8.46)
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Since k, k′ ∈ FBZ, the delta function can only be satisfied if Km = 0 (write m = 0).
Then, Eq. (8.46) becomes

(nk|n′k′) = (2π )3 Bnn′
0 δ(k − k′). (8.47)

We now need to evaluate Bnn′
0 . From Eq. (8.45),

Bnn′
m = 1

Ω

∫
Ω

d3r eiKm ·ru∗
n0(r)un′0(r),

=⇒ Bnn′
0 = 1

Ω

∫
Ω

d3r u∗
n0(r)un′0(r). (8.48)

Further,

〈nk|n′k′〉 ≡
∫

V
d3r ψ∗

nkψn′k′ =
∫

V
d3r ei(k′−k)·ru∗

nk(r)un′k′(r).

Setting k′ = k and using Eq. (2.3),

δnn′δ(0) =
∫

V
d3r u∗

n0(r)un′0(r) = N
∫

Ω

d3r u∗
n0(r)un′0(r),

where N is the number of unit cells. Integrating over k,

δnn′

∫
d3k δ(0) = N

∫
d3k

∫
Ω

d3r u∗
n0(r)un′0(r),

or

δnn′ = N
(2π )3

V
〈un0|un′0〉Ω = (2π )3

Ω
〈un0|un′0〉Ω. (8.49)

This, together with Eq. (8.48), gives

Bnn′
0 = 1

(2π )3
δnn′ .

Therefore, Eq. (8.47) becomes

(nk|n′k′) = δnn′δ(k − k′). (8.50)

Equation (8.49) can be written down in a more useful form:

〈un0|un′0〉Ω ≡
∫

Ω

d3r u∗
n0(r)un′0(r) = Ω

(2π )3
δnn′ . (8.51)
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Also, from Eqs. (8.47) and (8.48),

(nk|n′k′) ≡
∫

V
d3r ei(k′−k)·ru∗

n0(r)un′0(r) = (2π )3

Ω

∫
Ω

d3r u∗
n0(r)un′0(r)δ(k − k′).

(8.52)

Indeed, the latter is trivially generalized to replacing the product of u’s by any
periodic function.

We are now ready to proceed with the derivation of the effective-mass equation.
Putting Eq. (8.42) into Eq. (8.6):

∑
n′

∫
d3k′

[
p2

2m0
+ V (r) + U (r)

]
χn′k′ = E

∑
n′

∫
d3k′ χn′k′ An′(k′),

and multiplying by
∫

V d3r χ∗
nk gives

∑
n′
∫

d3k′ An′ (k′)
∫

V d3r ei(k′−k)·ru∗
n0

[
(p + �k′)2

2m0
+ V (r) + U (r)

]
un′0

= E
∑

n′
∫

d3k′ An′(k′)
∫

V d3r ei(k′−k)·ru∗
n0un′0 = E An(k). (8.53)

Next

∑
n′

∫
d3k′ An′ (k′)

∫
d3r ei(k′−k)·ru∗

n0V (r)un′0 =
∑

n′
An′(k)

(2π )3

Ω

∫
Ω

d3r u∗
n0V (r)un′0,

∑
n′

∫
d3k′ An′ (k′)

∫
d3r ei(k′−k)·ru∗

n0(p + �k′)2un′0

=
∑

n′
An′(k)

(2π )3

Ω

∫
Ω

d3r u∗
n0(p + �k)2un′0

= An(k)�2k2 +
∑

n′
An′(k)

(2π )3

Ω

∫
Ω

d3r u∗
n0(p2 + 2�k · p)un′0,

giving

An(k)
�

2k2

2m0
+
∑

n′
An′ (k)

(2π )3

Ω

∫
Ω

d3r u∗
n0 [H0 + k · p] un′0

+
∑

n′

∫
d3k′ An′ (k′)

∫
V

d3r ei(k′−k)·ru∗
n0U (r)un′0 = E An(k),



202 8 Shallow Impurity States

or

[
En(0)+ �

2k2

2m0

]
An(k)+

∑
n′

�

m0
k · pnn′ An′ (k) +

∑
n′

∫
d3k′ (nk|U (r)|n′k′)An′(k′)

= E An(k), (8.54)

where pnn′ was defined in Eq. (2.16) and

(nk|U (r)|n′k′) ≡
∫

V
d3r ei(k′−k)·ru∗

n0U (r)un′0. (8.55)

Note that this equation is exact. We have introduced the momentum matrix elements
at k = 0. Two useful properties are:

pi
nn = 0; pi

nn′ = pi
n′n = (pi

nn′)∗. (8.56)

The former is because k = 0 is a band minimum:

p = m0v = m0ṙ = i�m0[H0, r] = m0
∂ H0

∂p
= m0

�

∂ H0

∂k
,

=⇒ pi
nn = m0

�

∂

∂ki

∫
Ω

d3r u∗
n0 H0un0 = m0

�

∂ En(k)

∂ki
|k=0 = 0.

The lack of translational symmetry of U mixes different wave vectors k; U also
mixes bands n. To uncouple the bands, one would need to remove the interband
coupling to order k in both V and U ; the resulting effective mass would depend upon
U—an undesirable situation. One way out is to find out when 〈nk|U (r)|n′k′〉 = 0
for n 	= n′. In analyzing the latter, we use Eq. (8.45). Then,

(nk|U (r)|n′k′) =
∫

V
d3r ei(k′−k)·ru∗

n0U (r)un′0 =
∑

m

Bnn′
m

∫
V

d3r ei(k′−k+Km )·rU (r)

≡ (2π )3
∑

m

Bnn′
m U(k′ − k + Km), (8.57)

where

U(k) = 1

(2π )3

∫
V

d3r e−ik·rU (r).

The orthogonality of the Bloch functions leads to a vanishing Bnn′
m for n 	= n′ only

if Km = 0. This implies that 〈nk|U |n′k′〉 ≈ 0 for n 	= n′ if all terms except Km = 0
can be neglected; i.e., U (r) is smooth over a lattice unit cell. Then, U(k) is only
nonzero for k << Km 	= 0. Equation (8.54) becomes
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[
En(0) + �

2k2

2m0

]
An(k)+

∑
n′

�

m0
k·pnn′ An′(k)+

∫
d3k′ U(k−k′)An(k′) ≈ E An(k).

(8.58)

Equation (8.58) has a band-coupling term linear-in-k. An effective-mass equation
should have no band coupling term and is only accurate to order k2. This suggests
that it is sufficient to remove the linear-in-k term to order k2. This can be achieved
via a canonical transformation:

A = eS B,

The theory was developed in the absence of the inhomogeneity in Sect. 2.4. Here,

H (k) = H0 + H1 + U, (8.59)

with

(nk|H0|n′k′) =
(

En(0) + �
2k2

2m0

)
δnn′δ(k − k′),

(nk|H1|n′k′) = �

m0
k · pnn′δ(k − k′), (8.60)

(nk|U |n′k′) = U(k − k′)δnn′ ,

and Eq. (2.21) becomes

H = H0 + H1 +U + [H0, S]+ [H1, S]+ [U, S]+ 1

2
[[H0, S], S]+ 1

2
[[U, S], S]+ . . .

(8.61)
As before, to remove H1, we choose S such that

H1 + [H0, S] = 0. (8.62)

In terms of the χ states,

(nk|(H0S − SH0)|n′k′) = −(nk|H1|n′k′) = − �

m0
k · pnn′δ(k − k′).

The LHS is

=
∑

n′′

∫
d3k′′

[
(nk|H0|n′′k′′)(n′′k′′|S|n′k′) − (nk|S|n′′k′′)(n′′k′′|H0|n′k′)

]

=
(

En(0) + �
2k2

2m0

)
(nk|S|n′k′) −

(
En′(0) + �

2k
′2

2m0

)
(nk|S|n′k′)

=
[

En(0) − En′(0) + �
2k2

2m0
− �

2k
′2

2m0

]
(nk|S|n′k′).
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Hence,

(nk|S|n′k′) = − �

m0

k · pnn′

[En(0) − En′ (0)] + �2k2

2m0
− �2k ′2

2m0

δ(k − k′)

= − �

m0

k · pnn′

[En(0) − En′ (0)]
δ(k − k′) ≡ −k · pnn′

m0ωnn′
δ(k − k′), (8.63)

where �ωnn′ = En(0) − En′ (0). Set

(nk|S|nk′) = 0.

Note that S is linear in k. We now look at the correction terms in the transformed
Hamiltonian [Eq. (8.61)]. Corrections to H0 and H1 are both seen to be second order
in k:

[H1, S] + 1

2
[[H0, S], S] = [H1, S] − 1

2
[H1, S] = 1

2
[H1, S],

and

1

2
(nk|[H1, S]|n′k′)

= 1

2

∑
n′′

∫
d3k′′

[
(nk|H1|n′′k′′)(n′′k′′|S|n′k′) − (nk|S|n′′k′′)(n′′k′′|H1|n′k′)

]

= − �

2m2
0

∑
n′′

∫
d3k′′

[
k · pnn′′δ(k − k′′)

k′ · pn′n′′

ωn′′n′
δ(k′ − k′′)[1 − δn′n′′ ][1 − δn′′n]

−k · pnn′′

ωnn′′
δ(k − k′′)[1 − δnn′′ ][1 − δn′n′′ ]k′ · pn′n′′δ(k′ − k′′)

]

= �

2m2
0

∑
n′′

[1 − δn′′n][1 − δn′′n′ ]δ(k − k′)k · pnn′′k′ · pn′′n′

(
1

ωnn′′
+ 1

ωn′n′′

)
. (8.64)

Corrections to U are:

(nk|[U, S]|n′k′)

=
∑

n′′

∫
d3k′′

[
(nk|U |n′′k′′)(n′′k′′|S|n′k′) − (nk|S|n′′k′′)(n′′k′′|U |n′k′)

]

= − 1

m0

∫
d3k′′

[
U(k − k′′)

k′ · pnn′

ωnn′
δ(k′ − k′′) − k · pnn′

ωnn′′
U(k′ − k′′)δ(k − k′′)

]

= (k − k′) · pnn′

m0ωnn′
U(k − k′)[1 − δnn′ ].
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This is seen to be linear in k but has magnitude ∼ U(k)/ω. Since, the Fourier com-
ponent of the perturbation determines the binding energy and for a shallow impurity,
the band gap is much larger, one can safely drop this term. Similarly, one can also
neglect the next-order correction [[U, S], S].

The aim is next to obtain the new equation for the B’s. We now present two
different approaches. The basic difference in the two derivations involves treating
the impurity potential separately and not. Since the latter is more straightforward,
we give it first. It is based upon the realization that if

H A = E A,

then

H B = E B.

This was shown in Sect. 2.4. The new transformed Hamiltonian is

H = H0 + U + 1

2
[H1, S] + O(k3). (8.65)

Note that, in Eq. (8.64), interband terms (n 	= n′) will lead to band-diagonal terms
at a higher order in k (i.e., O(k3)). Since these terms are dropped, we will also set
n = n′ in Eq. (8.64). Thus, we have

(
En(0) + �

2k2

2m0
+ �

m2
0

ki k j

′∑
n′′

pi
nn′′ p j

n′′n

ωnn′′

)
Bn(k) +

∫
d3k′ U(k − k′)Bn(k′) = E Bn(k).

(8.66)

One can simplify this further by noting that the coefficient of Bn(k) on the LHS is
the expansion of En(k) to second order. Using second-order nondegenerate pertur-
bation theory about k = 0 (first-order term vanishes due to symmetry),

En(k) = En(0) + �
2k2

2m0
+

′∑
n′′

〈un0|H1|un′′0〉〈un′′0|H1|un0〉
En(0) − En′′ (0)

= En(0) + �
2k2

2m0
+ �

m2
0

ki k j

′∑
n′′

pi
nn′′ p

j
n′′n

ωnn′′
.

Incidentally, the last equation gives us the f -sum rule:

∂2 En(k)

∂ki∂k j
= �

2

m0
δi j + 2

�

m2
0

′∑
n′′

pi
nn′′kp j

n′′nk
ωnn′′

. (8.67)

Finally, we get the effective-mass equation in “momentum space”:

En(k)Bn(k) +
∫

d3k′ U(k − k′)Bn(k′) = EBn(k). (8.68)
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We now provide another derivation of the effective-mass equation. Rewrite
Eq. (8.58) as

∫
d3k′

[
En(0) + �

2k2

2m0

]
An(k′)δ(k − k′) +

∫
d3k′ ∑

n′

�

m0
k′ · pnn′ An′ (k′)δ(k − k′)

+
∫

d3k′ U(k − k′)An(k′) =
∫

d3k′ E(k′)An(k′)δ(k − k′). (8.69)

One can simplify the notation to

∑
n′

∫
d3k′

[
H nn′

0 (k, k′) + H nn′
1 (k, k′)

]
An′(k′)

=
∫

d3k′ [−U(k − k′) + E(k′)δ(k − k′)
]

An(k′),

where

H nn′
0 (k, k′) =

[
En(0) + �

2k2

2m0

]
δ(k − k′)δnn′ = (nk|H0|n′k′),

H nn′
1 (k, k′) = �

m0
k′ · pnn′δ(k − k′) = (nk|H1|n′k′).

Formally, one can also write
H01 · A = (E − U) · A.

This simplifies finding the transformed equation since we now have

H01eS B = (E − U)eS B,

H 01 B = (e−S HeS)B = e−S(E − U)eS B ≈ E B − UB + SUB − USB. (8.70)

Simplifying each side in turn, the RHS contains (SUB)nk − (USB)nk ≡ RHS

= [
(nk|S|n′′k′′)(n′′k′′|U |n′k′) − (nk|U |n′′k′′)(n′′k′′|S|n′k′)

] (
n′k′|B 〉

= �

m0

[
− k · pnn′′

[En(0) − En′′ (0)]
(n′′k|U |n′k′) + k′ · pn′′n′

[En′′ (0) − En′ (0)]
(nk|U |n′k′)

] (
n′k′|B 〉.

But

(n′′k|U |n′k′) = δn′n′′U(k − k′),

then

RHS = �

m0

[
− k · pnn′

[En(0) − En′ (0)]
U(k − k′) + k′ · pnn′

[En(0) − En′ (0)]
U(k − k′)

]
(n′k′|B〉
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= �

m0

(k′ − k) · pnn′

[En(0) − En′ (0)]
U(k − k′)(n′k′|B〉.

As for the LHS, the analysis follows exactly that for the perfect crystal. Thus,

H 01 = H0 + 1

2
[H1, S] + O(k3),

and

H
nn′

01 (k, k′) = H nn′
0 (k, k′) + 1

2
(nk|[H1, S]|n′k′) = H nn′

0 (k, k′)

+1

2

∑
n′′

[
(nk|H1|n′′k′′)(n′′k′′|S|n′k′) − (nk|S|n′′k′′)(n′′k′′|H1|n′k′)

]
,

giving for the LHS of Eq. (8.70)

(nk|H 01 B|n′k′)

=
(

En(0) + �
2k2

2m0

)
Bn(k) + �

2

m2
0

′∑
n′′

[
k · pnn′′ k · pn′′n′

[En′ (0) − En′′ (0)]
+ k · pnn′′ k · pn′′n′

[En(0) − En′′ (0)]

]
Bn′ (k).

Hence, we have

(
En(0) + �

2k2

2m0

)
Bn(k) + �

2

m2
0

′∑
n′′

[
k · pnn′′ k · pn′′n′

[En′ (0) − En′′ (0)]
+ k · pnn′′ k · pn′′n′

[En(0) − En′′ (0)]

]
Bn′ (k)

+
∫

d3k′ U(k − k′)Bn(k′) + �

m0

(k′ − k) · pnn′

[En(0) − En′ (0)]
U(k − k′)Bn′ (k′)

= E(k)Bn(k). (8.71)

It is worthwhile to summarize the essense of Eq. (8.71). There were two band-
coupling terms in the original Hamiltonian: V and U . We have attempted to remove
these interband terms to first order in k via a canonical transformation. For the crys-
tal potential, this was successful, just as for the perfect-crystal case, and one can
now absorb the interband terms to second order into an effective mass. However,
this time, there is a residual term linear in k (and in the impurity potential). Such
a term is, nevertheless, smaller compared to the original linear-in-k term (the k · p
term) by a factor of U/ΔE . This term is, therefore, indeed smaller if the impurity
is shallow, i.e., the binding energy is smaller than the band gap. This, of course,
relies on the conventional definition of a shallow impurity and also assume the
only relevant band coupling is at the fundamental gap. Furthermore, we note that
this impurity term differs from the other impurity term in the LHS by a factor of
k · p/ΔE ∼ S (indeed, arising from [U, S]). Also, being an interband term, it
actually differs by a factor of S2. Since we have assumed S small in the theory,
the neglect of the linear-in-k term in Eq. (8.71) is consistent. Finally, it should be
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reminded that the equation is also only valid for small k. The gist of the argument is
that, the effective-mass equation valid to order k2 is

[
En(0) + �

2k2

2mn

]
Bn(k) +

∫
d3k′ U(k − k′)Bn(k′) = E(k)Bn(k), (8.72)

which is the same as Eq. (8.68). Equation (8.72) is similar to Schrödinger’s equation
for a potential U in momentum space. An important distinction, however, is that the
wave vector is here restricted to the FBZ instead of the whole space. Were the wave
vector not restricted to the FBZ, this equation would then describe a particle of
mass mn moving in a potential U (r).

Nevertheless, our goal is to see how close to this description one can get. Thus,
we define a real-space function F(r) corresponding to the Fourier coefficients Bn(k):

Fn(r) ≡
∫

FBZ
d3k eik·r Bn(k). (8.73)

Then, Eq. (8.72) becomes

∫
FBZ

d3k
[

En(0) − �
2∇2

2mn

]
eik·r Bn(k) +

∫
d3k

∫
d3k′ U(k − k′)eik·r Bn(k′)

= E
∫

d3k eik·r Bn(k) = E Fn(r).

On the RHS, the energy E is outside the integral since it is a parameter to be found
by solving the equation. Recall that

U(k − k′) = 1

(2π )3

∫
V ′

dV ′ ei(k−k′)·r′
U (r′),

and the impurity term on the LHS of Eq. (8.72) becomes

1

(2π )3

∫
d3k

∫
d3k′

∫
V ′

dV ′ U (r′)ei(k−k′)·r′
Bn(k′)eik·r

=
∫

V ′
dV U (r′)

1

(2π )3

∫
d3k eik·(r−r′)

∫
d3k′ eik′ ·r′

Bn(k′)

=
∫

V ′
dV ′ U (r′)Δ(r − r′)Fn(r′).

The function Δ(r) is approximately a delta function if multiplied by a slowly-
varying function since Δ(r) has a width of a; it would be a delta function exactly if
k is in all space. Note that

∫
all space dV Δ(r) = 1. Hence, if we assume Fn(r) to be

fairly smooth, one has
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− �
2

2mn
∇2 Fn(r) + U (r)Fn(r) = [E − En(0)]Fn(r), (8.74)

which is Schrödinger’s equation for a particle of mass mn moving in a potential
U (r). It can also be rewritten down as

[En(−i∇) + U (r)] Fn(r) = E Fn(r). (8.75)

The smoothness of Fn(r) remains to be studied and of its connection to the real wave
function ψ . A smooth Fn(r) implies that its Fourier coefficients [see Eq. (8.73)] will
only be appreciable for small k; i.e., for wave vectors smaller than the size of the
FBZ (k << Km∀ m 	= 0). Small k implies that S is small and, therefore,

An(k) = eS Bn(k) ≈ Bn(k).

Finally, the wave function becomes [starting with Eq. (8.42)]

ψ(r) ≈
∑

n

∫
d3k eik·run0(r)Bn(k) =

∑
n

Fn(r)un0(r). (8.76)

Note also that our effective-mass equation has no interband coupling. Hence, it
would be consistent to write

ψ(r) = Fn(r)un0(r). (8.77)

It is thus seen that the envelope function has replaced the plane-wave factor for the
Bloch solution near the zone center.

8.3.1.2 Band with Minimum not at Center

For a band minimum at k = k0, one uses as basis a state with a wave vector k away
from the Bloch state at k0:

ϕnk = eik·r(eik0·runk0 ). (8.78)

One can show that the ϕnk’s satisfy the same properties as the χnk’s. For example,

〈ϕnk|ϕn′k′ 〉 = δnn′δ(k − k′),

and

pi
nn(k0) = 0.

Hence, one can repeat the above derivations and get essentially the same results.
Namely, the wave function can be written down as

ψ(r) = F(r)ψnk0 (r), (8.79)
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where F is the solution of the effective-mass equation

[
E

(
k0 + 1

i
∇
)

+ U (r)

]
F(r) = E F(r), (8.80)

where E is expanded to second order in 1
i ∇ near k0.

Generally, the bulk band structure for k0 	= 0 has a many-valley structure. For an
arbitrary impurity potential, the energy degeneracy of the valleys is broken. Then,
the various solutions are independent solutions of the Schrödinger equation. These
solutions will also be approximately orthogonal since, if the envelope function is
fairly constant within a cell (as is required by the effective-mass theory), then the
orthogonality follows from Eq. (8.79). If, however, the impurity potential is either
spherically symmetric or has the point-group symmetry, then the valleys stay degen-
erate. Then, a linear combination of the multivalley states is required and this will
lead to a multiplet splitting of the energy states.

8.3.1.3 Solution

The solution of Eq. (8.74) for a Coulombic potential is well known. One can rewrite
the equation explicitly as

[
− �

2

2m∗ ∇2 − e2

4πεrε0r

]
Fn(r) = [E − En(0)]Fn(r). (8.81)

This is a hydrogenic problem with an effective mass m∗ and a relative permittivity
εr . The ground bound state is the 1S state

F1S(r) = 1

(πa3
0)1/2

e−r/a0 , (8.82)

where a0 is the effective Bohr radius:

a0 = 4πεrε0�
2

m∗e2
= 0.53

εr

m∗/m0
Å . (8.83)

For example, GaAs has εr = 12.85 and m∗ = 0.067m0. These give a0 ∼ 100 Å and
E − En(0) ∼ 5.5 meV.

8.3.2 Degenerate Bands

Without loss of generality, we will assume k0 = 0. To simplify the discus-
sion, we will also neglect spin for now; the latter will be considered in the next
subsection.
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Consider a set of states φs degenerate at k = 0; other states will be denoted by
φr in analogy to the remote set of Löwdin. The idea is to again establish a complete
set of orthonormal functions with properties similar to those of χnk. Once this is
done, the earlier theory follows through almost unchanged, particularly if there are
no coupling terms from the perturbation to couple the degenerate states.

First we note that, barring accidental degeneracy, the φs must belong to an irre-
ducible representation of the crystal point group. For DM crystals, inversion ensures
that the φs’s have definite parity (indeed, even for the valence-band states). Thus, the
matrix elements of the momentum operator between those states vanish:

pi
ss ′ (0) = 0. (8.84)

Similar to the nondegenerate case, the basis states for the perturbed problem will be
taken to be

φnk = eik·rφn, (8.85)

where n include both the degenerate and distant states. The impurity wave function
is then written as

ψ(r) =
∑

n

∫
d3k An(k)φnk(r). (8.86)

The Schrödinger equation becomes

∑
n

∫
d3k′ (nk|H0 + U |n′k′)An′ (k′) = E An(k). (8.87)

Recall that, for a simple band, we had

[
En(0) + �

2k2

2m0

]
An(k)+

∑
n′

�

m0
k ·pnn′ An′ (k)+

∫
d3k′ U(k−k′)An(k′) = E An(k).

For n = s, since pi
ss ′ = 0, we have

pi
sn′ = pi

srδn′r , (8.88)

and

[
En(0) + �

2k2

2m0

]
As(k) +

∑
r

�

m0
k · psr Ar (k) +

∫
d3k′ U(k − k′)As(k′) = E As(k).

(8.89)
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We again transform away the linear-in-k interband term using

(nk|S|n′k′) =
{

− k·pnn′
m0ωnn′ δ(k − k′), n, n′ 	= s,

0, n or n′ = s.
(8.90)

In zeroth-order effective-mass theory,

As(k) =
∑

n

∫
d3k′ (sk|T |nk′)Bn(k′) ≈

∑
n

∫
d3k′ (sk|1 + S|nk′)Bn(k′) ≈ Bs(k).

The relevant simple-band results were

1

2
(nk|[H1, S]|n′k′) = �

2m2
0

∑
n′′ 	=n,n′

k · pnn′′ k · pn′′n′

(
1

ωnn′′
+ 1

ωn′n′′

)
δ(k − k′),

∑
n

∫
d3k (nk|H |n′k′)Bn′ (k′) = E Bn(k),

H = H0 + U + 1

2
[H1, S] + O(k3).

Since we are interested in the degenerate bands s, we will drop all other bands.
Hence, Eq. (8.89) becomes, dropping the n = r matrix element,

[
En(0) + �

2k2

2m0

]
Bs(k) +

∫
d3k′ U(k − k′)Bs(k′)

+
∑

s′

∫
d3k′

(
sk

∣∣∣∣1

2
[H1, S]

∣∣∣∣ s ′k′
)

Bs′ (k′) = E Bs(k).

Now

∑
s ′

∫
d3k′

(
sk

∣∣∣∣12[H1, S]

∣∣∣∣ s ′k′
)

Bs ′ (k′) =
∑

s ′

�

m2
0

∑
n′′ 	=s,s ′

k · psn′′k · pn′′s ′

ωsn′′
Bs ′(k).

Thus,

∑
s ′

⎡
⎣Es(0)δss ′ + �

2k2

2m0
δss ′ + �

m2
0

ki k j

∑
n′′ 	=s,s ′

pi
sn′′ p

j
n′′s ′

ωsn′′

⎤
⎦ Bs ′ (k)

+
∫

d3k′ U(k − k′)Bs(k′) = E Bs(k). (8.91)

In the absence of the perturbation, Eq. (8.91) is the secular equation for the Bs , with
the matrix elements being given by the momentum matrix elements at k = 0. It is
now conventional to either shift the valence-band energy En(0) to the RHS of the
equation or to set it to zero. Then, one can rewrite Eq. (8.91) as
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∑
s ′

(Di j
ss ′ki k j )Bs ′ (k) +

∫
d3k′ U(k − k′)Bs(k′) = EBs(k), (8.92)

where the matrix D is the same as previously given [Eq. (3.6)]; it plays the role
of the inverse effective mass in a one-band model. Note that Eq. (8.92) is still in
momentum space. We can transform to coordinate space as before by introducing
the envelope function

Fs(r) ≡
∫

FBZ
d3k eik·r Bs(k). (8.93)

As we have seen already, this is implemented by replacing kα by 1
i ∇α . Thus,

Eq. (8.92) becomes

∑
s ′

[
Di j

ss ′ (
1

i
∇i )(

1

i
∇ j ) + U (r)δss ′

]
Fs ′ (r) = E Fs(r). (8.94)

The latter is the effective-mass equation for impurity states in a degenerate-band
semiconductor. It is a set of coupled differential equations and this result is identical
to that of Kittel–Mitchell [133]. The impurity wave function is seen to be

ψ(r) =
∑

n

∫
d3kAn(k)φnk(r) =

∑
n

∫
d3kAn(k)eik·rφn(r)

=
∑

s

∫
d3kAs(k)eik·rφs(r) ≈

∑
s

∫
d3kBs(k)eik·rφs(r)

≡
∑

s

Fs(r)φs(r). (8.95)

8.3.3 Spin-Orbit Coupling

We now add the spin-orbit coupling to the above discussion. The Hamiltonian
remains periodic and the unperturbed Hamiltonian

H 0 = H0 + Hso. (8.96)

still has Bloch functions as solutions. Let the solutions be given by

H 0ψnk = En(k)ψnk, (8.97)

with

ψnk = eik·runk. (8.98)
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The unk’s differ from the unk’s via the addition of a spinor function. In discussing
the perturbed problem, it is now necessary to distinguish between the nondegenerate
and degenerate cases.

8.3.3.1 Nondegenerate Case

Introduce a complete set of functions

χnk = eik·run0, (8.99)

and let the perturbed wave function be

ψ =
∑

n

∫
d3kAn(k)χnk. (8.100)

The earlier theory follows through unchanged leading to a similarly looking
Schrödinger equation for An(k) except for the replacement

pnn′ → πnn′ . (8.101)

The π operator has the same properties as p: πnn is still zero at a band minimum.

8.3.3.2 Degenerate Case

While there are twice as many states as without spin, some of the degeneracy might
be lifted by the spin-orbit Hamiltonian. We will treat specifically the case of a dia-
mond crystal for which the three-fold valence band without spin, becomes six-fold
with spin, and then split into a four-fold and a two-fold subspace in the presence
of the spin-orbit Hamiltonian. If the latter is treated as a perturbation, then the
zeroth-order wave functions are the |JMJ 〉 states (Table 3.4). We note that LK used
a different set of |JMJ 〉 states from us (Table C.2).

In the JMJ basis, one now needs to generalize the D matrix. LK used the DKK
Hamiltonian with spin. For conciseness, we only write down the case of a four-
band model. It was already obtained starting with the DKK Hamiltonian in Chap. 3
(Table 3.6). Thus, in the presence of a shallow impurity, the problem to solve is the
equation in Table 8.3.

8.4 Baldereschi–Lipari Model

Baldereschi and Lipari have reformulated the multiband impurity problem by sepa-
rating the Hamiltonian into a spherical and a cubic term [30, 140]. We give a brief
introduction to this theory.



8.4 Baldereschi–Lipari Model 215

Ta
bl

e
8.

3
Fo

ur
-b

an
d

im
pu

ri
ty

eq
ua

tio
n

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝

1 2
P

(−
i∇

)+
U

(r
)−

E
R

(−
i∇

)
S(

−i
∇)

0

R
∗ (

−i
∇)

1 6
P

(−
i∇

)+
2 3

Q
(−

i∇
)+

U
(r

)−
E

0
−S

(−
i∇

)

S∗ (
−i

∇)
0

1 6
P

(−
i∇

)+
2 3

Q
(−

i∇
)+

U
(r

)−
E

R
(−

i∇
)

0
−S

∗ (
−i

∇)
R

∗ (
−i

∇)
1 2

P
(−

i∇
)+

U
(r

)−
E

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠⎛ ⎜ ⎜ ⎝F
1

F
2

F
3

F
4

⎞ ⎟ ⎟ ⎠=
0.



216 8 Shallow Impurity States

8.4.1 Hamiltonian

The starting point of their model is the acceptor Hamiltonian in Luttinger form:

H =
(

γ1 + 5

2
γ2

)
p2

2m0
− γ2

2m0

(
p2

x J 2
x + p2

y J 2
y + p2

z J 2
z

)

− 2γ3

2m0

({px py}{Jx Jy} + {py pz}{Jy Jz} + {pz px }{Jz Jx }
) − e2

4πεr
. (8.102)

Here p is the hole linear momentum operator. The first term in Eq. (8.102) looks like
a kinetic-energy one while the last one is the Coulomb potential; the other terms
can be viewed as effective spin-orbit terms. This analogy can be strengthened by
introducing spherical tensors.

First, one can define second-rank symmetric Cartersian tensors with zero trace:

Pi j = 3pi p j − δi j p2, (8.103)

Ji j = 3{Ji J j } − δi j J 2. (8.104)

Then Eq. (8.102) becomes

H = γ1

2m0
p2 − e2

4πεr
− 1

9m0
[γ3 − (γ3 − γ2)δi j ]Pi j Ji j . (8.105)

The cartesian tensors are now expressed in terms of irreducible spherical ones of
rank l = 0, 1, and 2. The l = 1 component is absent due to the symmetry of the
tensors and the l = 0 component due to being traceless. Then Eq. (8.105) becomes

H =
(

γ1

2m0
p2 − e2

4πεr

)
− 3γ3 + 2γ2

45m0
(P (2) · J (2)) (8.106)

+ (γ3 − γ2)

18m0

([
P (2) × J (2)

](4)

−4 + 1

5

√
70

[
P (2) × J (2)

](4)

0 + [
P (2) × J (2)

](4)

4

)
,

where

[
U (k1) × V (k2)

](q)

k = (−1)k1−k2+q (2k + 1)1/2
∑
q1,q2

(
k1 k2 k
q1 q2 −q

)
U (k1)

q1
V (k2)

q2
. (8.107)

In Eq. (8.106), the first term is spherical, the third cubic, and the second one again
represents an effective spin-orbit coupling. Defining new parameters and units,

μ = 6γ3 + 4γ2

5γ1
,
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δ = γ3 − γ2

γ1
, (8.108)

R0 = e4m0

16π2ε2�2γ1
,

a0 = 4πε�
2γ1

e2m0
,

then Eq. (8.106) becomes

H = 1

�2
p2 − 2

r
− μ

9�2

(
P (2) · J (2)

)
(8.109)

+ δ

9�2

([
P (2) × J (2)](4)

−4 + 1

5

√
70

[
P (2) × J (2)](4)

0 + [
P (2) × J (2)](4)

4

)
.

It is clear that band parameters only appear in μ and δ; representative values are
given in Table 8.4.

Table 8.4 Representative
valence-band
parameters [30, 140]

μ δ

Si 0.483 0.249
Ge 0.766 0.108
GaAs 0.767 0.114
GaP 0.701 0.178

8.4.2 Solution

Since δ << μ, one can treat the problem at two levels. The first is to retain the
μ term in a spherical model as a perturbation on the hydrogenic problem. One can
then add the cubic term as an additional perturbation.

As examples of the validity of the spherical model, the valence-band dispersions
for a few semiconductors obtained by BL are given in Fig. 8.1.

Next, the reader is referred to the paper by BL for a detailed treatment of the
μ term. This was done separately for large μ (large “spin-orbit coupling”) and
small μ. For large μ, BL found an exact solution of the spherical model for PF= 1

2
,

where F = L + S:

E(n P1
2
) = R0

(1 + μ)n2
, (n = 2, 3, . . .). (8.110)

Binding energies within both the spherical and cubic models are shown in Fig. 8.2.
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Fig. 8.1 Valence-band dispersion for Ge, GaAs, GaP and Si along different directions and within
the spherical model. Reprinted with permission from [140]. c©1974 by the American Physical
Society

Fig. 8.2 Acceptor binding energy within the spherical and cubic models. Reprinted with permis-
sion from [30, 140]. c©1973, 1974 by the American Physical Society
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8.5 Summary

Two theories (Kittel–Mitchell based upon a Fourier expansion and Luttinger–Kohn
based upon a canonical transformation) were introduced in order to derive the k · p
Hamiltonian in the presence of a shallow impurity. The basic result is a Wannier-
like effective equation for an envelope function. The one-band model can be solved
exactly as a hydrogenic problem in which the binding energies are independent of
the impurity atom and depend upon the host via its band parameters and dielectric
function. The multiband problem has no exact solution and is typically solved using
a variational technique. We discussed briefly the approach of Baldereschi and Lipari
which involved separating the problem into a spherical and cubic part.



Chapter 9
Magnetic Effects

9.1 Overview

One of the earliest k · p papers, the DKK one [2] already treated magnetic effects
via the cyclotron-resonance effect. A classical analysis was presented. For a single
parabolic band, the band is characterized solely by the effective mass and there is
one cyclotron frequency; in the quantum picture, this corresponds to equidistant
magnetic Landau levels (Fig. 9.1).

2
1
0

0

1

Fig. 9.1 Magnetic levels for two simple parabolic bands

The quantum theory of cyclotron resonance was developed by Luttinger in
1956 [4] using a four-band model for diamond semiconductors, and extended to
an eight-band model by Pidgeon and Brown [86]. Inclusion of strain was consid-
ered by Suzuki and Hensel [80] but within a six-band model for germanium, and
by Trebin et al. [81, 141] for eight-band zincblende. The band coupling and non-
parabolicity results in a nonlinear behaviour of the Landau levels with magnetic
field. This effect is typically observed in a magneto-optical experiment.

The first derivation of the g-factor equation was performed by Roth et al. [25].
They also presented the first theory of magnetoabsorption in diamond-type semicon-
ductors. Weiler, Aggrawal and Lax [98] studied magnetoabsorption in zincblende-
type semiconductors.

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 9, C© Springer-Verlag Berlin Heidelberg 2009
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In the following, we will first present the analysis of how to include an external
magnetic field using the canonical transformation of Luttinger and Kohn [6]. We
have included a discussion on calculating the g-factor. The application of the theory
of invariants to obtaining the magnetic Hamiltonian was already given in Chap. 5.
An excellent exposition of the theory of band electrons in a magnetic field can be
found in the book by Zeiger and Pratt [12].

9.2 Canonical Transformation

The procedure here follows closely the derivation given for the Wannier equation of
an impurity in Chap. 8. We will leave out the electron spin for now and introduce it
in Sect. 9.5.

9.2.1 One-Band Model

We first look at the theory of an electron in a simple band in an external homo-
geneous magnetic field. We will choose the field to be in the z direction with the
crystal at an arbitrary orientation to it. The magnetic field is then

B = (0, 0, B).

As before, we choose the Landau gauge (∇ · A = 0) for the vector potential:

A = (−By, 0, 0).

The magnetic field is introduced into the Hamiltonian via minimal coupling (p →
p + eA with e > 0):

H = 1

2m0
(p + eA)2 + V (r) = 1

2m0
(p2 + 2eA · p + e2 A2) + V (r)

= H0 + 1

2m0
(e2 B2 y2 − 2eBypx )

≡ H0 − �s

m0
ypx + �s2

2m0
y2, (9.1)

where s ≡ eB/� is the inverse square of the magnetic length. We will be expressing
the Hamiltonian in the LK χnk basis. Matrix elements of ypx and y2 are now needed
(those of H0 were obtained in Sect. 8.3.1):
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(nk|ypx |n′k′) =
∫

V
d3r ei(k′−k)·ru∗

n0(r)y[�k ′
x − i�∇x ]un′0(r)

= −1

i

∂

∂ky

∫
V

d3r ei(k′−k)·ru∗
n0(r)[�k ′

x − i�∇x ]un′0(r)

= −1

i

∂

∂ky

[
�k ′

x

∫
V

d3r ei(k′−k)·ru∗
n0un′0 +

∫
V

d3r ei(k′−k)·ru∗
n0 px un′0

]

= −1

i

∂

∂ky

[
�k ′

xδnn′δ(k − k′) + px
nn′δ(k − k′)

]

= [
�kxδnn′ + px

nn′
] 1

i

∂

∂k ′
y

δ(k − k′), (9.2)

(nk|y2|n′k′) =
∫

V
d3r ei(k′−k)·ru∗

n0(r)y2un′0(r)

=
(

1

i

∂

∂k ′
y

)2 ∫
V

d3r ei(k′−k)·ru∗
n0(r)un′0(r)

= −δnn′
∂2

∂k ′2
y

δ(k − k′). (9.3)

The Hamiltonian is then, using Eq. (8.60),

(nk|H |n′k′) = (nk|H0|n′k′) − s�

m0
(nk|ypx |n′k′) + s2

�
2

2m0
(nk|y2|n′k′)

=
[(

En(0) + �
2k2

2m0

)
δnn′ + �

m0
k · pnn′

]
δ(k − k′)

− s�

m0

[
�kxδnn′ + px

nn′
] 1

i

∂

∂k ′
y

δ(k − k′) + s2
�

2

2m0
δnn′

∂2

∂k ′2
y

δ(k − k′)

=
[(

En(0) + �
2k2

2m0

)
δ(k − k′) − s�

2kx

m0

1

i

∂

∂k ′
y

δ(k − k′) − s2
�

2

2m0

∂2

∂k ′2
y

δ(k − k′)

]
δnn′

+ 1

m0

[
�k · pnn′δ(k − k′) − s�

i
px

nn′
∂

∂k ′
y

δ(k − k′)

]
. (9.4)

There are thus intraband and interband terms. The interband term is small. The term
linear in k is small in the sense that k · p perturbation applies. The one proportional to
s is small for weak magnetic fields. We will again make a canonical transformation
T ′ = exp(S′) in order to remove the interband term to first order. Write



224 9 Magnetic Effects

(nk|Ha|n′k′) = − s�
2kx

m0

1

i

∂

∂k ′
y

δ(k − k′)δnn′ ,

(nk|Hb|n′k′) = − s2
�

2

2m0

∂2

∂k ′2
y

δ(k − k′)δnn′ , (9.5)

(nk|H1|n′k′) = 1

m0

[
�k · pnn′δ(k − k′) − s�

i
px

nn′
∂

∂k ′
y

δ(k − k′)

]
.

Then

H = H0 + Ha + Hb + H1, (9.6)

H = e−S′
HeS′

= H0 + Ha + Hb + H1 + [H0, S′] + [Ha, S′] + [Hb, S′] + [H1, S′] + 1

2
[[H0, S′], S′] + . . .

As before, one removes the interband term to first order via

H1 + [H0, S′] = 0, (9.7)

which then leads to

H = H0 + Ha + Hb + [Ha, S′] + 1

2
[H1, S′] + . . . (9.8)

S′ is similarly obtained to S [Eq. (8.63)]. Have

(nk|S′|n′k′) =
{

− (nk|H1|n′k′)
�ωnn′ n 	= n′,

0 n = n′,
(9.9)

where �ωnn′ = En(0) − En′ (0). We can now obtain the matrix elements of H ; we
only need the intraband elements. Since (nk|Ha|n′k′) ∝ δnn′ ,

(nk|[Ha, S′]|nk′) = 0, (9.10)

because S′
nn = 0. Also,

(nk|[H1, S′]|n′k′)

=
∑

n′′

∫
d3k′′

[
(nk|H1|n′′k′′)(n′′k′′|S′|n′k′) − (nk|S′|n′′k′′)(n′′k′′|H1|n′k′)

]

= −
∑

n′′

∫
d3k′′

[
(nk|H1|n′′k′′)(n′′k′′|H1|n′k′)

ωn′′n′
− (nk|H1|n′′k′′)(n′′k′′|H1|n′k′)

ωnn′′

]

= 1

�

∑
n′′

∫
d3k′′ (nk|H1|n′′k′′)(n′′k′′|H1|n′k′)

[
1

ωnn′′
− 1

ωn′′n′

]



9.2 Canonical Transformation 225

= �

m2
0

∑
n′′

∫
d3k′′

[
k · pi

nn′′δ(k − k′′) + s

i
px

nn′′
∂

∂k ′′
y

δ(k′′ − k)

]

×
[

k′′ · pn′′n′δ(k′′ − k′) − s

i
px

n′′n′
∂

∂k ′
y

δ(k′ − k′′)
] [

1

ωnn′′
− 1

ωn′′n′

]
, (9.11)

and

(nk|[H1, S′]|nk′)

= �

m2
0

∑
n′

∫
d3k′′

[
k · pnn′δ(k − k′′) − s

i�
px

nn′
∂

∂k ′′
y

δ(k′′ − k)

]

×
[

k′′ · pn′nδ(k′′ − k′) − s

i
px

n′n
∂

∂k ′
y

δ(k′ − k′′)

][
1

ωnn′
− 1

ωn′n

]

= 2�

m2
0

′∑
n′

[
ki k j pi

nn′ p
j
n′nδ(k − k′) − s(ki + k ′

i )pi
nn′ px

n′n
1

i

∂

∂k ′
y

δ(k′ − k)

−s2 px
nn′ px

n′n
∂2

∂k ′2
y

δ(k′ − k)
] 1

ωnn′
. (9.12)

We can simplify using the f -sum rule, [Eq. (8.67)], giving

(nk|[H1, S′]|nk′) = − 1

m0

{
ki k j

[
�

2δi j − m0
∂2 En(k)

∂ki∂k j

]
0

δ(k − k′)

−s

[
�

2(kx + k ′
x ) − m0(ki + k ′

i )

(
∂2 En(k)

∂ki∂kx

)
0

]
1

i

∂

∂k ′
y

δ(k′ − k)

−s2

[
�

2 − m0

(
∂2 En(k)

∂k2
x

)
0

]
∂2

∂k ′2
y

δ(k′ − k)

}
. (9.13)

Hence,

(nk|H |nk′) = (nk|H0|nk′) + (nk|Ha|nk′) + (nk|Hb|nk′) + 1

2
(nk|[H1, S′]|nk′)

=
[

En(0) + �
2k2

2m0

]
δ(k − k′) − s�

2kx

m0

1

i

∂

∂k ′
y

δ(k − k′) − s2
�

2

2m0

∂2

∂k ′2
y

δ(k − k′)

− 1

2m0

{
ki k j

[
�

2δi j − m0
∂2 En(k)

∂ki∂k j

]
0

δ(k − k′)

−s

[
�

2(kx + k ′
x ) − m0(ki + k ′

i )

(
∂2 En(k)

∂ki∂kx

)
0

]
1

i

∂

∂k ′
y

δ(k′ − k)

−s2

[
�

2 − m0

(
∂2 En(k)

∂k2
x

)
0

]
∂2

∂k ′2
y

δ(k′ − k)

}



226 9 Magnetic Effects

= En(0)δ(k − k′) − 1

2m0

{
− ki k j m0

(
∂2 En(k)

∂ki∂k j

)
0

δ(k − k′)

+s

[
�

2(kx − k ′
x ) + m0(ki + k ′

i )

(
∂2 En(k)

∂ki∂kx

)
0

]
1

i

∂

∂k ′
y

δ(k′ − k)

+s2m0

(
∂2 En(k)

∂k2
x

)
0

∂2

∂k ′2
y

δ(k′ − k)

}
. (9.14)

Now

(ki − k ′
i )

∂

∂k ′
y

δ(k′ − k) = δiyδ(k′ − k). (9.15)

One can prove, e.g., by making the change k → −k, k′ → −k′, or by using

∫ ∞

−∞
dx f (x)δ(x − x ′) = − f ′(x).

Then

(nk|H |nk′) =
[

En(0) + ki k j

2

(
∂2 En(k)

∂ki∂k j

)
0

]
δ(k − k′)

−1

2
s(ki + k ′

i )

(
∂2 En(k)

∂ki∂kx

)
0

1

i

∂

∂k ′
y

δ(k′ − k) − s2

2

(
∂2 En(k)

∂k2
x

)
0

∂2

∂k ′2
y

δ(k′ − k).

Next

En(0) + ki k j

2

(
∂2 En(k)

∂ki∂k j

)
0

≡ En(k) (9.16)

to second order and writing

ki + k ′
i = k ′

i − ki + 2ki ,

we have

(nk|H |nk′) = En(k)δ(k − k′) − ski

(
∂2 En(k)

∂ki∂kx

)
0

1

i

∂

∂k ′
y

δ(k′ − k)

− is

2
(ki − k ′

i )

(
∂2 En(k)

∂ki∂kx

)
0

∂

∂k ′
y

δ(k′ − k) − s2

2

(
∂2 En(k)

∂k2
x

)
0

∂2

∂k ′2
y

δ(k′ − k).

Finally,
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(nk|H |nk′) = En(k)δ(k − k′) − ski

(
∂2 En(k)

∂ki∂kx

)
0

1

i

∂

∂k ′
y

δ(k′ − k)

− is

2

(
∂2 En(k)

∂ky∂kx

)
0

δ(k′ − k) − s2

2

(
∂2 En(k)

∂k2
x

)
0

∂2

∂k ′2
y

δ(k′ − k). (9.17)

Equation (9.17) is the effective-mass Hamiltonian in momentum space. As for the
impurity problem, the Schrödinger equation for the transformed Hamiltonian can be
written succintly as

H B = E B,

i.e.,

En(k)Bn(k) +
∫

d3k′
[
−ski

(
∂2 En(k)

∂ki∂kx

)
0

1

i

∂

∂k ′
y

δ(k′ − k)Bn(k′)

− is

2

(
∂2 En(k)

∂ky∂kx

)
0

δ(k′ − k)Bn(k′) − s2

2

(
∂2 En(k)

∂k2
x

)
0

∂2

∂k ′2
y

δ(k′ − k)Bn(k′)

]

= E Bn(k),

or

En(k)Bn(k) −s

[
ki

(
∂2 En(k)

∂ki∂kx

)
0

i
∂ Bn(k)

∂ky
+ i

2

(
∂2 En(k)

∂kx∂ky

)
0

Bn(k)

]

+ s2

2

(
∂2 En(k)

∂k2
x

)
0

i2
∂2 Bn(k)

∂k2
y

= E Bn(k). (9.18)

To convert to real space, we again introduce an envelope function via Eq. (8.73).
Thus, we multiply Eq. (9.18) by eik·r and integrate over the FBZ:

∫
d3k En(k)eik·r Bn(k) −s

∫
d3k

[
ki

(
∂2 En(k)

∂ki∂kx

)
0

i
∂ Bn(k)

∂ky
+ i

2

(
∂2 En(k)

∂kx∂ky

)
0

Bn(k)

]
eik·r

+ s2

2

∫
d3k

(
∂2 En(k)

∂k2
x

)
0

i2eik·r ∂2 Bn(k)

∂k2
y

= E
∫

d3k eik·r Bn(k).

Consider the O(s) term:

(
∂2 En(k)

∂ki∂kx

)
0

∫
d3k

[
iki

∂ Bn(k)

∂ky
eik·r

]
+
(

∂2 En(k)

∂kx∂ky

)
0

i

2

∫
d3k Bn(k)eik·r

=
(

∂2 En(k)

∂ki∂kx

)
0

∫
d3k

[
iki

∂ Bn(k)

∂ky
eik·r

]
+ i

2

(
∂2 En(k)

∂kx∂ky

)
0

Fn(r)

=
(

∂2 En(k)

∂ki∂kx

)
0

∫
d3k

[
iki

∂ Bn(k)

∂ky
eik·r

]
+ i

2

(
∂2 En(k)

∂kx∂ki

)
0

(∇i y)Fn(r)
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= 1

2

(
∂2 En(k)

∂ki∂kx

)
0

[∫
d3k 2iki

∂ Bn(k)

∂ky
eik·r + i∇i (yFn) + 1

i
y∇i Fn

]
.

But

2iki
∂ Bn(k)

∂ky
eik·r = 2

∂ Bn(k)

∂ky
∇i e

ik·r = 2∇i

(
∂ Bn(k)

∂ky
eik·r

)

= 2∇i

[
∂

∂ky
(Bn(k)eik·r) − iy Bn(k)eik·r

]
,

and the integral of the first term gives zero; hence,
∫

d3k 2iki
∂ Bn(k)

∂ky
eik·r = 2

i
y∇i (Fy).

Combining with the other terms, we finally get

[
En(−i∇) − s

2

(
∂2 En(k)

∂ki∂kx

)
0

(y
1

i
∇i + 1

i
∇i y) + s2

2

(
∂2 En(k)

∂k2
x

)
0

y2

]
Fn(r)

= E Fn(r). (9.19)

Equation (9.19) is the differential equation satisfied by the envelope function Fn in
the presence of a uniform magnetic field. Using Eq. (9.16), we can interpret it as a
Schrödinger equation with the Hamiltonian being given only by the kinetic energy
operator which is the expansion of the band structure to second order, and replacing
k by −i∇ + eA/�. In the expansion of En(k), any product of noncommuting factors
should be symmetrized [as can be seen, e.g., in the O(s) term of Eq. (9.19)].

Away from the zone center, F satisfies

En

(
k0 + 1

i
∇ + e

�
A
)

Fn(r) = E Fn(r). (9.20)

9.2.1.1 Exact Solution

For a one-band parabolic model in a static magnetic field, there is an exact solution:
equally-spaced Landau levels as in standard quantum mechanics. Again choosing
the magnetic field along the z direction, one has

H = p2
x

2me
+ p2

z

2me
+ 1

2me

(
py + eBx

)2
. (9.21)

Eigenfunctions can be separated in the y and z parts:

f (r) = 1√
L y Lz

ei(ky y+kz z)φ(x), (9.22)
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where φ satisfies the differential equation

(
p2

x

2me
+ 1

2
meω

2
c (x + x0)2 + �

2k2
z

2me

)
φ(x) = Eφ(x), (9.23)

with

x0 = �ky

eB
. (9.24)

Solutions to this problem (the harmonic oscillator) can be written in terms of
Hermite polynomials:

φn(x) = exp

[
−eB

(x − x0)2

2�

]
Hn(

√
s(x − x0)), (9.25)

Hn(x) = (−1)nex2 dn

dxn
[e−x2

]. (9.26)

The eigenvalues of Eq. (9.23) (Landau levels) are independent of the center
point x0:

E(n, ky, kz) =
(

n + 1

2

)
�ωc + �

2k2
z

2me
, (9.27)

where �ωc = eB�/me. Clearly, for a given spin direction, E vs. kz are a set of one-
dimensional parabolas evenly spaced by �ωc. To get a feeling about the magnitude
of the Landau-level spacing, we note that for an effective mass of approximately
0.1 m0 and a magnetic-field strength of B = 1 T, the level spacing is approximately
1 meV.

9.2.1.2 Magnetooptics

Roth, Lax and Zwerdling [25] studied optical magneto-absorption using a simple
model of one conduction and one valence isotropic and parabolic band. The matrix
element governing the transition is proportional to

M ∝ E0

∫
dV f ∗

c u∗
cp · ε fvuv ∝ E0

∫
Ω

dV u∗
cp · εuv

∫
dV f ∗

c fv

= E0(pcv · ε)
∫

dV f ∗
c fv, (9.28)

where E0 is the amplitude of the electric field and the absorption coefficient is
given by
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α(B, E) ∝ |M |2
(

2mcmh

mc + mh

)1/2

B
∑

n

1

(E − En)−1/2
, (9.29)

where mi are the two effective masses, n is the Landau-level index, and

En = E0 + (n + 1

2
)�(ωcc + ωcv), (9.30)

where ωcc (ωcc) stands for the cyclotron frequency in the conduction (valence) band.
Thus, the selection rule for interband magnetoabsorption (for direct transitions) is
Δn = 0, the absorption curve is related to the density of states of a one-dimensional
band, and the oscillations in the curve are separated by an amount equal to multi-
ples of the sum of the two cyclotron frequencies. Of course, a more complicated
band structure (degeneracies, warping, inversion asymmetry, ...) will lead to more
complex spectra [142, 143]. Finally, note that magnetooptics involves both a mag-
netic and an electric field. A study of cyclotron resonance in crossed electric and
magnetic fields for narrow-gap semiconductors was performed by Zawadzki and
coworkers [144].

9.2.2 Degenerate Bands

The derivation is not substantially different from the simple band case. For the latter
case, we had Eq. (9.4). Recall that this is an exact equation; it still applies to the
degenerate subspace. In particular, for centrosymmetric crystals,

(rk|H |r ′k′) = 0, (9.31)

where r and r belong to the degenerate subspace. There is thus no coupling within
the latter. Equations (9.8) and (9.9) are unchanged. Note that the term H0 + Ha + Hb
is diagonal, while [H1, S′] is off-diagonal [Eq. (9.13)]. Then, the effective Hamilto-
nian, Eq. (9.8), in the degenerate subspace is

(rk|H |r ′k′) =
[(

Er (0) + �
2k2

2m0

)
δ(k − k′) − s�

2kx

m0

1

i

∂δ(k − k′)
∂k ′

y

− s2
�

2

2m0

∂2δ(k − k′)
∂k ′2

y

]
δrr ′

+ �

m2
0

∑
ν

[
ki k j pi

rν p j
νr ′δ(k − k′) − s(ki + k ′

i )pi
rν px

νr ′
1

i

∂δ(k − k′)
∂k ′

y

− s2 px
rν px

νr ′
∂2δ(k − k′)

∂k ′2
y

]
1

ωrν

, (9.32)

with

∑
r ′

∫
d3k′ (rk|H |r ′k′)Br ′(k′) = E Br (k), (9.33)
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and ν is a state outside the degenerate subspace (in the so-called Löwdin B set). We
rewrite Eq. (9.32) as (with Er (0) = 0)

(rk|H |r ′k′) =
[

�2k2

2m0
δrr ′ + �

m2
0

∑
ν

ki k j
pi

rν p j
νr ′

ωrν

]
δ(k − k′)

−s2
�

2

[
1

2m0

∂2δ(k − k′)
∂k ′2

y

δrr ′ + 1

m2
0

∑
ν

px
rν px

νr ′

�ωrν

∂2δ(k − k′)
∂k ′2

y

]
(9.34)

−s�

[
�kx

m0

1

i

∂δ(k − k′)
∂k ′

y

δrr ′ + (ki + k ′
i )

1

m2
0

∑
ν

pi
rν px

νr ′

ωrν

1

i

∂δ(k − k′)
∂k ′

y

]
.

We can now separate the terms in H in terms of powers of s. Using the definition
of the D matrix given in Eq. (3.6),

O(1) = Di j
rr ′ki k jδ(k − k′), (9.35)

O(s2) = −s2 Dxx
rr ′δ(k − k′)

∂2

∂k2
y

. (9.36)

To simplify the O(s) term, we use the following result obtained earlier [and
Eq. (9.15)]:

(ki + k ′
i )

∂δ(k − k′)
∂k ′

y

= 2ki
∂δ(k − k′)

∂k ′
y

+ (k ′
i − ki )

∂δ(k − k′)
∂k ′

y

= 2ki
∂δ(k − k′)

∂k ′
y

+ δiy(k ′
y − ky)

∂δ(k − k′)
∂k ′

y

= 2ki
∂δ(k − k′)

∂k ′
y

− δiyδ(k − k′).

Then the O(s) term becomes

= −s�

{
�kx

m0

1

i

∂δ(k − k′)
∂k ′

y

δrr ′ +
[

2ki
∂δ(k − k′)

∂k ′
y

− δiyδ(k − k′)

]
1

m2
0

∑
ν

pi
rν px

νr ′

ωrν

1

i

}

= s�

{
�kx

m0

1

i
δ(k − k′)δrr ′ + 2ki

m2
0

∑
ν

pi
rν px

νr ′

ωrν

1

i
δ(k − k′)

}
∂

∂ky

+sδiyδ(k − k′)
�2

m2
0

∑
ν

pi
rν px

νr ′

ωrν

1

i

= s�

{
2�ki

i
Dix

rr ′
∂

∂ky
+ 1

i
Dxy

rr ′

}
δ(k − k′). (9.37)

Thus, Eqs. (9.32) and (9.33) become
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∑
r ′

[
Di j

rr ′ ki k j Br ′ (k) − is

(
2ki Di x

rr ′
∂ Br ′ (k)

∂ky
+ Dxy

rr ′ Br ′ (k)

)
− s2 Dxx

rr ′
∂2 Br ′ (k)

∂k2
y

]
= E Br (k).

(9.38)
The latter is the effective-mass equation in a degenerate-band semiconductor in

momentum space. Using Eq. (8.93),

∫
d3k Di j

rr ′ki k j Br ′ (k)eik·r =
∫

d3k Di j
rr ′

(
1

i
∇i

)(
1

i
∇ j

)
Br ′ (k)eik·r,

∫
d3k iki

∂ Br ′ (k)

∂ky
eik·r =

∫
d3k ∇i

∂ Br ′ (k)

∂ky
eik·r

= ∇i

∫
d3k

[
∂

∂ky
(Br ′ (k)eik·r) − iy Br ′ (k)

]

= 1

i
∇i (y)

∫
d3k Br ′ (k)eik·r,

−
∫

d3k
∂2 Br ′ (k)

∂k2
y

eik·r = iy
∫

d3k
∂ Br ′ (k)

∂ky
eik·r = y2

∫
d3k Br ′ (k)eik·r = y2 Fr ′ (r),

we have

∑
r ′

[
Di j

rr ′

(
1

i
∇i

)(
1

i
∇ j

)
− 2s Di x

rr ′
1

i
∇i (y) + is Dxy

rr ′ + s2 y2 Dxx
rr ′

]
Fr ′ (r) = E Fr (r). (9.39)

But

(
1

i
∇i − syδi x )(

1

i
∇ j − syδ j x )

=
(

1

i
∇i

)(
1

i
∇ j

)
+ s2 y2δi xδ j x − s

1

i
∇i yδ j x − syδi x

1

i
∇ j

=
(

1

i
∇i

)(
1

i
∇ j

)
+ s2 y2δi xδ j x − 2s

1

i
δ j x (∇i y) + s

i
δi xδ j x .

Therefore,

∑
r ′

[
Di j

rr ′

(
1

i
∇i − syδi x

)(
1

i
∇ j − syδ j x

)]
Fr ′(r) = E Fr (r). (9.40)

9.2.3 Spin-Orbit Coupling

In cyclotron-resonance experiments, the cyclotron energies are typically smaller
than the spin-orbit energy [4]. Then, the four-band model is adequate. We derive
it now. Since the vector potential is only a function of y in our choice of gauge,
periodicity is maintained in the other two directions. Thus, the envelope function
can be written as
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Fj (r) = e
i
�

(px x+pz z) f j (y). (9.41)

We again make the substitution ki → 1
i ∇i − syδi x in the D matrix. For example,

the (1, 1) matrix element from Table 3.6 becomes

1

2
P(

1

i
∇i − syδi x )Fj (r)

= 1

2

{
(L + M + �

2

m0
)
[
(−i∇x − sy)2 + (−i∇y)2

] + 2(M + �
2

2m0
)(−i∇z)

2

}

×e
i
�

(px x+pz z) f j (y)

= e
i
�

(px x+pz z)

2

{
(L + M + �

2

m0
)

[( px

�
− sy

)2
− ∂2

∂y2

]
+

2(M + �
2

2m0
)

�2
p2

z

}
f j (y)

= e
i
�

(px x+pz z)

{
(L + M + �

2

m0
)

2

[
− ∂2

∂y2
+ s2 y2

]
+

M + �
2

m0

�2
p2

z

}
f j (y),

if y is rescaled so that px/� − sy = 0. Continuing,

RFj = − N√
3

[(−i∇x − sy − ∇y

)
(−i∇z)

]
e

i
�

(px x+pz z) f j (y)

= N pz√
3�

e
i
�

(px x+pz z)

(
sy + ∂

∂y

)
f j (y),

SFj = − 1

2
√

3

{
(L − M)

[
(−i∇x − sy)2 − (−i∇y)2

]

−2iN (−i∇x − sy) (−i∇y)
}

e
i
�

(px x+pz z) f j (y)

= − e
i
�

(px x+pz z)

2
√

3

{
(L − M)

(
s2 y2 + ∂2

∂y2

)
+ Ns

(
y

∂

∂y
+ ∂

∂y
y

)}
f j (y),

[
1

6
P + 2

3
Q

]
Fj = e

i
�

(px x+pz z)

3

{
(L + M)

2

[
− ∂2

∂y2
+ s2 y2

]
+ M

�2
p2

z

}
f j (y)

+2

3

{
M
[
(−i∇x − sy)2 − (−i∇y)2

] + L(−i∇z)
2
}

e
i
�

(px x+pz z) f j (y)

= e
i
�

(px x+pz z)

3

{
(L + M)

2

[
− ∂2

∂y2
+ s2 y2

]
+ M

�2
p2

z

}
f j (y)

+e
i
�

(px x+pz z)

[
2M

3

(
s2 y2 − ∂2

∂y2

)
+ 2L

3

p2
z

�2

]
f j (y)

= e
i
�

(px x+pz z)

{
(L + 5M)

6

[
− ∂2

∂y2
+ s2 y2

]
+ (2L + M)

3

p2
z

�2

}
f j (y).

Hence, we obtain the coupled differential equations given in Table 9.1.
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9.3 Valence-Band Landau Levels

The k · p models in the presence of a magnetic field can be solved to obtain the Lan-
dau levels. The procedure is well described in the paper by Hensel and Suzuki [145].

9.3.1 Exact Solution

A simplified solution was given by LK. They chose pz = 0 and ignored the electron
spin. The Hamiltonian becomes the one given in Table 9.2. One can now introduce
ladder operators:

y =
√

1

2s
(a + a†), py = −i�

√
s

2
(a − a†), (9.42)

giving

[a, a†] = 1. (9.43)

Then

p2
y + s2

�
2 y2 = �

2s(aa† + a†a) = �
2s(2N + 1), N = a†a,

s2 y2 − p2
y = �

2s(a2 + (a†)2), (9.44)

s(ypy + py y) = �s

i
(a2 − (a†)2).

LK now made the spherical approximation: L − M = N . We will also write

α =
(L + M + �

2

m0
)

2
,

β =
(L + 5M) + 6�

2

2m0

6
, (9.45)

α − β = L − M

3
,

γ =
√

3(α − β).

This finally gives the Hamiltonian as

⎛
⎜⎜⎝

α(2N + 1) −γ (a†)2 0 0
−γ a2 β(2N + 1) 0 0

0 0 β(2N + 1) γ (a†)2

0 0 γ a2 α(2N + 1)

⎞
⎟⎟⎠ , (9.46)
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where an overall factor of s has been left out. Due to the presence of the ladder
operators, one can use as basis the oscillator eigenstates:

f j =
∑

n

f j (n)φn. (9.47)

We know that

a†φn = (n + 1)1/2φn+1, aφn = n1/2φn−1. (9.48)

Thus, for the top 2 × 2 block,

[α(2n + 1) − λ] f1(n) − γ n1/2(n − 1)1/2 f2(n − 2) = 0,

−γ (n + 1)1/2(n + 2)1/2 f1(n + 2) + [β(2n + 1) − λ] f2(n) = 0. (9.49)

This system of equations can be solved by making use of the following Ansatz:

f1(n) = C1δn,n0 , f2(n) = C2δn+2,n0 . (9.50)

Then

[α(2n0 + 1) − λ]C1 − γ n1/2
0 (n0 − 1)1/2C2 = 0, n0 = 0, 1, 2, . . .

−γ n1/2
0 (n0 − 1)1/2C1 + [β(2n0 − 3) − λ]C2 = 0, n0 = 2, 3, . . .

and for a nontrivial solution,
∣∣∣∣ α(2n0 + 1) − λ −γ n1/2

0 (n0 − 1)1/2

−γ (n0)1/2(n0 − 1)1/2 β(2n0 − 3) − λ

∣∣∣∣ = 0,

or

[α(2n0 + 1) − λ][β(2n0 − 3) − λ] = γ 2n0(n0 − 1).

If n0 = 0, 1,

λ = α(2n0 + 1).

If n0 > 1,

λ = 1

2

{
(α + β)(2n0 + 1) − 4β

± [
[(α + β)(2n0 + 1) − 4β]2 − 4αβ(2n0 + 1)(2n0 − 3) + 4γ 2n0(n0 − 1)

]1/2
}
.

The latter can be simplified by noting

[(α + β)(2n0 + 1) − 4β]2 − 4αβ(2n0 + 1)2 + 16αβ(2n0 + 1)

= [(α − β)(2n0 + 1) + 4β]2.
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Hence, if we similarly work out the eigenvalues of the lower block of Eq. (9.46), all
the energies are (putting back the factor of s)

λ = αs(2n0 + 1), (9.51)

λ = βs(2n0 + 1), (9.52)

for n0 = 0, 1, and

λ± = s

2

{
(α + β)(2n0 + 1) − 4β ± [

[(α − β)(2n0 + 1) + 4β]2 + 4γ 2n0(n0 − 1)
]1/2

}
,

λ′
± = s

2

{
(α + β)(2n0 + 1) − 4α ± [

[(β − α)(2n0 + 1) + 4α]2 + 4γ 2n0(n0 − 1)
]1/2

}
,

for n0 > 1. The levels are no longer degenerate, due to the breaking of time-reversal

symmetry by the magnetic field. Note that the Landau levels are again equally
spaced.

The result was obtained by introducing the magnetic field right from the start
into the Hamiltonian. An alternative approach might have been to obtain the disper-
sion relation first, then apply the magnetic field; LK called the latter the “classical”
expression. The four-band problem has an exact solution as we saw in Chap. 3;
within the spherical approximation,

E(k) = 1

3
(L + 2M)k2 + �

2k2

2m0
± 1

3
(L − M)k2

= 1

3
(2L + M)k2 + �

2k2

2m0
, Mk2 + �

2k2

2m0

= 1

2
(3α − β)k2,

1

2
(3β − α)k2. (9.53)

Note that each level remains doubly degenerate. Each also behaves like a free elec-
tron. Application of a magnetic field is known to lead to Landau levels. One can also
apply the effective-mass theory. The energy levels become

E(n0) =
{ 1

2 (3α − β)(2n0 + 1),

1
2 (3β − α)(2n0 + 1),

(9.54)

for n0 = 0, 1, 2, . . . The differences compared to the earlier results are obvious.
Nevertheless, the two are related at high quantum numbers [4].
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9.3.2 General Solution

In general, the magnetic Hamiltonian is infinite dimensional and the eigenvector is
a linear combination of harmonic oscillator |φn〉 and Bloch states |MJ 〉:

ψ =
∑
n,MJ

an(MJ )|φn〉|MJ 〉. (9.55)

In practice, the matrix is truncated. For zincblende, Bell and Rodgers solved the
full magnetic problem for a magnetic field along 〈100〉 [146]. An example of the
solution for kB = 0 for Ge is shown in Fig. 9.2. Following Hensel and Suzuki [145],
the Landau levels are labeled by (Nn, K π ). Here, N is the Landau quantum num-
ber for the envelope function and n labels the various MJ states for each N (for
example, there are four n values for the Luttinger model). The quantum number
K = 0, 1, . . . , ν − 1 labels the rotational symmetry about B for the latter along
a crystal axis of ν-fold rotational symmetry, and π is the parity of the envelope
function. One has [145]

N = MJ + 3

2
+ n, K ≡ N (mod ν). (9.56)

Fig. 9.2 Valence-band Landau levels for B along different directions and kB = 0 for Ge. Reprinted
with permission from [145]. c©1974 by the American Physical Society
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9.4 Extended Kane Model

The invariant form of the magnetic interaction within a 14-band model for zincblende
is given in Table 9.3. The valence parameters (κ ′, q ′) are clearly the Luttinger
ones with the conduction band subtracted out. Similarly, there is a g-factor term
in the conduction band (see Sect. 9.5 for details). However, in addition, there is a
conduction–valence band-coupling term that is linear in the magnetic field and is
parametrized by D′.

Table 9.3 Invariant expansion of magnetic interactions of the Hamiltonian for a 14-band model of
zincblende. {AB} = 1

2 (AB + B A), c.p. stands for cyclic permutation. Adapted with permission
from [21, 81]. c©1979 by the American Physical Society

H 6c6c
B = 1

2
g′μB (σ · B),

H 8v8v
B = −2μB

[
κ ′J · B + q ′(J 3

x Bx + c.p.)
]
,

H 7v7v
B = −2μBκ ′σ · B,

H 6c8v
B = i√

3
μB D′(Tyz Bx + c.p.),

H 8v7v
B = −3μBκ ′U · B.

9.5 Landé g-Factor

We now consider the more complete problem and rewrite the one-particle Hamilto-
nian for an electron in a static magnetic field with the electron spin term:

H = (p + eA)2

2m0
+ V (r) + �

4m2
0c2

(σ × ∇V ) · p + g0μBσ · B, (9.57)

where g0 is the free-electron Landé g-factor (g0 ≈ 2). Thus, the focus is on the
conduction band.

The conduction-band wave function ψ near the Γ point is, in the one-band
model, written as:

ψ = fe(r)|S〉, (9.58)

where |S〉 is the Bloch-periodic part and fe is the envelope function. As we have
seen, to zeroth order in A, the term (p + eA)2 /(2m0) leads to the effective mass in
the one-band Hamiltonian for the envelope function fe using second-order Löwdin
perturbation theory through interactions with remote states (including the valence-
band |P〉 states among remote states). To first order in A, the same term leads to the
electron effective g-factor in the one-band Hamiltonian for the envelope function fe

using second-order perturbation theory.
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Specifically, we had from Sect. 5.4.2.1 that

Dnm = Di j
nm ′ki k j = 1

2
[Di j

nm ′ , D ji
nm][ki , k j ] + {Di j

nm ′, D ji
nm}{ki , k j }.

The second, symmetric terms leads to the effective mass. For the spin-up S state of a
cubic semiconductor, the Löwdin perturbation term with the antisymmetric term is

ΔE = �
2

m2
0

∑
l

{[ 〈S ↑ |px |l〉〈l|py|S ↑〉 − 〈S ↑ |py|l〉〈l|px |S ↑〉
Es − El

]
[kx , ky]

+
[ 〈S ↑ |pz|l〉〈l|px |S ↑〉 − 〈S ↑ |px |l〉〈l|pz|S ↑〉

Es − El

]
[kz, kx ]

+
[ 〈S ↑ |py|l〉〈l|pz|S ↑〉 − 〈S ↑ |pz|l〉〈l|py|S ↑〉

Es − El

]
[ky, kz]

}
,

where l denote remote states.
We have seen that the commutator of the wave vector is proportional to the mag-

netic field. Assuming a magnetic field along the z-direction, we then have

ΔE = −ie
�

m2
0

Bz

∑
l

〈S ↑ |px |l〉〈l|py|s ↑〉 − 〈s ↑ |py|l〉〈l|px |s ↑〉
Es − El

≡ ΔgμBσz Bz . (9.59)

Hence, using second-order perturbation theory, there is an additional g-factor con-
tribution to the one-band electron effective-mass Hamiltonian:

Δg = g0

im0

∑
l

〈S ↑ |px |l〉〈l|py|S ↑〉 − 〈S ↑ |py|l〉〈l|px |S ↑〉
ES − El

, (9.60)

For valence states, the effective g factor arises from the κ (isotropic) and q terms
in the Luttinger Hamiltonian [87].

9.5.1 Zincblende

We now give the explicit derivation of the g-factor for the conduction electron in a
zincblende semiconductor. In this case, the conduction state will be written as |iS〉
and we rewrite Eq. (9.60) as

Δg = g0

im0

∑
l

〈iS ↑ |px |l〉〈l|py|iS ↑〉 − 〈iS ↑ |py|l〉〈l|px |iS ↑〉
ES − El

. (9.61)
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Table 9.4 Matrix elements for computing the g factor for zincblende

l 〈iS ↑ |px |l〉 〈l|px |iS ↑〉 〈iS ↑ |py |l〉 〈l|py |iS ↑〉
hh ↑ P√

2
P√
2

iP√
2

− iP√
2

hh ↓ 0 0 0 0

lh ↑ 0 0 0 0

lh ↓ − P√
6

− P√
6

iP√
6

− iP√
6

sh ↑ 0 0 0 0

sh ↓ − P√
3

− P√
3

iP√
3

− iP√
3

First, we will assume the only relevant states in the summation are from the valence-
band hh, lh (Γ8v), and sh (Γ7v) bands. We can use the Hamiltonian in Table 4.1 in
order to evaluate the matrix elements in Eq. (9.61). All the needed matrix elements
are given in Table 9.4.

Then

Δg

g0
= 1

im0

⎧⎨
⎩

(
P√
2

) (
− iP√

2

)
−
(

iP√
2

) (
P√
2

)

E0
+

(
− P√

6

) (
− iP√

6

)
−
(

iP√
6

) (
− P√

6

)

E0

+
(
− P√

3

) (
− iP√

3

)
−
(

iP√
3

) (
− P√

3

)

E0 + Δ0

⎫⎬
⎭

= −2P2

3m0

Δ0

E0 (E0 + Δ0)
, (9.62)

and the total (effective) g-factor g∗ becomes:

g∗ = g0 + Δg = g0

(
1 − 2

3

P2

m0

Δ0

E0 (E0 + Δ0)

)
. (9.63)

Thus, the term g0μBσ · B must be replaced by g∗μBσ · B in the effective-mass
one-band electron Hamiltonian similar to the replacement of the free-electron mass
by the effective mass. The Landé spin-splitting effect is small; at B = 1 T, it amounts
to approximately 0.1 meV for an effective g factor equal to 2. Hermann and Weis-
buch [147] include the upper conduction bands into the summation explicitly:

Δg

g0
= −2P2

3m0

Δ0

E0 (E0 + Δ0)
+ 2P ′2

3m0

(
1

EΓ6c − EΓ8c

− 1

EΓ6c − EΓ7c

)
+ C ′

= −2P2

3m0

Δ0

E0 (E0 + Δ0)
+ 2P ′2

3m0

Δ1

E1 (E1 + Δ1)
+ C ′, (9.64)

where C ′ accounts for more remote bands.
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9.5.2 Wurtzite

Hermann and Weisbuch [147] also evaluated the g-factor of wurtzite semiconduc-
tors using the Gutsche–Jahne basis (Table C.9). In this case, the valence band con-
sists of the A (Γ9v), B (Γ7v), and C (Γ7v) states and the g-factor is anisotropic. The
necessary matrix elements for evaluating g|| are given in Table 9.5.

Table 9.5 Matrix elements for computing the g|| factor for wurtzite

l 〈iS ↑ |px |l〉 〈l|px |iS ↑〉 〈iS ↑ |py |l〉 〈l|py |iS ↑〉
A ↑ P√

2
P√
2

iP√
2

− iP√
2

A ↓ 0 0 0 0

B ↑ 0 0 0 0

B ↓ (1−q2
7 )1/2

√
2

P (1−q2
7 )1/2

√
2

P −i (1−q2
7 )1/2

√
2

P i (1−q2
7 )1/2

√
2

P

C ↑ 0 0 0 0

C ↓ − qz√
2

P − qz√
2

P i qz√
2

P −i qz√
2

P

Then

Δg||
g0

= 1

im0

⎧⎨
⎩

(
P√
2

) (
− iP√

2

)
−
(

iP√
2

) (
P√
2

)

Ee − E A

+
(

(1−q2
7 )1/2 P√
2

) (
i(1−q2

7 )1/2 P√
2

)
−
(−i(1−q2

7 )1/2 P√
2

) (
(1−q2

7 )1/2 P√
2

)

Ee − EB

+
(
− qz P√

2

) (
− iqz P√

2

)
−
(

iqz P√
2

) (
− qz P√

2

)

Ee − EC

⎫⎬
⎭

= P2

m0

(
1

E A
− (1 − q2

7 )

EB
− q2

z

EC

)
, (9.65)

where Ee was set to zero. Similarly, one obtains

Δg⊥
g0

= − P2

m0

(
1

EC
− 1

EB

)
[2qz(1 − q2

7 )]1/2. (9.66)

The effective g-factor in a semiconductor was first discussed by Luttinger [4].
Other studies on the electron g-factor can be found in [25, 147]. Typical experimen-
tal values as compiled by Hermann and Weisbuch [147] are given in Table 9.6.
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Table 9.6 Experimental g∗-factor values. Adapted with permission from [147]. c©1977 by the
American Physical Society

g∗

InSb −51.3
InAs −14.8
InP 1.26
GaSb −9.25
GaAs −0.44

9.6 Summary

It was shown how to include an external static magnetic field into the k · p Hamil-
tonian using the method of canonical transformations of Luttinger and Kohn. The
answer is the minimal-coupling procedure k → k + eA/�, where A is the vector
potential, applied to the effective Hamiltonian. An exact solution for the degenerate
valence-band problem discovered by Luttinger was then presented. The theory of
the g factor for a simple conduction band for both zincblende and wurtzite was also
given.



Chapter 10
Electric Field

10.1 Overview

The formalism for studying a static electric field in an infinite solid is fundamentally
an ill-defined problem [148]. The reason is because the corresponding potential
energy is given by

V (r) = −E · r, (10.1)

which is a nonperiodic and unbounded function. A representation in terms of
extended Bloch states is, therefore, infinite [134]. Furthermore, being unbounded
from below means that there is no stable ground state. This causes difficulty with
variational formulations of the energy functional [149, 150]. For the most part, the
study of this problem has evolved independently within the ab initio and empirical
communities. The problem was extensively discussed within k · p theory by Blount
in 1962 [134]. It was shown that there is no difficulty unless there is a degeneracy
in the energy spectrum. A solution for a degenerate band structure was recently
proposed by Foreman [135, 136, 151].

10.2 One-Band Model of Stark Effect

A general solution to the one-band effective-mass Hamiltonian,

H = p2
x

2m∗ + eEx + p2
y

2m∗ + p2
z

2m∗ , (10.2)

with E the electric field applied along the x direction is:

ψ(r) = φ(x)eiky yeikz z, (10.3)

where φ(x) is the solution to the differential equation

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 10, C© Springer-Verlag Berlin Heidelberg 2009
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(
p2

x

2m∗ + eEx

)
φ(x) = Exφ(x), (10.4)

with the boundary condition:

lim
x→±∞ |φ(x)| < ∞. (10.5)

The energy Ex is related to the total energy E by:

E = Ex + �
2k2

y

2m∗ + �
2k2

z

2m∗ . (10.6)

Solutions φ are given in terms of Bessel J and K functions of fractional order.
Since the potential term eEx is arbitrarily negative as x → −∞, the spectrum is
continuous. In particular, bounded solutions with any Ex < 0 are allowed whenever
E 	= 0. Similarly, for holes, a continuous spectrum exists above the valence-band
edge whenever E 	= 0.

10.3 Multiband Stark Problem

Adding an unbounded operator such as the Stark term to the Hamiltonian and per-
forming a multiband analysis involving degenerate states, require a careful analy-
sis [134, 151]. We shall follow Foreman’s discussion [151].

10.3.1 Basis Functions

Using the Bloch functions ψnk, the cell-periodic parts unk, and the Schrödinger
Hamiltonian H as defined in Eqs. (2.1), (2.2), (2.3), (2.4), (2.5), (2.6), (2.7), (2.8),
(2.9), (2.10), we obtain

pnn′ (k) = (2π )3

Ω

∫
Ω

d3r ψ
†
nk(r)pψn′k(r)

= (2π )3

Ω

∫
Ω

d3r u∗
nk(r)pun′k(r) + �kδnn′ , (10.7)

πnn′ (k) = (2π )3

Ω

∫
Ω

d3r u∗
nk(r)πun′k(r) + �kδnn′ , (10.8)

rnn′ (k) = (2π )3

Ω

∫
Ω

d3r u∗
nk(r)run′k(r) + �kδnn′ . (10.9)

It is known that the Bloch functions ψnk and the cellular part unk above are not
analytical functions in the wave vector k. In fact, they are discontinuous in k at a
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degeneracy (say, at k0) [152], and depend critically on the direction k−k0 for small
k−k0 [1]. This non-analytical behavior in k of the Bloch functions, as we shall see,
leads to severe problems in the calculation of Stark matrix elements.

For that reason, one should use the LK basis states, Eq. (8.43), which are entire
functions of k [6]:

χnk(r) = eik·rψnk0 (r) = ei(k+k0)·rUn(r), (10.10)

where

Un(r) = unk0 (r), (10.11)

and k0 is some fixed point in k space. The LK basis states χnk(r) are entire functions
in k as the k dependence is through the entire function exp(ik · r) only.

The periodicity of Un(r) implies it can be written as a Fourier series:

Un(r) =
∑

m

UnmeiKm ·r, (10.12)

Unm = 1

Ω

∫
Ω

d3r Un(r)e−iKm ·r, (10.13)

where Km is a reciprocal lattice vector. The set {Un} is orthogonal and complete
with respect to cell-periodic functions, hence [153]:

1

Ω

∫
Ω

d3r U ∗
n (r)Un′(r) =

∑
m

U ∗
nmUn′m = δnn′ , (10.14)

1

Ω

∑
n

Un(r)U ∗
n (r′) = I

∑
R

δ(r − r′ − R), (10.15)

where R is a Bravais lattice vector and I is the 2 × 2 identity matrix.
We will write the LK basis functions in Dirac notation:

χ s
nk(r) = 〈sr|nk), (10.16)

where s is a spin index and |sr〉 an eigenket of spin and position. Additional prop-
erties of the LK basis states can be found in Sect. 8.3.

From the definition of the LK basis states [Eq. (10.10)], we can write down an
expression for the coordinate matrix elements as follows:

(nk|r|n′k′) = i∇k(nk|n′k′). (10.17)

Further, using Eq. (8.46) yields:

(nk|r|n′k′) = i
∑

m

Bnn′
m ∇kδ(k − k′ + Km). (10.18)
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An expression of integrals involving the product of a general function A(r) and
a cell-periodic function B(r) is useful for the further analysis. We have

A(r) = 1

(2π )3/2

∫
dk A(k)eik·r, (10.19)

A(k) = 1

(2π )3/2

∫
d3r A(r)e−ik·r, (10.20)

B(r) =
∑

m

BmeiKm ·r, (10.21)

Bm = 1

Ω

∫
Ω

d3r B(r)e−iKm ·r. (10.22)

Combining these expressions allows us to write a modified form of Parseval’s
theorem:

∫
d3r A(r)B(r) =

∑
m

∫
d3r A(r)BmeiKm ·r = (2π )3/2

∑
m

A−m Bm . (10.23)

10.3.2 Matrix Elements of the Coordinate Operator

We seek to determine an expression for the coordinate matrix element evaluated
between Bloch states to emphasize the problem in using a basis set of Bloch states in
computing the Stark effect multiband problem. First, notice that Parseval’s theorem
[Eq. (10.23)], the orthogonality relation [Eq. (2.4)], and the periodicity condition:
ψn,k(r) = ψn,k+G(r) lead to:

∫
Ω

d3r ψ
†
n,k(r)ψn′,k′ =

∑
G

δ
(
k − k′ + G

)
δnn′ . (10.24)

Taking the gradient with respect to k of this equation gives [134]

∫
Ω

d3r ψ
†
n,k(r)rψn′,k′ =

∑
G

[
i∇kδ

(
k − k′ + G

)
δnn′ + ξnn′(k)δ

(
k − k′ + G

)]
,

(10.25)
where

ξnn′(k) = 1

Ω

∫
Ω

d3r u∗
nk(r)[i∇kun′k(r)]. (10.26)

Evidently, matrix elements of the coordinate operator are ill-defined as ∇kun′k(r) is
singular at a point of degeneracy [1, 152] (refer to the discussion above). Hence,
we have demonstrated the problem in using a basis set of Bloch states to solve the
multiband Stark effect problem. The solution to the Stark problem is, as mentioned
above, to define matrix elements in terms of a basis set of entire functions such as
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the LK basis set. In the following section, we shall elaborate further on this and
derive a Hamiltonian convenient for obtaining the electronic band structure of the
upper valence-band states and the lower conduction-band states (possibly including
the p conduction states). This Hamiltonian includes effects to terms of order k3,
kE , and E2 in an appropriately chosen quasi-degenerate set of eigenstates using
two subsequent unitary transformations of the LK basis states. This combination
of unitary transformations leads to a Hamiltonian which does not contain, in the
non-relativistic approximation, dipole-like terms.

10.3.3 Multiband Hamiltonian

Consider the case where the potential V in the Pauli equation is composed of the
crystal potential and the Stark term:

U (r) = eE · r. (10.27)

Hence, the Pauli equation reads

H = H0 + U (r) + e�

4m2
0c2

E · (p × σ ), (10.28)

with H0 as given by Eq. (2.5).
Employing Eqs. (2.1), (2.2), (2.3), (2.4), (2.5), (2.6) we obtain

(
nk|H |n′k′) =

[(
En(k0) + �

2k2

2m0

)
δnn′ + �

m0
k · πnn′(k0)

]
δ(k − k0), (10.29)

(
nk|U |n′k′) = ieE ·

∑
m

Bnn′
m ∇kδ(k − k′ + Km), (10.30)

(
nk|W |n′k′) = e�

4m2
0c2

[E · (p × σ )nn′ + (E × �k) · σnn′ ]δ(k − k0), (10.31)

where the matrix elements (p × σ )nn′ and σnn′ are evaluated at k0 in analogy with
Eqs. (10.7), (10.8), (10.9).

In the following, we shall restrict our analysis to effects far away from the zone
boundary and neglect terms in the crystal potential involving reciprocal lattice vec-
tors Km 	= 0. Hence, all matrix elements of operators O appearing in the subsequent
analysis can be written as

(
nk|O|n′k′) = (

n|O|n′) δ
(
k − k′), (10.32)

where (n|O|n′) is a k-dependent expression [refer to Eqs. (10.29), (10.30), (10.31)].
Next, we split up the contribution from H in three terms:

H = H A + H B + H C , (10.33)
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where

(
n|H A|n′) =

(
En(k0) + �

2k2

2m0

)
δnn′ , (10.34)

(
n|H B |n′) = �

m0

3∑
i=1

kiπ
i
nn′ (1 − Δnn′ ), (10.35)

(
n|H C |n′) = �

m0

3∑
i=1

kiπ
i
nn′Δnn′ , (10.36)

where π i
nn′ is the i’th component of πnn′ (i = 1, 2, 3 equivalent to x, y, z compo-

nents, respectively). Here, Δnn′ is the function

Δnn′ = 1, if En ≈ En′ ,

Δnn′ = 0, otherwise. (10.37)

Similarly, we split contributions from W in two terms, W = W A+W B , and retaining
only the Km = 0 term in the U matrix elements [Eq. (10.30)] as just argued:

(
n|U |n′) = ieE · δnn′∇k, (10.38)

(
n|W A|n′) = e�

4m2
0c2

E · (p × σ )nn′ , (10.39)

(
n|W B |n′) = e�

2

4m2
0c2

(E × k) · σnn′ . (10.40)

With these results, we are equipped to solve the multiband problem. First, we
wish to decouple the quasi-degenerate set, we are solving for, from all other states
to a certain specified order in k and E so as to effectively reduce the Hamiltonian
problem to block-diagonal form. We will make use of the technique of canonical
transformation again.

Let us therefore recast our problem in a new set of states |nk) related to the old
set |nk) by a unitary matrix exp(S):

|nk
) = eS|nk

)
, (10.41)

The original Hamiltonian in the new basis set relates to the new Hamiltonian in the
old states as follows [6]:

(
n′k′|H |nk

) = (
n′k′|H |nk

)
, (10.42)

H = e−S HeS = H + [H, S]

+ 1

2!
[[H, S], S] + 1

3!
[[[H, S], S], S] + . . . . (10.43)
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The link between the two Hamiltonians becomes

H = H A + H B + H C + U + W A + W B + [
H A, S

] + [
H B, S

] + [
H C , S

]

+[U, S] + 1

2!

[[
H A, S

]
, S

] + 1

2!

[[
H B, S

]
, S

] + 1

2!

[[
H C , S

]
, S

]

+ 1

2!
[[U, S], S] + 1

3!

[[[
H A, S

]
, S

]
, S

]
, (10.44)

which includes all terms of order k3, kE , and E2 except those stemming from [W A +
W V , S]. To obtain a block-diagonal form we seek to eliminate the coupling H B by
choosing appropriately S. This is achieved if

H B + [
H A, S

] = 0, (10.45)

giving [6]

(
n|S|n′) = −

3∑
i=1

�kiπ
i
nn′

m0(En − En′ )
(1 − Δnn′) = −i

3∑
i=1

kiξ
i
nn′(1 − Δnn′), (10.46)

with ξnn′ as defined in Eq. (10.26). In obtaining the last equality, we have used the
commutator relation

π ≡ m0
i� [r, H0] = p + �

4m0c2 (σ × ∇V ). (10.47)

to write

ξnn′ = − i�

m0

πnn′

En − En′
. (10.48)

With this choice of S the Hamiltonian H reads

H = H A + H C + U + W A + W B + 1

2

[
H B, S

]

+[U, S] + 1

3

[[
H B, S

]
, S

] + 1

2

[[
H C , S

]
, S

] + 1

2
[[U, S], S], (10.49)

discarding the term [H C , S] appearing in Eq. (10.44) because its contributions are
all off-diagonal of order k2.

Let us next write down expressions for the remaining matrix elements. Using
Eqs. (10.34), (10.35), (10.36) and (10.46), (10.47), (10.48), we find
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1

2

(
n|[H B, S]|n′) =

3∑
i, j=1

�
2ki k j

2m2
0

′∑
α

π i
nαπ

j
αn′

(
1

En − Eα

+ 1

En′ − Eα

)
,(10.50)

1

3

(
n|[[H B, S], S]|n′) = − �

3m0

3∑
l,m,n=1

klkmkn

×
′∑

α,β

(
π l

nαξm
αβξ n

βn′ − 2ξ l
nαπm

αβξ n
βn′ + ξ l

nαξm
αβπn

βn′
)
, (10.51)

(
n|[U, S]|n′) = eE · ξnn′ (1 − Δnn′), (10.52)

1

2

(
n|[[U, S], S]|n′) = ie

2m2
0

3∑
i, j=1

(
Ei k j − E j ki

) ′∑
α

�
2π i

nαπ
j
αn′

(En − Eα)(Eα − En′ )
.(10.53)

It is important to observe that the dipole-like matrix elements: (n|[U, S]|n′) vanish
between quasi-degenerate states due to the presence of the term: 1 −Δnn′ . Thus, the
problem with singularities in the energy denominator expression of ξnn′ is removed
by formulating the Hamiltonian problem in the LK transformed basis states: |nk)
which are entire functions of k.

Performing yet another transformation to eliminate the dipole term [U, S] in
Eq. (10.52), which is linear in E and generated by the first transformation, is next
done. The necessary unitary transformation: eR superimposed the first unitary trans-
formation eS implies that the Hamiltonian problem is solved using a basis set |n̂k)
connected to the original basis set by

|n̂k) = eReS|nk
)
, (10.54)

with an associated Hamiltonian Ĥ given as

Ĥ = e−Re−S HeSeR, (10.55)

The operator R is chosen such that

[U, S] + [
H A, R

] = 0, (10.56)

yielding

(
n|R|n′) =

3∑
i=1

ie�Eiπ
i
nn′

m0(En − En′)2
(1 − Δnn′ ). (10.57)

Then, we obtain
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Ĥ = H A + H C + U + W A + W B + 1

2

[
H B, S

]

+1

3

[[
H B, S

]
, S

] + 1

2

[[
H C , S

]
, S

] + 1

2
[[U, S], R], (10.58)

where the relation [U, R] = 0 has been used and the (generated) matrix ele-
ment [H C , R] neglected since this term contributes off-block-diagonally only to
the order kE . The remaining matrix element, that we keep, generated by this last
transformation is

1

2

(
n|[[U, S], R]|n′) = −

3∑
i, j=1

e2EiE j

2m2
0

3∑
i, j=1

′∑
α

�
2π i

nαπ
j
αn′

(En − Eα)(Eα − En′ )

×
(

1

En − Eα

+ 1

En′ − Eα

)
. (10.59)

In conclusion, we have in Eq. (10.58) obtained a LK-like Hamiltonian for degener-
ate bands valid to order k3, kE , and E2. We anticipate that linear-in-E terms being
independent of k are still present in this Hamiltonian due to the small relativistic
term W A [refer to Eq. (10.39)]. This term W A is similar to a dipole term since
(p × σ )nn′ transforms as the vector ξnn′ under time-reversal symmetry and point-
group operations. The third-order in k term: 1

2 [[H C , S], S] is zero in the absence
of spin-orbit interaction and exists only in the absence of inversion symmetry [104]
(the term is proportional to P ′ in the 14-band model of Cardona and Pollak [5]).

10.3.4 Explicit Form of Hamiltonian Matrix Contributions

Above, a general form was derived for the Hamiltonian of a set of quasi-degenerate
states accounting for Stark effects. We shall now give explicit expressions of the
matrix elements in the framework of Cardona, Christensen, and Fasol’s three-
band model [104]. First, we give the Dresselhaus, Kip, and Kittel version of the
Hamiltonian HDK K in the Γ v

15 states (X, Y, Z ) due to the k · p interaction [2] and
parameters within the three-band model:

HDKK(k) =

⎛
⎜⎜⎝

Lk2
x + M

(
k2

y + k2
z

)
Nkx ky Nkx kz

Nkx ky Lk2
y + M

(
k2

x + k2
z

)
Nkykz

Nkx kz Nkykz Lk2
z + M

(
k2

x + k2
y

)

⎞
⎟⎟⎠

+

⎛
⎜⎜⎝

0 iG
(
k2

x − k2
y

)
kz iG

(
k2

x − k2
z

)
ky

iG
(
k2

y − k2
x

)
kz 0 iG

(
k2

y − k2
z

)
kx

iG
(
k2

z − k2
x

)
kz iG

(
k2

z − k2
y

)
kx 0

⎞
⎟⎟⎠, (10.60)
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where

L = �
2

2m0
− P2

E0
,

M = �
2

2m0
− Q2

E ′
0

, (10.61)

N = −
(

P2

E0
+ Q2

E ′
0

)
,

G = 2
P P ′ Q
E0 E ′

0

,

and matrix elements P, Q and energy gaps E0, E ′
0 have their usual meaning.

The contribution 1
2 [H B, S] to the total Hamiltonian Ĥ is the first matrix appear-

ing in Eq. (10.60) while, in the three-band model, the contribution 1
3 [[H B, S], S] is

the second matrix appearing in Eq. (10.60).
In the three-band model, the term 1

2 [[U, S], S] takes the following form:

⎛
⎝ 0 in

(
Ex ky − kxEy

)
in (Ex kz − kxEz)

in
(
Eykx − kyEx

)
0 in

(
Eykz − kzEy

)
in (Ezkx − kzEz) in

(
Ezky − kzEy

)
0

⎞
⎠, (10.62)

where

n = − e

2

(
P2

E2
0

− Q2

E ′2
0

)
. (10.63)

Finally, it is found that the term 1
2 [[U, S], R] in the three-band model reads

⎛
⎝λE2

x + μ
(
E2

y + E2
z

)
νExEy νExEz

νExEy λE2
y + μ

(
E2

x + E2
z

)
νEyEz

νExEz νEyEz λE2
z + μ

(
E2

x + E2
y

)
⎞
⎠, (10.64)

where

λ = −e2 P2

E3
0

,

μ = −e2 Q2

E ′3
0

,

ν = −e2

(
P2

E3
0

+ Q2

E ′3
0

)
. (10.65)
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This completes the Hamiltonian derivation in the three-band model. We note, as a
final comment, that the form of the matrices above is in agreement with the method
of invariants for zincblende. In particular, we observe that the form of the matrix
1
2 [[U, S], R] in the electric-field-squared components is the same as the form of the
first matrix in Eq. (10.60) in the wave-vector-squared components. Since both k and
E transform as vectors this is indeed consistent with the method of invariants.

10.4 Summary

The addition of an external static electric field to the k · p Hamiltonian is problematic
and still under dispute. The most recent model of Foreman was discussed in detail.
A static electric field is also responsible for a number of interesting effects such
as Wannier-Stark localization [154], Stark effect [155], Fano resonance [156], and
Pockels effect [135, 136, 151].



Chapter 11
Excitons

11.1 Overview

An exciton, in its simplest form, is a composite particle of an electron and a hole
in a semiconductor. They are typically formed by optical excitation. Since they
are observed as a modification of the single-particle optical spectrum primarily via
the formation of discrete features, their properties are relevant to a band-structure
discussion. In effect, the problem statement we are interested in is how is the
single-particle band structure modified in the presence of the many-body interac-
tions (Coulomb and exchange).

An exciton has many degrees of freedom due to its translational motion (char-
acterized by a wave vector), the relative motion between the electron and the hole
(atomic-like quantum numbers), and internal spin degrees of freedom (due to the
spin and orbital degrees of freedom of the particles). One will find that, in the
simplest case of excitons formed from nondegenerate (except for spin) parabolic
band states, there is an exact solution equivalent to a hydrogen-like problem. How-
ever, when the valence band is degenerate, as for cubic semiconductors, the above
degrees of freedom are mixed, including the translational and relative motions, and
there is no exact solution; a perturbative approach is then conventional. One can
also introduce external perturbations such as electric, magnetic and strain fields in
order to remove any degeneracy in the level structure as that would allow a clearer
experimental analysis of the states. Theoretically, this can be viewed as a symmetry-
breaking mechanism inducing further level mixing and splitting. Thus, we will also
describe the development of an effective exciton Hamiltonian in the presence of
external fields.

The first observation of excitons in semiconductors were both direct and indirect
excitons in Si and Ge by MacFarlane and coworkers in 1957 [157]. However,
the theory goes back farther. Excitons in simple band structures were studied
within the effective-mass picture by Wannier in 1937 [131] (excitons confined
to atomic sites, so-called Frenkel excitons, will not be discussed in this book,
nor will more complicated composite particles such as biexcitons, ...). The the-
ory of direct excitons in degenerate bands was first done by G. Dresselhaus in
1956 [158], in which he showed the similarity to the impurity problem. Baldereschi
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and Lipari proposed perturbative solutions for the ground and excited states [159].
The effect of strain on excitons has also been investigated [106, 160]. Altarelli
and Lipari [161, 162] extended the Baldereschi and Lipari work with the inclu-
sion of a magnetic field along the 〈001〉 direction. Cho et al. [163] considered the
problem starting from the method of invariants in order to account for arbitrary
magnetic fields and then compared to the perturbative solution; they also added the
exchange interaction. Cho [82] subsequently generalized the above formalism to
include various symmetry-breaking perturbations and for wurtzite semiconductors.
Dresselhaus [158], Kane [88] and Altarelli and Lipari [164] studied the problem of
exciton dispersion.

11.2 Excitonic Hamiltonian

The first step in a theory of exciton is to derive the Schrödinger equation satisfied by
the excitonic wave function. The proper approach is to start with the many-electron
Schrödinger equation and consider a state with one electron and one hole. We out-
line here the treatment given by Haken [165]. The Hamiltonian in second-quantized
notation is (neglecting electron–electron and hole–hole interactions and the ground-
state energy)

H = He + Hh + Heh, (11.1)

He =
∑

k

Ec(k)a†
kak, (11.2)

Hh = −
∑

k

Eν(k)d†
kdk, (11.3)

Heh = −
∑

k1...k4

a†
k1

ak4
d†

k3
dk2

[
W
( k1

c
k4
ν | k2

ν
k3
c
)

− W
(

k4
ν

k1
c | k2

ν
k3
c
)]

, (11.4)

where a† (d†) creates an electron (a hole) from the vacuum state |V 〉 (completely
filled valence bands and empty conduction bands), EC(V )(k) are the band energies,
and W is the Coulomb matrix element,

W
( k1

n
k4
m | k2

m
k3
n
)

=
∫

d3r d3r′ ψ∗
nk1

(r)ψ∗
mk4

(r′)
e2

4πε|r − r′|ψmk2 (r′)ψnk3 (r), (11.5)

and ψnk is a Bloch function. Using Eq. (11.1) with a state of one electron and one
hole,

Φ =
∑
k1,k2

ck1,k2 a†
k1

d†
k2

|V 〉 , (11.6)

then one obtains
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[Ec(k1) − Ev(k2)]ck1,k2 −
∑
k3,k4

[
W
( k1

c
k4
v | k2

v
k3
c
)

− W
(

k4
v

k1
c | k2

v
k3
c
)]

ck3,k4

= Eck1,k2 . (11.7)

One can now show that the coefficient is the exciton envelope function. This is
typically done by neglecting the exchange interaction and considering only Bloch
waves near k = 0 (the usual effective-mass excitons) [165]. Then

ψ(r1, r2) = 1

V

∑
k1,k2

ck1,k2 ei(k1·r1−k2·r2) (11.8)

satisfies the two-particle Schrödinger equation

[
Ec(−i∇1) − Ev(−i∇2) − e2

4πε|r1 − r2|
]

ψ(r1, r2) = Eψ(r1, r2). (11.9)

The above result can be expressed for the multiband problem. A discussion in
terms of the Luttinger Hamiltonian was also carried out by Dimmock [166] and
Cho et al. [163]. This is achieved by realizing that, within the effective-mass model,
Ec(−i∇1) [Ev(−i∇2)] corresponds to the conduction-band (valence-band) Hamil-
tonian H c

ii ′ (ke) [H v
j ′ j (−kh)]. The subtlety concerns the hole Hamiltonian: the band

states are transposed and the wave vector changes sign compared to the valence-
band picture. This can be seen by noting that a hole state is the time-reversed state
of an electron state [1, 163, 166]:

ψh
n′ = Kψe

n = ψe
K n, (11.10)

where K is defined in Eq. (3.52). Thus, the appropriate exciton envelope equation,
in the presence of a magnetic field, is [163]

∑
i ′ j ′

[
δ j j ′ H c

ii ′(pe + eA) − δi i ′ H v
j ′ j (−ph + eA) − δi i ′δ j j ′

e2

4πε|re − rh |
]

Bi ′ j ′(re, rh)

= E Bi j (re, rh). (11.11)

In Eq. (11.11), the basis matrices J for the valence-band Hamiltonian has its sign
reversed compared to the multiband k · p Hamiltonian.

11.3 One-Band Model of Excitons

Let us first consider an idealized exciton where the electron and the hole are treated
using one-band model descriptions (later, we shall take into account multiband k · p
effects for the exciton system). Since the average distance between the electron and
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the hole forming the exciton is at least an order of magnitude larger than the lattice
constant (this will be shown below), the Coulomb interaction is described using the
static permittivity ε of the bulk semiconductor and we may write for the two-particle
effective-mass Hamiltonian,

[
E0 + p2

e

2me
+ p2

h

2mh
− e2

4πε|re − rh |
]

ψ(re, rh) = Eψ(re, rh), (11.12)

where re, rh , pe, ph , me, mh , E , E0, and ψ(re, rh) are the electron coordinate,
hole coordinate, electron momentum, hole momentum, electron effective mass, hole
effective mass, exciton energy, energy gap, and the exciton wave function, respec-
tively. Note that this idealized model comes about simply by adding the Coulomb
interaction to the sum of the one-band Hamiltonians of the one-particle electrons
and holes.

The Coulomb term is the only term combining electron and hole coordinates and
since this term is relative in the particle coordinates, it is convenient to introduce the
coordinates

r = re − rh, (11.13)

R = mere + mhrh

me + mh
, (11.14)

where R is the center-of-mass coordinate and r is the relative coordinate. Further,
writing

P = −i�
∂

∂R
,

p = −i�
∂

∂r
, (11.15)

μ = memh

me + mh
,

Eq. (11.12) can be recast as

[
P2

2(me + mh)
+ p2

2μ
− e2

4πεr

]
ψ(r, R) = (E − E0)ψ(r, R). (11.16)

Since the Hamiltonian does not depend on R, P is a good quantum number and
solutions can be found in the form

ψ(r, R) = eiK·Rφ(r). (11.17)

Equation (11.16) now reads
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(
p2

2μ
− e2

4πεr

)
φ(r) =

[
E − E0 − �

2 K 2

2(me + mh)

]
φ(r). (11.18)

The latter equation is the same as the donor impurity problem except that the
reduced mass μ replaces the electron mass me. Evidently, bound two-particle sys-
tems (excitons) correspond to the case where E − E0 − �

2 K 2/(2(me + mh)) is neg-
ative. The latter problem is well-known in quantum mechanics and the ground-state
wave function is known to be the 1S hydrogenic wave function:

φ(r) = exp(− r

aex
), (11.19)

where aex is the exciton Bohr radius,

aex = 4πε�
2

μe2
. (11.20)

The binding energy is the exciton Rydberg energy:

Rex = μe4

2(4πε)2�2
. (11.21)

The value of the Bohr radius is larger than the corresponding one for the donor
impurity problem since the reduced mass μ is smaller than the electron effective
mass me. For the same reason, the exciton binding energy is smaller as compared to
the electron-donor binding energy. In bulk semiconductors, the Bohr radius and the
Rydberg energy are typically several hundreds Ångström and a few meV, respec-
tively (for bulk InAs, the values are 370 Å and 1.3 meV, respectively).

11.4 Multiband Theory of Excitons

In realistic semiconductors, band-mixing effects must be accounted for. We will be
discussing the cases of excitons formed from s and p states in cubic and hexagonal
crystals.

11.4.1 Formalism

Consider first the diamond case. The contributions from the electron kinetic energy
and the Coulomb interaction between electron and holes are included by adding a
diagonal matrix to the LK 6×6 effective-mass matrix problem [158] in the valence-
band hole states – following Baldereschi and Lipari [159]:
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Hex(p) = H LK
6×6(p) +

[
E0 + p2

2me
− e2

4πεr

]
1, (11.22)

where 1 denotes the 6 × 6 unit matrix. This Hamiltonian is defined in relative coor-
dinates r, p neglecting the contribution from the exciton center-of-mass motion.

The full 6 × 6 exciton Hamiltonian is next recast as

Hex(p) = Hs + Hd , (11.23)

where

Hs =

⎛
⎜⎜⎜⎜⎜⎜⎝

P 0 0 0 0 0
0 P 0 0 0 0
0 0 P 0 0 0
0 0 0 P 0 0
0 0 0 0 P + Δ0 0
0 0 0 0 0 P + Δ0

⎞
⎟⎟⎟⎟⎟⎟⎠

, (11.24)

and

Hd =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Q L M 0 i/
√

2L −i
√

2M

L∗ −Q 0 M −i
√

2Q i
√

3
2 L

M∗ 0 −Q −L −i
√

3
2 L∗ −i

√
2Q

0 M∗ −L∗ Q −i
√

2M∗ −i
√

2L∗

−i
√

2L∗ i
√

2Q i
√

3
2 L i

√
2M 0 0

i
√

2M∗ −i
√

3
2 L∗ i

√
2Q i

√
2L∗ 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (11.25)

The coefficients appearing in the two matrices read

P = p2

2μ0
− e2

4πεr
, (11.26)

Q = p2
x + p2

y − 2p2
z

2μ1
, (11.27)

L = −i
(px − ipy)pz

2μ2
, (11.28)

M =
√

3
p2

x − p2
y

2μ1
− i

px py

2μ2
, (11.29)

where the masses are

1

μ0
= 1

me
+ γ1

m0
, (11.30)
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1

μ1
= γ2

m0
, (11.31)

1

μ2
= 2

√
3

γ3

m0
. (11.32)

This splitting of the full Hamiltonian is convenient as it renders a perturbation analy-
sis possible. Since the electron effective mass is much smaller than the free-electron
mass and the Luttinger parameters γi usually are considerably smaller than m0/me,
it is meaningful to consider Hd a perturbation to Hs . In actual fact, the solutions
to the unperturbed problem are hydrogen-like functions corresponding to a reduced
mass μ0 moving in a central Coulomb potential characterized by a permittivity ε.
The solutions can be classified as

|nlm, i〉 = |nlm〉|i〉, (11.33)

for the discrete solutions (bound solutions), and

|klm, i〉 = |klm〉|i〉, (11.34)

for continuous solutions (unbound solutions). The parameters n, l, m denote the
(atomic-like) main quantum number, the orbital angular quantum, and the magnetic
quantum number, respectively, and k is a continuous parameter characterizing the
unbound solutions. The state |i〉 is a 6-spinor of the form:

|i〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

δi1

δi2

δi3

δi4

δi5

δi6

⎞
⎟⎟⎟⎟⎟⎟⎠

, (11.35)

where δi j is the Kronecker delta function. The corresponding energies in units of
the Rydberg energy Rex

0 [which differs from Rex in Eq. (11.21) by replacing μ by
μ0] are

En,i = − 1

n2
, i = 1, 2, 3, 4, (11.36)

En,i = Δ − 1

n2
, i = 5, 6, (11.37)

with Δ = Δ/Rex
0 . The energies for the unbound states are

Ek,i = k2, i = 1, 2, 3, 4, (11.38)

Ek,i = Δ + k2, i = 5, 6. (11.39)
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Now consider the lowest exciton states of S nature, namely 1S and 2S for the
main series (i = 1, 2, 3, 4) and the split-off series i = 5, 6. Both states (1S and
2S) do not couple to other unperturbed degenerate states in first-order perturbation
theory (with Hd the perturbation), as Hd matrix entries have d symmetry while
unperturbed degenerate states of 1S and 2S are s and s, p-like, respectively. Thus,
it suffices to use second-order non-degenerate perturbation theory so as to find the
energy shifts due the Hd ,

ΔEd (1S) =
6∑

i=1

(∑
n,l,m

|〈nlm, i |Hd |100, 1〉|2
−1 − En,i

+
∫ ∞

0
d k

|〈klm, i |Hd |100, 1〉|2
−1 − Ek,i

)
,

ΔEd (2S) =
6∑

i=1

(∑
n,l,m

|〈nlm, i |Hd |200, 1〉|2
− 1

4 − En,i
+
∫ ∞

0
d k

|〈klm, i |Hd |200, 1〉|2
− 1

4 − Ek,i

)
,

(11.40)

for the main series, while for the split-off series,

ΔE so
d (1S) =

4∑
i=1

(∑
n,l,m

|〈nlm, i |Hd |100, 5〉|2
Δ − 1 − En,i

+
∫ ∞

0
d k

|〈klm, i |Hd |100, 5〉|2
Δ − 1 − Ek,i

)
,

ΔE so
d (2S) =

4∑
i=1

(∑
n,l,m

|〈nlm, i |Hd |200, 5〉|2
Δ − 1

4 − En,i
+
∫ ∞

0
d k

|〈klm, i |Hd |200, 5〉|2
Δ − 1

4 − Ek,i

)
.

(11.41)

Note that the sum for the split-off series extends to 4 only as there are no couplings
in Hd between states 5 and 6. Further, the summations over n, l, m, i in Eqs. (11.4.1)
and (11.4.1) encompass states with different energy as compared to the initial state.
The integral and summation expressions obtained can be written as

ΔEd (1S) = −4

5
Φ(μ0, μ1, μ2)

[
S1(0) + S1(Δ)

]
,

ΔEd (2S) = − 1

10
Φ(μ0, μ1, μ2)

[
S2(0) + S2(Δ)

]
,

ΔE so
d (1S) = −6

5
Φ(μ0, μ1, μ2)

[
T1(Δ)

]
,

ΔE so
d (2S) = −1

5
Φ(μ0, μ1, μ2)

[
T1(Δ)

]
,

(11.42)

where

Φ(μ0, μ1, μ2) = 8

(
μ0

μ1

)2

+
(

μ0

μ2

)2

,

S1(x) =
∞∑

n=3

|In|2
x + 1 − 1/(n2)

+
∫ ∞

0

|Ik |2
x + 1 + k2

d k,
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S2(x) =
∞∑

n=3

|Jn|2
x + 1

4 − 1/(n2)
+
∫ ∞

0

|Jk |2
x + 1

4 + k2
d k, (11.43)

T1(x) = S1(−x),

T2(x) = S2(−x).

The functions In and Jn are integral expressions:

In =
∫ ∞

0
d r Rn2(r )

(
r + r2) e−r ,

Jn =
∫ ∞

0
d r Rn2(r )

(
r + 1

2
r2 − 1

8
r3

)
e− r

2 ,

where Rnl are the normalized hydrogen-like radial functions given in Landau and
Lifshitz [167]. Analogous expressions define Ik and Jk (with k replacing n in the
subscripts to the radial functions).

We give the details for obtaining the expression for ΔEd (1S). Equation (11.4.1)
can, by use of Eq. (11.25), be written as

ΔEd (1S) =
∑
n,l,m

|〈nlm|Q|100〉|2
1/(n2) − 1

+
∫ ∞

0
d k

|〈klm|Q|100〉|2
−k2 − 1

+
∑
n,l,m

|〈nlm|L∗|100〉|2
1/(n2) − 1

+
∫ ∞

0
d k

|〈klm|L∗|100〉|2
−k2 − 1

+
∑
n,l,m

|〈nlm|M∗|100〉|2
1/(n2) − 1

∫ ∞

0
d k

|〈klm|M∗|100〉|2
−k2 − 1

+
∑
n,l,m

|〈nlm| − i/(
√

2)L
∗|100〉|2

1/(n2) − 1 − Δ
+
∫ ∞

0
d k

|〈klm| − i/(
√

2)L
∗|100〉|2

−k2 − 1 − Δ

+
∑
n,l,m

|〈nlm|i√2M
∗|100〉|2

1/(n2) − 1 − Δ
+
∫ ∞

0
d k

|〈klm|i√2M
∗|100〉|2

−k2 − 1 − Δ
, (11.44)

where the bars over Q, L , M denote their values in exciton Rydberg units. Further,
inserting in Eq. (11.44) the relations

Q|100〉 = − 4√
5

μ0

μ1

[(
1 + 1

r

)
e−r

]
Y 0

2 ,

L|100〉 = −i
2
√

2√
15

μ0

μ2

[(
1 + 1

r

)
e−r

]
Y −1

2 , (11.45)
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M|100〉 =
[(

2
√

2√
5

μ0

μ1
−

√
2√

15

μ0

μ2

)
Y 2

2 +
(

2
√

2√
5

μ0

μ1
+

√
2√

15

μ0

μ2

)
Y −2

2

]

[(
1 + 1

r

)
e−r

]
,

where Y m
l are the spherical harmonics [167], performing the summation over l, m,

and using the orthogonal relations in the spherical harmonics leads to

ΔEd (1S) = −4

5
Φ(μ0, μ1, μ2)

[ ∞∑
n=3

|In|2
1 − 1/(n2)

+
∫ ∞

0
d k

|Ik |2
1 + k2

+
∞∑

n=3

|In|2
Δ + 1 − 1/(n2)

+
∫ ∞

0
d k

|Ik |2
Δ + 1 + k2

d k

]
. (11.46)

11.4.2 Results and Discussions

With the above analytical results for the energy changes due to Hd , one can compute
the exciton binding energies. In Table 11.1, we give the parameter values used in the
calculations.

In Table 11.2, the various binding energies along with the individual contribu-
tions to the 1S binding energy for the Γ8 (main) series computed by Baldereschi
and Lipari [159] are given. Note that there is good agreement between theory and
experiment for GaAs, InAs, GaSb, and InSb but not so for GaP (probably due to
uncertainties in some of the parameters used in the calculation). Further, observe
that the binding energies are small for all material systems (less than 10 meV). It is
also evident that the Hs contribution is significantly larger than the Hd contribution
hence ascerting the rationale in treating the latter as a perturbation.

In Fig. 11.1, a plot of the exciton 1S and 2S binding energies is shown as a
function of the spin-orbit splitting Δ for an ideal semiconductor with Φ(μ0, μ1, μ2)
= 0.5.

Table 11.1 Material parameters. Adapted with permission from [159]. The vacuum permittivity
is ε0. c©1971 by the American Physical Society

ε/ε0 me/m0 μ0/m0 μ1/m0 μ2/m0 E0 (eV) Δ0 (eV)

GaAs 12.5 0.066 0.048 0.823 0.148 1.52 0.34

InAs 11.8 0.024 0.018 0.157 0.042 0.41 0.38

GaSb 15.2 0.047 0.035 0.444 0.100 0.81 0.80

InSb 16.8 0.015 0.012 0.117 0.032 0.24 0.81

GaP 11.1 0.13 0.075 −18.182 0.271 2.74 0.09
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Table 11.2 Exciton binding energies computed using the Hamiltonian in Eq. (11.22). The param-
eters Es , E intra

d , E inter
d , Eex(1S), Eexp

ex (1S), Eex(2S), and Eex,so(1S) denote the contribution from Hs

(Γ8), the intraband series contribution from Hd (Γ8), the interband series contribution from Hd

(Γ8), the total theoretical exciton binding energy for the 1S state (Γ8), the total exciton binding
energy for the 1S state (experimental), the total exciton binding energy for the 2S state (theory),
and the total exciton binding energy for the 1S split-off series, respectively. All energies are in
meV. Adapted with permission from [159]. c©1971 by the American Physical Society

Es E intra
d E inter

d Eex(1S) Eexp
ex (1S) Eex(2S) Eex,so(1S)

GaAs 4.16 0.10 0.00 4.26 4.4 1.08 4.14
InAs 1.74 0.09 0.00 1.83 – 0.47 1.74
GaSb 2.05 0.06 0.00 2.11 – 0.54 2.05
InSb 0.56 0.02 0.00 0.58 ≈ 0.4 0.15 0.56
GaP 8.30 0.11 0.03 8.44 3.5 2.13 8.23

0 1 2 3 4 5 6 7 8 9 10
0

0.2

0.4

0.6

0.8

1

1.2

1s
2s

Fig. 11.1 Exciton 1S and 2S binding energies (in units of effective Rydberg) as a function of
the spin-orbit splitting Δ for an ideal semiconductor with Φ(μ0, μ1, μ2) = 0.5. Adapted with
permission from [159]. c©1971 by the American Physical Society

11.4.3 Zincblende

For Td , one can simply add a linear-in-p Hamiltonian to the Oh one and, if still
expected to be a small contribution, then treat it perturbatively as well. For the
ground state of the main series, Baldereschi and Lipari [159] argues that the spin-
split-off band can be dropped and they only considered a 4 × 4 perturbation:

Hp(p) =

⎛
⎜⎜⎝

0 U −V
√

3U ∗

U ∗ 0 −√
3U V

−V −√
3U ∗ 0 U√

3U V U ∗ 0

⎞
⎟⎟⎠ , (11.47)

where
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U =
√

3

2

μ0

μ3

(
∂

∂x
+ i

∂

∂y

)
, (11.48)

V = i
√

3
μ0

μ3

∂

∂z
, (11.49)

and there is now a new inversion-asymmetry parameter

μ3 =
√

3

2

�
2

aex
0

1

Ck
, (11.50)

and Ck is the Dresselhaus spin-splitting parameter. Due to the paucity of data at the
time, they were only able to consider the effect of Hp for InSb, for which they found
μ3 = 0.872m0, Eb = 0.7 meV, and ΔE p(1S) = 0.0005 meV. Thus, this correction
term is likely not to be important for most materials.

11.5 Magnetoexciton

While the problem of an exciton, by itself, is an interesting one in its own right,
experiments are often carried out in the presence of a magnetic field (for example,
magnetophotoluminescence). As already mentioned, the magnetic field acts as a
perturbation that breaks the original degeneracies of the exciton and introduces fine
structures. These, in turn, help one analyze the parameters of the model. Given its
importance, we will, therefore, provide an overview of the magnetoexciton theory.

The extension of the Baldereschi and Lipari work to include a magnetic field was
done by Altarelli and Lipari [161, 162] and subsequently extended by Cho et al. [163].
We discuss the latter work for the zincblende case.

Cho et al. [163] used both the method of invariants and perturbation theory to
write down the excitonic Hamiltonian to second order in the magnetic field (in order
to account for the diamagnetic shift). We follow Cho et al. in combining Tables 5.11
and 5.12 in the absence of strain and for the exciton wave vector K = 0, and rewrit-
ing as Table 11.3. One can now build a number of invariants from the quantities in
Table 11.3. Since a number of them do not contribute to their perturbative expres-
sion, Cho et al. proposed the following effective exciton Hamiltonian:

Table 11.3 Symmetrized quantities for the zincblende exciton [163]

Γ1 Γ2 Γ12 Γ25 Γ15

σ 1 (σx , σy, σz)
J 1 Jx Jy Jz + Jz Jy Jx (J 2

x , J 2
y ) (Jx , Jy, Jz) (Vx , Vy, Vz)

(J 3
x , J 3

y , J 3
z ) (Ux , Uy, Uz)

B B2 (B2
x , B2

y ) (Bx , By, Bz) (By Bz, Bz Bx , Bx By)
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H = Eb + Δ̃1J · σ + Δ̃2(σx J 3
x + σy J 3

y + σz J 3
z ) + g̃cμBσ · B

−2μB
[̃
κJ · B + q̃(Bx J 3

x + By J 3
y + Bz J 3

z )
]

(11.51)

+
(

eaex
0

2c

)2 1

μ0

[
c1 B2 + c2(J · B)2 + c3(Bx By{Jx Jy}By Bz{Jy Jz} + Bz Bx {Jz Jx })

]
.

This model, therefore, contains 9 parameters: Eb, Δ̃1, Δ̃2, g̃c, κ̃, q̃, c1, c2, c3. Note
that these parameters are not (necessarily) the corresponding Luttinger parameters;
this will be established by comparing to the perturbative expression.

In the effective-mass approach based upon Eq. (11.11), the model used by
Cho et al. has

H (c) = �
2k2

2me
+ gcμBσ · B, (11.52)

H (v) = − �
2

m0

{
(γ1 + 5

2
γ2)

k2

2
− γ2

(
k2

x J 2
x + k2

y J 2
y + k2

z J 2
z

)

−2γ3
({kx ky}{Jx Jy} + {kykz}{Jy Jz} + {kzkx }{Jz Jx }

)
(11.53)

− e

�
κ
(
Bx Jx + By Jy + Bz Jz

) − e

�
q
(
Bx J 3

x + By J 3
y + Bz J 3

z

) }

+Kl (kx {(J 2
y − J 2

z )Jx } + c.p.),

Hexch = Δ0 + Δ1J · σ + Δ2(σx J 3
x + σy J 3

y + σz J 3
z ). (11.54)

Using Eqs. (11.13) and (11.14), then

H = H (c)(p + eA + me

M
�K) − H (v)(−p + eA + mh

M
�K) − e2

4πεr
+ Hexch. (11.55)

For K = 0 excitonic states and in analogy to previous work, one can now write

H = Hs + H ′, (11.56)

Hs = p2

2μ0
− e2

4πεr
δi i ′δ j j ′ , (11.57)

H ′ = Hd + Hl + Hq + Hk1 + Hk2 + Hexch, (11.58)

Hd = γ2

m0

[
5

4
p2 − (p2

x J 2
x + p2

y J 2
y + p2

z J 2
z )

]

−2γ3

m0

({kx ky}{Jx Jy} + {kykz}{Jy Jz} + {kzkx }{Jz Jx }
)
, (11.59)

Hl = eB

2

(
1

me
− (γ1 + 5

2 γ2)

m0

) [
ξ (ypz − zpy) + c.p.

] + eB

m0
γ2

[
(ηz − ξ y)px J 2

x + c.p.
]
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+ eB

m0
γ3

([
ζ (xpx − ypy) − ξ zpx + ηzpy

] {Jx Jy} + c.p.
)

(11.60)

+μB

[−2κJ · B − 2q B(ξ J 3
x + ηJ 3

y + ζ J 3
z ) + gcσ · B

]
, (11.61)

Hq =
(

eB

2

)2 {( 1

2μ0
+ 5

4

γ2

m0

)
[(ηz − ζ y)2 + c.p.] − γ2

m0
[(ηz − ζ y)2 J 2

x + c.p.]

−2γ3

m0
[(ηz − ζ y)(ζ x − ξ z){Jx Jy} + c.p.]

}
, (11.62)

Hk1 = −Kl [px {(J 2
y − J 2

z )Jx } + c.p.], (11.63)

Hk2 = eB

2
Kl [(ηz − ζ y){(J 2

y − J 2
z )Jx } + c.p.], (11.64)

where

A = 1

2
(B × r),

B = B(ξ, η, ζ ).

Comparing the Hamiltonian from the two methods allows one to relate the two
parameter sets. Cho et al. [163] found:

Eb = −Rex
0 + Δ0 − b1 − b2,

Δ̃1 = Δ1, Δ̃2 = Δ2,

g̃c = gc,

κ̃ = κ − d − 13

6
d(τ − 1) + 7

6
f,

q̃ = q + 2

3
d(τ − 1) − 2

3
f,

c1 = 1 − ν − 5

4
δ′, c2 = δ′, c3 = 2δ′

(
1

τ
− 1

)
+ 2σ ′, (11.65)

d = 32

5

μ0

m0
γ 2

3 M, τ = γ2

γ3
, f = 4

m0

μ0
G

(
μ0aex

0 Kl

�

)2

,

ν = 16

15

(
μ0γ2

m0

)2

(2 + 3/τ 2)(3N + W ),

δ′ = (1 + 16W/15)μ0γ2/m0, σ
′ = 2F

(
μ0aex

0 Kl

�

)2

,

M = 0.281, G = 0.375, N = 0.469, W = 0.719, F = 0.884.

11.6 Summary

We have shown how a many-electron problem can be converted into an effective-
mass theory for excitons. The translational motion of the exciton is then factored out
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and models for the internal motion presented. The spherical, nondegenerate band
problem reduces to a hydrogen-like problem. The cubic, degenerate band prob-
lem can be formulated either using an effective Hamiltonian or via the effective-
mass equations. In the hole formulation, the latter are not exactly the same as the
band Hamiltonian. The Hamiltonian can be separated into a spherical and a cubic
anisotropic part and the latter is usually treated using perturbation theory. One can
similarly treat the problem of excitons in the presence of magnetic fields. A brief
review of the theory for magnetoexcitons in zincblende semiconductors was pre-
sented. The wurtzite problem was also studied by Cho and coworkwers, and by
Blattner et al. [168] who used it to analyze excitons and polaritons in CdS and ZnO
up to 20 T. An application of the theory to wurtzite quantum dots was carried out by
Bardoux et al. [169].



Chapter 12
Heterostructures: Basic Formalism

12.1 Overview

The starting point of any theory of electronic states in semiconductor nanostructures
is to explain the origin of the discrete energy states, such as is evident in an optical
spectrum or in the tunneling current through a resonant-tunneling device (Fig. 12.1).

ENERGY (eV)

(a) (b)

Fig. 12.1 (a) Absorption spectra at 2 K for GaAs quantum wells. Reprinted with permission
from [170]. c©1974 by the American Physical Society. (b) Current and conductance character-
istics at 77 K for a GaAs double-barrier structure. Reprinted with permission from [171]. c©1974,
American Institute of Physics

The theory of Wannier–Luttinger–Kohn for the effective equation satisfied by a
Bloch electron in the presence of a slowly-varying perturbation was applied early
on to graded semiconductors [172] and to semiconductor inversion layers [173].
With the growth of atomically-sharp heterojunctions using molecular-beam epitaxy
and metal-organo chemical vapor deposition techniques in the 1970s, the same the-
ory was applied to the latter case even though the perturbation is no longer slowly

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 12, C© Springer-Verlag Berlin Heidelberg 2009
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varying [170, 174–176]. An equivalent problem would be to describe the electronic
states in colloidal nanocrystals [177]. In all cases, linear dimensions could be as
small as 1–10 nm. The fact that the Wannier–Luttinger–Kohn theory leads to an
effective Schrödinger equation for an external potential indicates how this might
work for a nanostructure. Thus, the external potential, due to the difference in band
edges, would be a confining one leading to a problem similar to the particle-in-
a-box problem in textbook quantum mechanics. There are, nevertheless, at least
three differences. First, the mass is now the effective mass. Second, as we have seen
before, a treatment of the valence band requires a multiband description. Third,
contrary to the earlier cases, the material properties (e.g., effective masses and Kane
parameters) are now position dependent and do not generally commute with spa-
tial differential operators that appear in the Wannier-like equation. Hence, a proper
theory should be able to account for all three effects right from the start.

Nevertheless, there have been three main approaches to the theory of the elec-
tronic structure of semiconductor nanostructures. The simplest approach is the one-
band or particle-in-a-box model [170, 177, 178]. Another is the envelope-function
theory of Bastard [175, 176, 179]. They typically require an ad hoc solution to
the operator-ordering problem refered to above. Finally, the third approach is the
more recent first-principles envelope-function theory of Burt and Foreman [34,
153, 180, 181]. The latter differs primarily from the previous two in attempting to
derive the effective Hamiltonian from first principles. A number of review articles
have appeared both on the early theories [95, 182–184] and on the more recent
ones [185, 186].

The application of the theory has been to many different types of nanostruc-
tures; in particular, to quantum wells (QW’s), superlattices, quantum wires and
nanowires, and quantum dots. Quantum wells and superlattices are layered materials
where one dimension is on the nanoscale. Quantum wires and nanowires display
two-dimensional quantum confinement, the term nanowires being often associated
with free-standing wires. Finally, quantum dots display three-dimensional quantum
confinement with many analogies to atomic systems. Much of the explicit presen-
tation of the theory in this book will be done for the case of QW’s for simplicity
and concreteness; the theory carries over trivially to the other cases with higher
degree of quantum confinement. Excellent reviews are available specifically for the
quantum-wire [187] and quantum-dot [188] problems.

12.2 Bastard’s Theory

Bastard’s theory was developed in two articles and expanded in his book [7, 175, 179].

12.2.1 Envelope-Function Approximation

The basic envelope-function model used was to assume that, in each layer of a het-
erostructure (here labeled A and B), the wave function can be expanded in terms of



12.2 Bastard’s Theory 275

the periodic parts of the Bloch functions at a given bulk wave vector k0 (e.g., the Γ

point),

ψ(r) =
∑

n

f (A,B)
n (r)u(A,B)

nk0
(r), (12.1)

and to then match the solutions across the boundaries. This can be seen to be an
approximation to the theory expounded in Chap. 8, whereby distinct bulk wave
vectors are assumed uncoupled. This is true if the perturbation is slowly varying,
which would also result in a slowly-varying envelope function fn . Models that do
couple different bulk wave vectors (e.g., the Γ and X points [189, 190]) have been
introduced but they will not be presented in this book.

Next, one assumes that the cellular functions in the layers are the same. This is
a good approximation for chemically (e.g., a common ion) and structurally (e.g.,
lattice constant) similar materials; an example is the GaAs–AlAs system. Indeed,
we have also seen that the momentum matrix elements do not change significantly
among the III–V materials. Hence, as a first approximation, one might argue that
the main properties that change from one layer to another are the energy gaps,
effective masses and band offset. The latter is a new property of the heterointerface
which reflects the different band alignments of different materials with respect to a
reference level [127, 191, 192].

For a planar interface (e.g., QW), one can use Bloch periodicity in the plane to
write

f (A,B)
n (r||, z) = 1√

S
eik||·r||χ (A,B)

n (z), (12.2)

where r|| is a position vector in the QW plane and S is the surface area in the same
plane. How good this theory is has been studied at length for QW’s. Bastard [7]
reports up to 0.3 eV or 10% of the first Brillouin zone for GaAs/AlAs structures.
Gershoni et al. [193] have reported calculations up to k = 0.15 Å

−1
.

The goal is to now derive an effective equation for the envelope functions. The
full Schrödinger equation can be written as

Hψ(r) = Eψ(r), (12.3)

where

H = p2

2m0
+ VA(r)ΘA + VB(r)ΘB, (12.4)

assuming there are two layers A and B and Θ is a step function. The effective
equation can now be obtained using the method presented in Chap. 8. A simpli-
fied exposition was given by Bastard [7], whereby the key result was tonote that,
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for a slowly-varying envelope function, the integral over a cell-periodic function is
such that

∫
V

d3r f (r)u(r) ≈ 1

V

∫
V

d3r f (r)
∫

V
d3r u(r). (12.5)

Thus, inserting Eqs. (12.1) and (12.2) into Eq. (12.3), premultiplying by exp(−ik|| ·
r||)χ (A,B)∗

n (z) and integrating gives [7]

D

(
z,−i�

∂

∂z

)
χ = Eχ , (12.6)

where

D(1)
mn

(
z,−i�

∂

∂z

)
=
[

E (A)
m (0)ΘA + E (B)

m (0)ΘB + �
2k2

||
2m0

− �
2

2m0

∂2

∂z2

]
δmn

+�k||
m0

· 〈m|p|||n〉 − i�

m0
〈m|pz|n〉 ∂

∂z
, (12.7)

if the first-order Kane model is used or

D(2)
mn

(
z,−i�

∂

∂z

)
=
[

E (A)
m (0)ΘA + E (B)

m (0)ΘB + �
2k2

||
2m0

− �
2

2m0

∂2

∂z2

]
δmn

+�k||
m0

· 〈m|p|||n〉 − i�

m0
〈m|pz|n〉 ∂

∂z
− �

2

2

∂

∂z

1

Mzz
mn

∂

∂z

− i�2

2

∑
i=x,y

[
ki

1

Miz
mn

∂

∂z
+ ∂

∂z

1

Mzi
mn

ki

]
+ �

2

2

∑
i, j=x,y

ki
1

Mi j
mn

k j , (12.8)

with

m0

Mi j
mn

= 2

m0

∑
ν

〈m|pi |ν〉 1

E − E (A)
ν (0) − Vν(z)

〈ν|p j |n〉, (12.9)

[and Vν(z) = E (B)
ν (0) − E (A)

ν (0)] if the second-order Kane model is used. As for
the impurity problem, the matrix D is related to the bulk k · p matrix with the
replacement k̂z → −i�∂/∂z if the periodicity along z is removed. Note that a sym-
metrization scheme has been imposed on Eq. (12.8).

12.2.2 Solution

First, we note that the heterostructure problem involves solving a coupled set of
second-order differential equations, the number of equations being given by the
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size of the bulk multiband model. As is well-known from the simpler quantum
mechanics problem, this requires matching the boundary conditions at the interfaces
and specifying the asymptotic boundary conditions on the envelope functions. The
latter is more straightforward. For a QW (with trivial extensions to higher degree of
confinement), the envelope function must go to zero at large distances:

lim
|z|→∞

χ (z) = 0. (12.10)

Note, however, that in a numerical implementation, convergence is faster if a Neu-
mann condition (rather than the Dirichlet one) is implemented [194]:

lim
|z|→∞

∂χ(z)

∂z
= 0. (12.11)

It is, of course, very popular to use the particle-in-a-box model, whereby the barriers
are assumed infinite. In that case, it is possible to obtain analytic solutions even for
the four-band model [178, 195].

The interfacial boundary conditions are obtained by integrating the differential
equations [196, 197]. These ensure current conservation. For the Hamiltonian of
Eq. (12.8), one obtains the continuity of χ and Aχ , where [7]

Amn =
⎡
⎣
(

δmn + m0

Mzz
m

)
∂

∂z
+ 2i

�
〈m|pz|n〉 + i

∑
i=x,y

m0

Mzi
mn

ki

⎤
⎦ , (12.12)

and

Mzz
mn = Mzz

m δmn. (12.13)

Note that, for a one-band model,

Am = 1 + 2

m0

∑
ν

〈m|pz|ν〉 1

Em − E (A)
ν (0) − Vν(z)

〈ν|pz|m〉,

and thus ∂χ/∂z by itself is not continuous.

12.2.3 Example Models

Bastard has applied his theory to a couple of models. We would like to present these
briefly for illustration of the theory and also of the technique of band folding.
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12.2.3.1 Two-Band Model for Conduction Electron

The first example will illustrate downfolding from a first-order, eight-band Kane
model to a two-band model. We carry this out using the Hamiltonian in Table 4.1.
If one rewrites the matrix equation as a set of linear equations, then the approach is
to eliminate all the other envelope-function components except for the two electron
states of interest. Labeling the states as

u1 = i|s ↑〉, u3 =
∣∣∣∣32

1

2

〉
, u5 =

∣∣∣∣32
3

2

〉
, u7 =

∣∣∣∣12
1

2

〉
,

u2 = i|s ↓〉, u4 =
∣∣∣∣32 −1

2

〉
, u6 =

∣∣∣∣32 −3

2

〉
, u8 =

∣∣∣∣12 −1

2

〉
,

and neglecting the free-electron term, one can write

χ3 = 1

(E − E (A) − V (z))

[
−
√

2

3
Pk̂zχ1 +

√
1

6
Pk−χ2

]
,

χ4 = 1

(E − E (A) − V (z))

[
−
√

1

6
Pk+χ1 −

√
2

3
Pk̂zχ2

]
,

χ5 = 1

((E − E (A) − V (z))

√
1

2
Pk−χ1, (12.14)

χ6 = 1

(E − E (A) − V (z))

√
1

2
Pk+χ2,

χ7 = 1

(E + Δ0 − E (A) − V (z))

[√
1

3
Pk̂zχ1 +

√
1

3
Pk−χ2

]
,

χ8 = 1

(E + Δ0 − E (A) − V (z))

[
−
√

1

3
Pk+χ1 +

√
1

3
Pk̂zχ2

]
.

In the above equations, k̂z is an operator and the brackets do not all commute. Using
these equations to eliminate all but χ1 and χ2, one gets the following 2 × 2 Hamil-
tonian for the conduction states:

H11 = H22 = E (A) + V (z) + 1

3
P2 k̂z

(
2

(E − E (A) − V (z))

+ 1

(E + Δ0 − E (A) − V (z))

)
k̂z

+1

2
P2k+

(
1

(E − E (A) − V (z))

)
k−

+1

6
P2k−

(
1

(E − E (A) − V (z))
+ 2

(E + Δ0 − E (A) − V (z))

)
k+, (12.15)
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H12 = −1

3
P2 k̂z

(
1

(E − E (A) − V (z))
− 1

(E + Δ0 − E (A) − V (z))

)
k−

+1

3
P2k−

(
1

(E − E (A) − V (z))
− 1

(E + Δ0 − E (A) − V (z))

)
k̂z . (12.16)

We have assumed a constant P . An interesting result is the nonvanishing off-
diagonal H12 term which couples the two spins. It does vanish if Δ0 = 0 which
means the coupling is a spin-orbit effect.

12.2.3.2 One-Band Model

One can also neglect the band coupling from the last model in order to obtain a
one-band model for a heterostructure. For simplicity, we will also ignore the spin-
hole bands and set k|| = 0. Reintroducing the free-electron term gives the one-band
model as

[
k̂z

(
�

2

2m0
+ 2P2

3(E − V (z))

)
k̂z + V (z)

]
χ (z) = Eχ (z), (12.17)

with E (A) = 0. Integrating gives us the boundary condition that

(
�

2

2m0
+ 2P2

3(E − V (z))

)
dχ

dz
(12.18)

must be continuous across an interface. This is also equivalent to

1

m∗(E, z)

dχ

dz

being continuous. The energy dependence in the effective mass corresponds to non-
parabolicity.

12.2.4 General Properties

The solutions to the Bastard model have a number of interesting properties. In no
specific order, we present a few in this section.

Regarding the envelope functions, we recall that they are continuous but their
first derivatives are not. In particular, for material systems whereby the effective
mass changes sign (e.g., the HgTe–CdTe system), there are kinks in the envelope
functions at the interfaces [7].

Within the eight-band Kane model, for k|| = 0, the hh and lh states are decoupled
(see Table 4.1). In reality, it turns out that there is a coupling and those states anti-
cross [198]. An example of such rules was obtained by Altarelli using a three-band
(six with spin degeneracy) model [176]. His results are shown in Fig. 12.2.
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Fig. 12.2 Band structures of two InAs–GaSb superlattices. (a) 60–60 and (b) 90–90 Å. Here kx is
in the growth direction. Energies are in meV. Reprinted with permission from [176]. c©1983 by the
American Physical Society

For a (symmetric) QW, there are useful symmetry properties of the envelope
functions [199, 200]. Thus, the full wave function has definite parity. However, the
effective Hamiltonian need not. For example, the Hamiltonian in Table 4.1 applied
to a [001] QW has mixed behaviour as k̂z → −̂kz . Since under reflection mz

mz| ↑〉 = | ↑〉, mz| ↓〉 = −| ↓〉,

the cellular functions u1, u4, u5, u8 are even while u2, u3, u6, u7 are odd. The cor-
responding envelope-function components have the same behaviour. A symmetry
analysis of the electron states in QW’s and heterostructures within the eight-band
model was also performed by Jorda and Rössler [201].

12.3 One-Band Models

We now give a more general discussion of one-band models.

12.3.1 Derivation

Equation (12.17), or indeed Eq. (12.8), can be rewritten, for a QW, as

[
−�

2

2

∂

∂z

1

m(z)

∂

∂z
+ �

2k2
||

2m(z)
+ Vn(z)

]
χ (z) = Enχ (z), (12.19)

where Vn(z) is the band-edge variation and m(z) = m A, m B depending upon the
layers. This is known as the Ben Daniel-Duke equation. A detailed discussion of the
numerical solution to the Ben Daniel-Duke equation can be found in the book by
Bastard [7].



12.3 One-Band Models 281

Nevertheless, the above derivation was not entirely rigorous. In particular, it has
the approximation of the same Kane parameter in both layers and had assumed
the applicability of the envelope-function approximation even for a discontinuous
potential profile. This has led others to propose different effective-mass equations.

The general one-band model is defined by the following equation,

H = 1

4

[
mα p̂mβ p̂mγ + mγ p̂mβ p̂mα

] + V (z), (12.20)

where the solution is the envelope function. This is known as the von Roos Hamil-
tonian [202]. Numerous work on the correctness of the one-band model exists
[203–206], most commonly as an approximate description of the conduction-band
electron. Popular choices for the parameters are given in Table 12.1. The study of
one-band models can be separated into the various types of mass functions used:
piecewise constant, graded functions and infinite differentiable functions.

Table 12.1 Hermitian Hamiltonians for one-band models

α β γ

0 0 −1 Gora-Williams [207], Bastard [175]

0 − 1
2 − 1

2 Li-Kuhn [208], Cavalcante et al. [209]

− 1
2 0 − 1

2 Ando and Mori [210], Zhu and Kroemer [211]

0 −1 0 Ben Daniel-Duke [212], White and Sham [213], Galbraith and Duggan [214],

Einevoll et al. [215]

12.3.1.1 Piecewise Constant

• Morrow and Brownstein [216] studied the boundary conditions at a single het-
erojunction by integrating the differential equation. They obtained

α = γ,

mαχ = continuous, (12.21)

mα+β∂zχ = continuous.

These boundary conditions are consistent with the following general form (for two
layers A and B) [20]

χA = t11χB + t12
m0

m B
a0∂zχB, (12.22)

χB = t21χB + t22
m0

m B
a0∂zχB, (12.23)

if t12 and t21 are small; such is apparently the case for the AlGaAs system [20].
Equations (12.23) give a conserved current
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Jz = ie�

2

[
χ∗

i ∂zχi − (∂zχi )
∗χi

]
(12.24)

if
t11t22 − t12t21 = 1. (12.25)

12.3.1.2 Infinitely Differentiable

• Li and Kuhn 1993 [208] showed that the von Roos Hamiltonian can be rewritten
as the Ben Daniel-Duke one with an effective potential:

−�
2

2

d

dz

(
1

m(z)

dψ(z)

dz

)
+ Veff(z, α, β, γ )χ (z) = Eχ (z), (12.26)

Veff(z, α, β, γ ) =− �
2

2m3(z)

[
(1+β − αγ )[m ′(z)]2− 1

2
(1 + β)m(z)m ′′(z)

]
+V (z).

They argued that γ need not equal α for a non-abrupt interface.
• Balian et al. (1993) [217] showed that the von Roos Hamiltonian can be rewritten

as a constant-mass one with an effective potential.
• Pistol (1999) [218], while he stated that he was solving for the piecewise con-

tinuous problem, really only solved for continuous coefficients. He applied the
standard Sturm-Liouville theory to show that the homogeneous boundary condi-
tion necessary to define a hermitian operator is independent of α, β, and γ and
given by a whole class of boundary conditions:

[
ū

1

m(z)
v′ − v′ 1

m(z)
ū

]b

a

= 0, (12.27)

where u and v are two solutions. This is not surprising since (1) Li and Kuhn had
shown that all these Hamiltonians can be reduced to the Ben Daniel-Duke form,
and (2) the boundary condition Pistol derived is the standard Surm-Liouville
boundary condition. The latter is also consistent with current conservation. The
omissions in Pistol’s work were addressed in [219].

In general, the one-band model is fairly accurate for wide wells (e.g., 100 Å and
above) for the nondegenerate electron states of DM, ZB and WZ semiconductor
nanostructures. It can also be applied to the heavy-hole states if the latter are not
mixed to the light-hole states (e.g., when k|| = 0).

12.4 Burt–Foreman Theory

A first-principles envelope-function theory was formulated by Michael Burt in
the 1980s. This has the advantage of not imposing an ad hoc operator sym-
metrization but it will be seen that the commonly-used version makes a number
of approximations.
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12.4.1 Overview

Michael Burt has presented an exact envelope-function theory [153, 180, 181, 185,
186, 220–224]. Further development has been carried out by Brad Foreman [34,
225–231]. Burt’s idea was a radical opposite to previous conceptualization of the
heterostructure problem. Instead of proposing a heuristic differential equation and
asking what kind of solutions are permitted, he imposed a constraint on the enve-
lope function (that they be continuous and infinitely differentiable) and asked what
kind of differential equation they satisfy. In a one-band formulation, he ended up
with a derived Hamiltonian that basically looked like the heuristic one (for the
Ben Daniel-Duke case) but had an extra nonlocal term. He showed the latter not
to be important except within a few Ångström of a sharp interface [153].

Nonetheless, the theory was largely ignored until Brad Foreman derived an
explicit six-band Hamiltonian from Burt’s theory [34] and showed that it can lead to
significant differences compared to the symmetrized Luttinger–Kohn Hamiltonian
for the heavy-hole in an (001) QW structure [17]. He subsequently extended his
model to an eight-band one but treating the extra conduction-valence coupling in a
symmetrized fashion and neglecting linear-in-k terms. We will call this the Burt–
Foreman (BF) model.

12.4.2 Envelope-Function Expansion

Burt first published his exact envelope-function theory in 1987, applicable to a one-
dimensional unstrained multilayer microstructure with no spin-orbit interaction. The
essence of the theory is that the wave function can be written as an envelope-function
expansion:

ψ(z) =
∑

n

Fn(z) Un(z). (12.28)

What differentiates the Burt formalism from others is to require that the envelope
function Fn(z) be a smooth continuous function and the Un(z) to be a complete set
of orthogonal periodic functions over the whole structure, i.e., it is not in general
the bulk solution in each layer.

The constraint that Fn(z) be smooth implies that, in a plane-wave expansion, only
Fourier components within the FBZ will be necessary. Substitution of Eq. (12.28)
into the Schrödinger equation led to an exact equation for the envelope function
which is a generalization of the standard envelope-function equation. The equation
in [180] was corrected in an erratum published the same year [181]. Details of the
derivation were given in 1988 [153]. We now go over the derivation.

We will first establish a number of properties and results of the envelope-function
expansion given in Eq. (12.28). A key property is that, in a plane-wave representa-
tion of the envelope function Fn(z), only wave vectors in the FBZ need be included.
This will also be found to be related to the uniqueness of the expansion [153].
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12.4.2.1 Envelope Function Fn(z)

One starts by expanding the wave function in terms of plane waves. Our lattice
structure is a multilayer (e.g., the two layers in the case of a bilayer superlattice).
We will assume that the lattice constant is the same for all the N unit cells mak-
ing up the two layers. However, the chemical composition and electronic potential
energy need not be (if they are, the system reduces to a bulk crystal). Take the lattice
constant of each unit cell to be a. The crystal length is L = Na. As is traditional,
we now impose cyclic boundary conditions. Then, the plane-wave expansion of ψ

is given by

ψ(z) =
∑
kG

ψ̃G(k)ei(k+G)z . (12.29)

Note that the plane-wave expansion of ψ is over the whole wave-number space.
However, this can be split to account for the two inherent length scales. The under-
lying unit-cell periodicity allows the definition of reciprocal-lattice vectors. Further-
more, the cyclic boundary condition allows the introduction of wave numbers within
the FBZ. One can obtain the expansion coefficients via the standard technique:

∫
L

dz

L
ψ(z)e−i(k+G)z =

∑
k ′G ′

ψ̃G ′(k ′)
∫

L

dz

L
ei(k ′+G ′−k−G)z =

∑
k ′G ′

ψ̃G ′(k ′)δk ′+G ′−k−G,0,

giving

ψ̃G(k) =
∫

L

dz

L
ψ(z)e−i(k+G)z . (12.30)

We now appeal to the fact that a plane-wave expansion [Eq. (12.29)] is unique and
complete. In addition, since Un(z) are periodic functions, they can be written as

Un(z) =
∑

G

UnGeiGz, (12.31)

where (with u.c. standing for unit cell)

UnG =
∫

u.c.

dz

a
Un(z)e−iGz . (12.32)

If the Un(z) are chosen complete and linearly independent, plane waves can be
uniquely expanded in terms of them:

eiGz =
∑

n

(
U−1

)
Gn

Un(z), (12.33)

where ∑
G

UnG
(
U−1

)
Gm = δnm, (12.34)



12.4 Burt–Foreman Theory 285

and

∑
n

(
U−1

)
Gn UnG ′ = δGG ′ . (12.35)

We can now substitute Eq. (12.33) into Eq. (12.29):

ψ(z) =
∑
kG

ψ̃G(k)ei(k+G)z =
∑
kGn

ψ̃G(k)eikz
(
U−1

)
Gn

Un(z)

≡
∑

n

Fn(z) Un(z),

if

Fn(z) =
∑
kG

ψ̃G(k)eikz
(
U−1

)
Gn

. (12.36)

Thus, Fn(z) is uniquely determined via Eq. (12.36) and its expansion only consists
of plane waves in the FBZ.

12.4.2.2 Uniqueness of Fn(z)

We now demonstrate the uniqueness of Fn(z) explicitly. Assume there exists two
different envelope-function expansions for the same wave function ψ :

ψ =
∑

n

F (1)
n (z) Un(z) =

∑
n

F (2)
n (z) Un(z).

Then

∑
n

[
F (1)

n − F (2)
n

]
Un = 0. (12.37)

We will see below that one cannot yet take F (1)
n (z) = F (2)

n (z). Since we have already
established that the expansion of Fn(z) only consists of plane waves in the FBZ,

F (i)
n (z) =

∑
k

F̃ (i)
n (k)eikz, (12.38)

substituting Eqs. (12.38) and (12.31) into Eq. (12.37):

∑
kGn

[
F̃ (1)

n (k) − F̃ (2)
n (k)

]
UnGei(k+G)z = 0,

=⇒
∑

n

[
F̃ (1)

n (k) − F̃ (2)
n (k)

]
UnG = 0,
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from the linear independence and completeness of all the plane waves. We now
×∑

G

(
U−1

)
Gm to give

F̃ (1)
m (k) = F̃ (2)

m (k), ∀ m.

Hence, F (1)
m (z) = F (2)

m (z).
Note that, in Eq. (12.37) we did not assume that F (1)

m (z) = F (2)
m (z). The reason

is because Un is only a complete set of linearly-independent periodic functions. To
wit, Eq. (12.37) becomes

∑
n

[
F (1)

n − F (2)
n

]
UnGeiGz = 0,

and eiGz does not form a complete set of linearly-independent functions. If Fn is not
restricted to the FBZ,

F (i)
n (z) =

∑
kG

F̃ (i)
nG(k)ei(k+G)z,

and

∑
nkGG ′

[
F̃ (1)

nG (k) − F̃ (2)
nG (k)

]
UnG ′ei(k+G+G ′)z = 0.

The coefficients are not necessarily zero because it is an overcomplete expansion.
For example, let G + G ′ = G ′′, then

∑
nkGG ′′

[
F̃ (1)

nG (k) − F̃ (2)
nG (k)

]
UnG ′′−Gei(k+G ′′)z = 0,

=⇒
∑
nG

[
F̃ (1)

nG (k) − F̃ (2)
nG (k)

]
UnG ′′−G = 0.

Burt [153] provides the following corollary:

Corollary 12.1. If

∑
n

φn(z)Un(z) = 0, (12.39)

where Un(z) is a set of complete linearly independent periodic functions, then

φn(z) = 0 ∀ n (12.40)

provided the plane-wave expansion of φn(z) is restricted to the FBZ.
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12.4.2.3 Properties of Periodic Functions Un(z)

It is often useful to impose a further constraint on the Un(z), that they be orthonormal:

∫
u.c.

dz

a
U ∗

n (z)Um(z) = δnm . (12.41)

Then, UnG is unitary and, e.g.,
(
U−1

)
Gn may be replaced by U ∗

nG :

∑
n

(
U †)

Gn UnG ′ =
∑

n

U ∗
nGUnG ′ =

∫
u.c.

dz

a

∫
u.c.

dz′

a
ei(Gz−G ′z′)

∑
n

U ∗
n (z)Un(z′)

=
∫

u.c.

dz

a
ei(G−G ′)z = δGG ′,

and

U † = U−1.

In the penultimate line, we used the completeness result

∑
n

U ∗
n (z)Un(z′) = δ(z − z′).

12.4.3 Envelope-Function Equation

Starting from the Schrödinger equation,

− �
2

2m0

d2ψ

dz2
+ V (z)ψ = Eψ, (12.42)

the goal is to derive a new equation for the Fn’s.

12.4.3.1 Kinetic Energy

Making use of the envelope-function expansion, Eq. (12.28), we note first that the
kinetic-energy term becomes

− �
2

2m0

d2ψ

dz2
= − �

2

2m0

∑
n

[
F ′′

n Un + 2F ′
nU ′

n + FnU ′′
n

]
. (12.43)

Since Un(z) is periodic with period a, so are U ′
n and U ′′

n :

U ′
n(z + a) = U ′

n(z), U ′′
n (z + a) = U ′′

n (z),
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and they can, therefore, both be expanded in terms of Un(z). For example,

− i�
dUn

dz
=
∑

m

pmnUm . (12.44)

One can now obtain the coefficients pmn in the same fashion as one would with
Fourier coefficients: multiply each side of equation by U ∗

n , integrate over z, and use
orthonormality. Alternately, one can also state that the following coefficients

pmn ≡
∫

dz

a
U ∗

m(z)

(
−i�

d

dz

)
Un(z) (12.45)

satisfy Eq. (12.44). To wit,

∑
m

pmnUm =
∫

dz′

a

∑
m

U ∗
m(z′)

(
−i�

dUn(z′)
dz′

)
Um(z)

=
∫

dz′

a

(
−i�

dUn(z′)
dz′

)∑
m

U ∗
m(z′)Um(z)

=
∫

dz′

a

(
−i�

dUn(z′)
dz′

)
δ(z − z′) = −i�

dUn

dz
.

Similarly, one can define

Tmn ≡
∫

dz

a
U ∗

m(z)

(
− �

2

2m0

d2

dz2

)
Un(z), (12.46)

and show that

∑
m

TmnUm = − �
2

2m0

d2Un

dz2
. (12.47)

Putting the two terms together gives the kinetic energy as

− �
2

2m0

d2ψ

dz2
=
∑

n

[
− �

2

2m0

d2 Fn

dz2
− i�

m0

∑
m

pnm
dFm

dz
+
∑

m

Tnm Fm

]
Un. (12.48)

This is seen to be already in the envelope-function expansion form.

12.4.3.2 Potential Energy

The expression to be rewritten is V ψ . Despite its apparent simplicity, there is a
problem due to the fact that a Fourier transform of the two functions can lead to
terms outside the FBZ.
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We start by Fourier transforming V (z) and expanding ψ(z) in the envelope-
function expansion; in the latter, we will also replace the envelope functions Fn(z)
and the periodic functions Un(z) by their Fourier transforms. Similar to Eq. (12.30),
the Fourier components of the potential are given by

ṼG(k) =
∫

L

dz

L
V (z)e−i(k+G)z . (12.49)

Thus,

V (z)ψ(z) =
∑
kGn

ṼG(k)ei(k+G)z Fn(z)Un(z)

=
∑
kGn

∑
k ′G ′

ṼG(k)ei(k+G)z F̃n(k ′)eik ′zUnG ′eiG ′z

=
∑

n

∑
kk ′

∑
GG ′

ṼG(k)F̃n(k ′)UnG ′ei(k+k ′+G+G ′)z . (12.50)

Let G → G − G ′. Then,

V (z)ψ(z) =
∑

n

∑
kk ′

∑
GG ′

ṼG−G ′(k)F̃n(k ′)UnG ′ei(k+k ′+G)z . (12.51)

The goal is to express the RHS as an envelope-function expansion, i.e., in an expan-
sion in terms of plane waves in the FBZ only. The sum k + k ′ can be outside the
FBZ; to make this explicit, write

k + k ′ = k1 + G1, (12.52)

where k1 ∈ FBZ. Then, Eq. (12.51) becomes

V (z)ψ(z) =
∑

n

∑
kk ′

∑
GG ′

ṼG−G ′(k)F̃n(k ′)UnG ′ei(k1+G+G1)z . (12.53)

But, from Eq. (12.33),

eiGz =
∑

n

(
U−1

)
Gn Un(z) =

∑
n

U ∗
nGUn(z),

=⇒ ei(G+G1)z =
∑

m

U ∗
m,G+G1

Um(z), (12.54)

and Eq. (12.53) becomes

V (z)ψ(z) =
∑

m

[∑
n

∑
kk ′

∑
GG ′

U ∗
m,G+G1

ṼG−G ′(k)F̃n(k ′)UnG ′eik1z

]
Um(z). (12.55)
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This is already in the envelope-function expansion form since the function inside the
square brackets has a plane-wave expansion restricted to the FBZ. We, nevertheless,
need it in terms of the envelope function F . This requires replacing the Fourier
transform of the envelope function by its real space function [inverse of Eq. (12.36)]:

F̃n(k ′) =
∫

L

dz′

L
Fn(z′)e−ik ′z′

, (12.56)

giving

V (z)ψ(z) =
∑

m

[∑
n

∑
k

∑
GG′

U ∗
m,G+G1

ṼG−G′ (k)UnG′

∫
L

dz′

L

∑
k′

Fn(z′)e−ik′z′+ik1z

]
Um(z)

=
∑
n,m

∫
L

dz′

L

∑
GG′

∑
kk′

U ∗
n,G+G1

ṼG−G′ (k)UmG′ ei(k1z−k′z′) Fm(z′)Un(z)

≡
∑

n

[∑
m

∫
dz′ Vnm(z, z′)Fm(z′)

]
Un(z), (12.57)

where

Vnm(z, z′) ≡ 1

L

∑
kk ′

∑
GG ′

U ∗
n,G+G1

ṼG−G ′(k)UmG ′ei(k1z−k ′z′). (12.58)

12.4.3.3 Envelope-Function Equation

Using Eqs. (12.28), (12.48) and (12.57), Eq. (12.42) becomes

∑
n

[
− �

2

2m0

d2 Fn

dz2
− i�

m0

∑
m

pnm
dFm

dz
+
∑

m

Tnm Fm +
∑

m

∫
dz′ Vnm(z, z′)Fm(z′)

]
Un

= E
∑

n

Fn(z) Un(z). (12.59)

Equating the coefficients of Un(z) gives the exact envelope-function equation:

− �
2

2m0

d2 Fn

dz2
− i�

m0

∑
m

pnm
dFm

dz
+
∑

m

∫
dz′ Hnm(z, z′)Fm(z′) = E Fn(z), (12.60)

where

Hnm(z, z′) = Tnmδ(z − z′) + Vnm(z, z′). (12.61)

12.4.3.4 Generalization to Three Dimension

It is trivial to generalize the above derivation to three dimension [185]. We will only
summarize the main equations.
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The envelope-function expansion becomes

ψ(R) =
∑

n

Fn(R) Un(R). (12.62)

The envelope-function equation is

− �
2

2m0
∇2 Fn(R)− i�

m0

∑
m

pnm ·∇Fm(R)+
∑

m

∫
d3R′ Hnm(R, R′)Fm(R) = E Fn(R),

(12.63)
where

pnm = 1

Ω

∫
d3R′ U ∗

n pUm,

Tnm = 1

Ω

∫
d3R′ U ∗

n T Um,

Hnm(R, R′) = TnmΔ(R − R′) + Vnm(R, R′)), (12.64)

Δ(R − R′) = 1

V

∑
k∈ FBZ

eik·(R−R′),

and

1

Ω

∫
d3R′ U ∗

n Um = δnm . (12.65)

As before, Ω (V ) is the unit-cell (crystal) volume.

12.4.3.5 Alternative Derivation

The envelope-function representation can be identified as a unitary transformation.
In order to make this connection, we now provide another derivation of the envelope-
function equation [185]. We will do so directly in three-dimension.

The starting point is the Schrödinger equation in a plane-wave representation:

�
2

2m0
(k + G)2ψ̃G(k) +

∑
k′,G′

〈k + G|V |k′ + G′〉ψ̃G′ (k′) = Eψ̃G(k), (12.66)

where

ψ̃G(k) = 1

V

∫
d3R ψ(R)e−i(k+G)·R, (12.67)

ψ(R) =
∑
k,G

ψ̃G(k)ei(k+G)·R. (12.68)

Now introduce a complete set of periodic functions:

Un(R) =
∑

G

UnGeiG·R, (12.69)
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giving

eiG·R =
∑

n

(U−1)GnUn(R), (12.70)

and

∑
n

(U−1)GnUnG′ = δGG′ . (12.71)

Substituting Eq. (12.70) into Eq. (12.68),

ψ(R) =
∑
k,G

ψ̃G(k)eik·ReiG·R =
∑
k,G

ψ̃G(k)eik·R ∑
n

(U−1)GnUn(R)

≡
∑

n

Fn(R)Un(R), (12.72)

where

Fn(R) =
∑

k

F̃n(k)eik·R, (12.73)

F̃n(k) =
∑

G

ψ̃G(k)(U−1)Gn ≡ 1

V

∫
d3R Fn(R)e−ik·R. (12.74)

From the latter equation, one can also write the inverse:

ψ̃G′(k′) =
∑

n

UnG′ F̃n(k′). (12.75)

Now multiplying Eq. (12.66) by (U−1)Gn and summing over G gives

∑
G

(U−1)Gn

⎡
⎣ �

2

2m0
(k + G)2ψ̃G(k) +

∑
k′,G′

〈k + G|V |k′ + G′〉ψ̃G′ (k′)

⎤
⎦

= E
∑

G

(U−1)Gnψ̃G(k),

and using Eq. (12.75),

∑
n′G

�
2

2m0
(k + G)2(U−1)GnUn′G F̃n′(k)+

∑
k′ ,G,G′

n′

〈k + G|V |k′ + G′〉(U−1)GnUn′G′ F̃n′(k′)

= E
∑
Gn′

(U−1)GnUn′G F̃n′(k).
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Then
∑
n′G

[
�

2

2m0
(k2 + G2 + 2k · G)(U−1)GnUn′G F̃n′(k)

]

+
∑

k′ ,G,G′
n′

〈k + G|V |k′ + G′〉(U−1)GnUn′G′ F̃n′(k′) = E
∑
Gn′

(U−1)GnUn′G F̃n′(k),

or

�
2k2

2m0
F̃n(k) + �

2

m0

∑
Gn′

k · G(U−1)GnUn′G F̃n′ (k)

+
∑
Gn′

⎡
⎣�

2G2

2m0
(U−1)GnUn′G F̃n′(k) +

∑
k′,G′

〈k + G|V |k′ + G′〉(U−1)GnUn′G′ F̃n′(k′)

⎤
⎦

= E F̃n(k).

Let

�

∑
G

G(U−1)GnUn′G ≡ pnn′ , (12.76)

∑
G

�
2

2m0
G2(U−1)GnUn′G ≡ Tnn′ , (12.77)

∑
GG′

(U−1)Gn〈k + G|V |k′ + G′〉Un′G′ ≡ Ṽnn′ (k, k′), (12.78)

Tnn′δkk′ + Ṽnn′ (k, k′) ≡ H̃nn′ (k, k′). (12.79)

This gives the envelope function in k space:

�
2k2

2m0
F̃n(k) + �

m0

∑
n′

k · pnn′ F̃n′(k) +
∑
n′k′

H̃nn′ (k, k′)F̃n′(k′) = E F̃n(k). (12.80)

To relate to the previous derivation, one now transforms to real space by multiplying
by eik·R and summing over k. With

∑
k

�
2k2

2m0
F̃n(k)eik·R = −

∑
k

�
2

2m0
∇2 F̃n(k)eik·R = −�

2∇2

2m0
Fn(R),

�

m0

∑
n′

pnn′ ·
∑

k

kF̃n′(k)eik·R = − i�

m0

∑
n′

pnn′ · ∇Fn′(R),
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∑
n′k′k

eik·R H̃nn′ (k, k′)F̃n′(k′) = 1

V

∫
d3R′ ∑

n′k′k

eik·R H̃nn′ (k, k′)Fn′(R′)e−ik′ ·R′

≡
∑

n′

∫
d3R′ Fn′(R′)

1

V

∑
k′k

eik·R H̃nn′ (k, k′)e−ik′ ·R′
,

using ∇ = ∇R, Eq. (12.80) becomes

−�
2∇2

2m0
Fn(R) − i�

m0

∑
n′

pnn′ · ∇Fn′ (R) +
∑

n′

∫
d3R′ Hnn′(R, R′)Fn′(R′),

which is the same as the exact envelope-function equation, Eq. (12.60). Note, how-
ever, that in order to demonstrate complete equivalence of the two approaches, one
remains to demonstrate that the newly-defined pnn′ , Tnn′ , and Ṽnn′ (k, k′) are identi-
cally defined. Consider pnn′ :

pnn′ = �

∑
G

G(U−1)GnUn′G.

In the previous derivation,

pnn′ = 1

Ω

∫
u.c.

d3R′ U ∗
n pUn′ =

∑
GG′

U ∗
nGUn′G′

1

Ω

∫
u.c.

d3R′ e−iG·RpeiG′ ·R

= �

∑
GG′

G′U ∗
nGUn′G′

1

Ω

∫
u.c.

d3R′ ei(G′−G)·R = �

∑
G

GU ∗
nGUn′G,

and this equals the other definition, Eq. (12.76), if

U ∗
nG = (U−1)Gn,

i.e., if U is unitary.

12.4.4 Potential-Energy Term

The reason for the nonlocality of the exact envelope-function equation, Eq. (12.60),
is because of the potential energy term. The latter indeed holds clues to the differ-
ence between the exact envelope-function equation and the conventional one. We,
therefore, need to study Eq. (12.58),

Vnm(z, z′) = 1

L

∑
kk ′

∑
GG ′

U ∗
n,G+G1

ṼG−G ′(k)UmG ′ei(k1z−k ′z′),

where k + k ′ = k1 + G1, more carefully [153].
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12.4.4.1 Separation of Vnm(z, z′)

Remember that k and k ′ came from the expansion of V ψ . We now show that the
reason Vnm(z, z′) is nonlocal is because k + k ′ can be outside the FBZ. If that were
not the case, G1 = 0 and

Vnm(z, z′) =
∑

k

∑
GG ′

U ∗
n,G ṼG−G ′(k)UmG ′

eikz

L

∑
k ′

eik ′(z−z′)

≡
∑

k

∑
GG ′

U ∗
n,G ṼG−G ′(k)UmG ′eikzΔ(z − z′), (12.81)

where

Δ(z − z′) ≡ 1

L

∑
k ′∈ FBZ

eik ′(z−z′). (12.82)

Note that the summation is not strictly an orthonormal relation but if we assume Δ

to be sufficiently like the delta function,

∑
m

∫
dz′ Vnm(z, z′)Fm(z′) ≈

∑
m

Vnm(z)Fm(z), (12.83)

with

Vnm(z) =
∑

k

∑
GG ′

U ∗
n,G ṼG−G ′(k)UmG ′eikz, (12.84)

and the term becomes local. This suggest writing

Vnm(z, z′) = Vnm(z)Δ(z − z′) + V (nl)
nm (z, z′), (12.85)

where

V (nl)
nm (z, z′) = 1

L

∑
kk ′

∑
GG ′

[
U ∗

n,G+G1
eik1z − U ∗

n,Gei(k+k ′)z
]

ṼG−G ′(k)UmG ′e−ik ′z′
.

(12.86)

In the above, only sum over k, k ′ values such that k + k ′ lies outside the FBZ.
A useful property of V (nl)

nm is∫
L
dz′ V (nl)

nm (z, z′) = 0. (12.87)

One can prove it using Eq. (12.58):

∫
L
dz′ V (nl)

nm (z, z′) = 1

L

∫
L
dz′ ∑

kk ′

∑
GG ′

U ∗
n,G+G1

ṼG−G ′(k)UmG ′ei(k1z−k ′z′)

=
∑

k

∑
GG ′

U ∗
n,G+G1

ṼG−G ′(k)UmG ′eik1z .
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But k + k ′ = k1 + G. If k ′ = 0, then G1 = 0, k1 = k, and

∫
L
dz′ V (nl)

nm (z, z′) =
∑

k

∑
GG ′

U ∗
n,G ṼG−G ′(k)UmG ′eikz = Vnm(z),

from Eq. (12.84). Comparing the latter and Eq. (12.85), one gets

∫
L
dz′ V (nl)

nm (z, z′) = 0.

One use of this equation is to show that for slowly-varying envelope functions, the
nonlocal part does not contribute.

12.4.4.2 Asymptotic Value of Vnm(z)

We will now derive the asymptotic value of Vnm(z) far from a single heterojunction.
We have Eq. (12.84):

Vnm(z) =
∑

k

∑
GG ′

U ∗
n,G ṼG−G ′(k)UmG ′eikz

=
∑
GG ′

∑
k

U ∗
n,G

∫
dz′

L
V (z′)e−i(k+G−G ′)z′

UmG ′eikz

=
∑
GG ′

U ∗
n,GUmG ′

∫
dz′

L
V (z′)e−i(G−G ′)z′ ∑

k

eik(z−z′)

=
∑
GG ′

U ∗
n,GUmG ′

∫
dz′ V (z′)e−i(G−G ′)z′

Δ(z − z′). (12.88)

Now, assume that, very far away from the interface, the potential is periodic. Con-
sider the potential on the RHS. Write

V (+)(z′) =
∑

G

Ṽ (+)
G eiGz′

. (12.89)

For large z, Δ(z − z′) requires z′ to be large too. Thus, in the integration, one can
replace V (z′) by V (+)(z′). Going back to Eq. (12.88),

Vnm(z) ≈
∑
GG ′

U ∗
n,GUmG ′

∑
G ′′k

Ṽ (+)
G ′′

∫
dz′

L
e−i(k+G−G ′−G ′′)z′

eikz

=
∑
GG ′

U ∗
n,GUmG ′

∑
G ′′k

Ṽ (+)
G ′′ δk+G−G ′−G ′′,0eikz .

Since k ∈ FBZ, then k = 0, G ′′ = G − G ′ and
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Vnm(z) ≈
∑
GG ′

U ∗
n,GUmG ′ Ṽ (+)

G−G ′ =
∑
GG ′

U ∗
n,G Ṽ (+)

G−G ′UmG ′

=
∫

dz′

a
U ∗

n (z′)V (+)(z′)Um(z′), (12.90)

i.e., for large z, Vnm(z) tends to a constant V (+)
nm which is the matrix element of the

local periodic potential.

12.4.4.3 Vnm(z) Near an Interface

We now wish to see if Vnm(z) near an interface is different from the asymptotic
expression. Again, in the previous subsection, we used a periodic form of V (z) far
from the interface. Here, we will consider an abrupt interface:

V (z) = Θ (+)(z)V (+)(z) + Θ (−)(z)V (−)(z), (12.91)

where
V (±)(z) =

∑
G

V (±)
G eiGz,

and Θ (+) is 1 (0) at the RHS (LHS) of the interface; similarly, Θ (−) is 0 (1) at
the RHS (LHS) of the interface. Equation (12.84) for Vnm(z) shows that ṼG(k) is
required. Fourier transforming the potential:

ṼG(k) =
∫ L/2

−L/2

dz

L
V (z)e−i(k+G)z

=
∑
G ′

Ṽ (+)
G ′

∫ L/2

0

dz

L
e−i(k+G−G ′)z +

∑
G ′

Ṽ (−)
G ′

∫ 0

−L/2

dz

L
e−i(k+G−G ′)z . (12.92)

If k + G − G ′ 	= 0,

∫ L/2

0

dz

L
V (z)e−i(k+G−G ′)z = 1 − e−i(k+G−G ′)L/2

i(k + G − G ′)
.

It will be assumed here that the second term in the numerator can be dropped. This
is valid if, e.g., L = 2na when e−iGL/2 = e−i 2π

a m2na = 1 and e−ikL/2 = e−i 2π
L m L

2 =
e−iπm = ±1 but the summation over k leads to zero. Hence, for k 	= 0,

ṼG(k) = 1

iL

∑
G ′

Ṽ (+)
G ′ − Ṽ (−)

G ′

k + G − G ′ ,

while for k = 0,

ṼG(0) = 1

2

(
Ṽ (+)

G + Ṽ (−)
G

)
.
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Therefore,

Vnm (z) =
∑
GG′

U∗
n,G

1

2

(
Ṽ (+)

G−G′ + Ṽ (−)
G−G′

)
UmG′ +

∑
GG′
k 	=0

U∗
n,G

1

iL

∑
G′′

Ṽ (+)
G′′ − Ṽ (−)

G′′
k + G − G ′ − G ′′ UmG′ eikz .

(12.93)

The first term of Eq. (12.93) is simply

1

2

(
V (+)

nm (z) + V (−)
nm (z)

)
.

For the second term, distinguish G ′′ = G − G ′ and G ′′ 	= G − G ′. Then

Vnm(z) = 1

2

[
V (+)

nm (z) + V (−)
nm (z)

] +
∑
k 	=0

V (+)
nm − V (−)

nm

ikL
eikz

+
∑
GG′
k 	=0

U ∗
n,G

⎡
⎣ ∑

G ′′ 	=G−G ′

Ṽ (+)
G ′′ − Ṽ (−)

G ′′

i(k + G − G ′ − G ′′)L

⎤
⎦UmG ′eikz . (12.94)

One can write the second term as
∑
k 	=0

V (+)
nm − V (−)

nm

ikL
eikz ≡

∑
k 	=0

∑
G

V (+)
nm − V (−)

nm

i(k + G)L
ei(k+G)z −

∑
k 	=0

∑
G 	=0

V (+)
nm − V (−)

nm

i(k + G)L
ei(k+G)z .

Also, given the plane-wave expansion of the step function,

Θ̃
(+)
G (k) =

∫ L/2

−L/2

dz

L
Θ(z)e−i(k+G)z =

∫ L/2

0

dz

L
e−i(k+G)z = e−i(k+G)L/2 − 1

−i(k + G)L
,

Θ (+)(z) =
∑
k,G

Θ̃
(+)
G (k)ei(k+G)z,

Eq. (12.94) can be rewritten as

Vnm(z) = (
V (+)

nm Θ (+)(z) + V (−)
nm Θ (−)(z)

) −
∑

k,G 	=0

V (+)
nm − V (−)

nm

i(k + G)L
ei(k+G)z (12.95)

+
∑
GG′
k 	=0

U ∗
n,G

⎡
⎣ ∑

G ′′ 	=G−G ′

Ṽ (+)
G ′′ − Ṽ (−)

G ′′

i(k + G − G ′ − G ′′)L

⎤
⎦UmG ′eikz . (12.96)

The first term in Eq. (12.96) is the potential term in conventional envelope-function
theories. Hence, it is seen that the Burt theory leads to two correction terms to the
potential function. A model calculation of the magnitude of such a contribution was
given by Burt [153].



12.4 Burt–Foreman Theory 299

12.4.5 Conventional Results

The exact envelope-function equation, Eq. (12.60), will now be made to reproduce
well-known theories.

12.4.5.1 Bulk Crystal

In a bulk crystal, the Fourier transform of the potential only has reciprocal lattice
components:

ṼG(k) = ṼGδk,0. (12.97)

In Eq. (12.58),

Vnm(z, z′) = 1

L

∑
kk ′

∑
GG ′

U ∗
n,G+G1

ṼG−G ′(k)UmG ′ei(k1z−k ′z′),

we then have k = 0, which implies k ′ = k1 + G1, i.e., G1 = 0. Thus,

Vnm(z, z′) = 1

L

∑
k ′

∑
GG ′

U ∗
n,G ṼG−G ′UmG ′eik ′(z−z′) =

∑
GG ′

U ∗
n,G ṼG−G ′UmG ′Δ(z − z′)

≡ Δ(z − z′)V bulk
nm . (12.98)

Now Eq. (12.60) becomes

− �
2

2m0

d2 Fn

dz2
− i�

m0

∑
m

pnm
dFm

dz
+
∑

m

H bulk
nm Fm = E Fn, (12.99)

where

H bulk
nm = Tnm + V bulk

nm . (12.100)

We note that Eq. (12.99) is exact. Nevertheless, two more steps are needed to recast
it into the k · p equation. First, we choose the Un’s to be zone-center solutions. This
implies the Hamiltonian is diagonalized in this basis with the diagonal elements
being the zone-center energies:

H bulk
nm = Enδnm, (12.101)

and

− �
2

2m0

d2 Fn

dz2
− i�

m0

∑
m

pnm
dFm

dz
+ En Fn = E Fn. (12.102)

Now, Eq. (12.102) is a differential equation with constant coefficients. It can be
solved by using an exponential form:



300 12 Heterostructures: Basic Formalism

Fn = Aneikz . (12.103)

Then, Eq. (12.102) leads to an algebraic equation for the An coefficients:

∑
m

[(
�

2k2

2m0
+ En − E

)
δnm + �k

m0
pnm

]
= 0, (12.104)

the well-known k · p equation. Note that, with the choice of Eq. (12.103), the
envelope-function expansion, Eq. (12.28) becomes

ψ =
∑

n

FnUn =
∑

n

Aneikzun0 ≡
∑

n

Anχnk, (12.105)

which is the expansion of Luttinger and Kohn [6].

12.4.5.2 Shallow Impurities

We now consider the problem of shallow impurities. The potential energy consists
of two terms:

V (z) = V bulk(z) + V imp(z). (12.106)

For a shallow impurity, the definition is that the impurity potential is smooth, i.e.,
that it only has appreciable Fourier components close to k = 0. Thus, the plane-wave
expansion of the potential can be written as

VG(k) = Ṽ bulk
G δk,0 + Ṽ imp(k)δG,0. (12.107)

Substituting into Eq. (12.58),

Vnm(z, z′) = 1

L

∑
kk ′

∑
GG ′

U ∗
n,G+G1

ṼG−G ′(k)UmG ′ei(k1z−k ′z′)

≈ V bulk
nm Δ(z − z′) + 1

L

∑
kk ′

∑
GG ′

U ∗
n,G+G1

Ṽ imp(k)δG,G ′UmG ′ei(k1z−k ′z′)

= V bulk
nm Δ(z − z′) + 1

L

∑
kk ′

∑
G

U ∗
n,G+G1

Ṽ imp(k)UmGei(k1z−k ′z′)

= [
V bulk

nm + δnm Ṽ imp(0)
]
Δ(z − z′), (12.108)

since, for the impurity potential, k ≈ 0 leads to k ′ = k1 +G1 which implies G1 = 0.
Hence, the envelope-function equation can be written as (when using a basis of
zone-center functions)
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− �
2

2m0

d2 Fn

dz2
− i�

m0

∑
m

pnm
dFm

dz
+ V imp(z)Fn = (E − En)Fn. (12.109)

This is not yet in conventional envelope-function form. To convert into the latter
is similar to what is done in conventional theory: it is necessary to remove the
interband terms. We will establish this for the one-band case. Assume that V imp

is weak so that the bound states are close to the zone-center eigenstates En . Here,
we choose n = s. The envelope-function equation for the latter is

− �
2

2m0

d2 Fs

dz2
− i�

m0

∑
m 	=s

psm
dFm

dz
+ V imp(z)Fs = (E − Es)Fs . (12.110)

The restriction on the summation in the second term is due to the vanishing of pss
in one-dimension. For any other state m 	= s, we can write

(E − V imp(z) − Em)Fm = − �
2

2m0

d2 Fm

dz2
− i�

m0

∑
l 	=s

pml
dFl

dz
.

To eliminate the interband term, we write down an approximate (smooth) solution
for the states m 	= s by dropping the second-differential term and approximating
(E −V imp(z) −Em) ≈ (Es − Em). Then

Fm ≈ − i�

m0

pms

Es − Em

dFs

dz
.

Plugging into Eq. (12.110) gives

− �
2

2m0

d2 Fs

dz2
− i�

m0

∑
m 	=s

psm

[
− i�

m0

pms

Es − Em

d2 Fs

dz2

]
+ V imp(z)Fs = (E − Es)Fs,

or

− �
2

2m∗
s

d2 Fs

dz2
+ V imp(z)Fs = (E − Es)Fs, (12.111)

where

1

m∗
s

= 1

m0
+ 2

(
1

m0

)2 ∑
m 	=s

|pms |2
Es − Em

. (12.112)

This is the conventional effective-mass equation.

12.4.5.3 Effective-Mass Equation for Multilayers

We now reproduce the conventional effective-mass equation for a multilayer. A
number of approximations are needed. Assume
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• the zone-center energies do not change much with respect to position.
• E is close to Es(z) everywhere. This is similar to the corresponding approxima-

tion for the shallow impurity problem.
• Fn is slowly varying.
• the potential change is abrupt (the abrupt-step approximation). Then

Hnm = Tnm +
∑
GG ′

U ∗
nG ṼG−G ′UmG ′ .

• same Un in all layers; i.e., we have only one zone-center function. Then Hnm is
approximately diagonal throughout the structure and the diagonal elements are
the appropriate zone-center energies.

Thus, we have

− �
2

2m0

d2 Fn

dz2
− i�

m0

∑
m

pnm
dFm

dz
= [E − En(z)]Fn. (12.113)

The rest of the derivation is similar to the shallow-impurity problem. The equation
for the one band is

− �
2

2m0

d2 Fs

dz2
− i�

m0

∑
m 	=s

psm
dFm

dz
= [E − Es(z)]Fs,

the remote envelopes are approximately

Fm ≈ − i�

m0

pms

Es(z) − Em(z)

dFs

dz
,

giving

− �
2

2m0

d2 Fs

dz2
− i�

m0

∑
m 	=s

(
− i�

m0

)
psm

d

dz

(
pms

Es(z) − Em(z)

dFs

dz

)
= [E − Es(z)]Fs,

or

− �
2

2

d

dz

(
1

ms(z)

dFs

dz

)
+ Es(z)Fs = E Fs, (12.114)

where

1

ms(z)
= 1

m0
+ 2

1

m2
0

∑
m 	=s

|pms |2
Es(z) − Em(z)

. (12.115)

Equation (12.114) has the form of the Ben Daniel-Duke equation. This, therefore,
represents a derivation of the latter operator ordering.
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One surprising result is the use of Eq. (12.114) suggests the following boundary
conditions:

Fs and
1

m

dFs

dz
continuous.

However, the exact envelope-function expansion requires

Fs and
dFs

dz
continuous.

The difference is due to the fact that Eq. (12.114) is only approximate.

12.4.5.4 Multiband Model for Multilayers

The final consideration is to derive a multiband k · p theory for multilayers. We
can start from the full multilayer equation, Eq. (12.113). Previously, the one-band
approximation was made. Here we divide the bands into two subsets à la Löwdin:
those close to s, labeled s ′ (subset S) and those distant labeled r (subset R). Then,
rewriting Eq. (12.113), we have for the S states

− �
2

2m0

d2 Fs

dz2
− i�

m0

∑
s ′

pss ′
dFs ′

dz
− i�

m0

∑
r

psr
dFr

dz
= [E − Es(z)]Fs .

Eliminating the remote states using

Fr ≈ − i�

m0

∑
s ′

prs ′

E − Er (z)

dFs ′

dz

gives

− �
2

2m0

d2 Fs

dz2
− i�

m0

∑
s ′

pss ′
dFs ′

dz
− �

2

m2
0

d

dz

∑
r

psr prs ′

E − Er (z)

dFs ′

dz
= [E − Es(z)]Fs(z).

(12.116)

12.4.5.5 Multiband k · p Equations for Arbitrary Nanostructures

The exact envelope-function equation, Eq. (12.63), can be simplified to reproduce
multiband Hamiltonians for arbitrary nanostructures. These can then be compared
to those obtained starting from the bulk Luttinger–Kohn Hamiltonian. Due to the
importance of the result, we repeat here the steps in the derivation even though they
are similar to the one-dimensional case treated in an earlier section.

The starting point is the approximate, local form of the exact envelope-function
equation:
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− �
2

2m0
∇2 Fn(R)− i�

m0

∑
m

pnm ·∇Fm(R)+
∑

m

Hnm(R)Fm(R) = E Fn(R). (12.117)

In deriving a multiband form of the equations, the conventional technique is to
define two sets of states à la Löwdin. The states of immediate interest (so-called
dominant states, e.g., the Γ15 valence-band complex for zincblende semiconduc-
tors), will be denoted by the label n = s (S states) and the remote bands (R states)
will be denoted by the label n = r . One can now write down separate envelope-
function equations, Eq. (12.117), for the two groups:

− �
2

2m0
∇2 Fr − i�

m0

∑
m

prm · ∇Fm +
∑

m

Hrm Fm = E Fr , (12.118)

− �
2

2m0
∇2 Fs − i�

m0

∑
m

psm · ∇Fm +
∑

m

Hsm Fm = E Fs . (12.119)

Equation (12.118) for the remote states can be simplified by taking into account
the smoothness of the envelope function and, thereby, throwing away the curvature
term. This leads to

− i�

m0

∑
m

prm · ∇Fm +
∑

r ′
Hrr ′ Fr ′ +

∑
s ′

Hrs ′ Fs ′ ≈ E Fr ,

Fr ≈ (E − Hrr )−1
∑

s ′

[
− i�

m0
prs ′ · ∇Fs ′ + Hrs ′ Fs ′

]
. (12.120)

Equation (12.119) is now written to show the explicit dependence on the R envelope
functions:

− �
2

2m0
∇2 Fs− i�

m0

[∑
s ′

pss ′ · ∇Fs ′ +
∑

r

psr ·∇Fr

]
+
∑

s ′
Hss ′ Fs ′+

∑
r

Hsr Fr = E Fs,

which are then eliminated:

− �
2

2m0
∇2 Fs − i�

m0

∑
s ′

pss ′ · ∇Fs ′ +
∑

s ′
Hss ′ Fs ′

− i�

m0

∑
r

psr · ∇
{

(E − Hrr )−1
∑

s ′

[
− i�

m0
prs ′ · ∇Fs ′ + Hrs ′ Fs ′

]}

+
∑

r

Hsr

(E − Hrr )

∑
s ′

[
− i�

m0
prs ′ · ∇Fs ′ + Hrs ′ Fs ′

]
= E Fs .
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Simplifying the latter gives

− �
2

2m0
∇2 Fs − �

2

m2
0

∑
rs ′

psr · ∇ 1

(E − Hrr )
prs ′ · ∇Fs ′ − i�

m0

∑
s ′

pss ′ · ∇Fs ′

+
∑

s ′
Hss ′ Fs ′ +

∑
rs ′

Hsr Hrs ′

(E − Hrr )
Fs ′ − i�

m0

∑
r

psr · ∇ [
(E − Hrr )−1 Hrs ′ Fs ′

]

− i�

m0

∑
s ′r

(E − Hrr )−1 Hsr prs ′ · ∇Fs ′ = E Fs . (12.121)

This is the multiband envelope-function equation as given by Burt [185].

12.4.6 Boundary Conditions

We have already derived boundary conditions in the context of the effective-mass
equation. Here, we present a more general derivation based upon the local form
of the envelope-function equation in three-dimensional, Eq. (12.117). Consider a
planar interface with translational symmetry. Let

Fn(R) = 1√
S

eik|| ·r Fn(z). (12.122)

Then the equation for Fn(z) is

− �
2

2m0

d2 Fn

dz2
− i�

m0

∑
n′

pz
nn′

dFn′

dz
+ �

2k2
||

2m0
Fn + �

m0

∑
n′

k|| · pnn′ Fn′ +
∑

n′
Hnn′ Fn′

= E Fn. (12.123)

In general, Eq. (12.117) is only valid far from the interfaces. However, we have
already argued that the interfacial terms are small. If they are dropped, Eq. (12.117)
is (approximately) valid everywhere and can be integrated across the interface.

First, we know that Fn is continuous, otherwise F ′′
n blows up. Integrating across

an interface (say at z = 0),

− �
2

2m0

∫ ε

−ε

dz
d2 Fn

dz2
− i�

m0

∑
n′

pz
nn′

∫ ε

−ε

dz
dFn′

dz
+ �

2k2
||

2m0

∫ ε

−ε

dz Fn

+ �

m0

∑
n′

k|| · pnn′

∫ ε

−ε

dz Fn′ +
∑

n′
Hnn′

∫ ε

−ε

dz Fn′ = E
∫ ε

−ε

dz Fn.

Note that pnn′ and Hnn′ are continuous. Then

− �
2

2m0

[
dFn

dz

]ε

−ε

− i�

m0

∑
n′

pz
nn′ [Fn′]ε−ε = 0,
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or

− i�
dFn

dz
+ 2

∑
n′

pz
nn′ Fn′ (12.124)

is continuous; i.e., F ′
n is. So far, we have made the abrupt-step approximation and

used a local Hnn′ . If one further makes the effective-mass approximation, then one
requires 1

m
dFn
dz continuous.

12.4.7 Burt–Foreman Hamiltonian

Foreman [34], in 1993, was the first to derive an explicit form of the valence-band
Hamiltonian on the basis of Burt’s theory. In 1997, he extended it to an eight-band
model [228].

In his 1992 review article, Burt had already indicated how to simplify Eq. (12.121).
All the terms that are only significant near an interface will be dropped. Considering
the terms on the LHS of Eq. (12.121), it turns out such terms are the last two of the
seven. This is obvious for the sixth term since it involves the derivative of Hrs and
the latter is a constant in a bulk layer. The last term would correspond, in the bulk,
to a term linear-in-k; such terms are absent in the bulk valence-band Hamiltonian.
Thus, they can only arise from the interfaces and are also dropped. Finally, the third
term involves momentum matrix elements within the subspace; they are known to
be zero from symmetry arguments. An additional simplification is to recognize the
two terms on the second line to correspond to the energy correct to second order in
perturbation theory; we can denote the latter as H (2)

ss ′ .
What remains looks very much like the second-order k · p term since the differ-

ential operator transforms just like the wave vector:

− �
2

2m0
∇2 Fs − �

2

m2
0

∑
rs ′

psr ·∇ 1

(E − Hrr )
prs ′ ·∇Fs ′ +

∑
s ′

H (2)
ss ′ Fs ′ = E Fs . (12.125)

The main difference lies in the noncommutativity of the differential operator and the
band parameters since the latter are position dependent in a heterostructure. Thus,
one can expect additional terms in the BF Hamiltonian. We now obtain the latter
explicitly. We will first do so for the zincblende structure without spin-orbit cou-
pling. We will refer extensively to the derivations of the DKK and Kane parameters
in earlier chapters.

12.4.7.1 HSS

The electron mass arises from the interaction of the conduction S state with remote
bands. We treated this both within a one-band and the Kane models. The largest
contribution stems from the P interaction with the top of the valence band Γ15v

states. In the bulk, the latter was written as

A′k2.
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Now we have

HSS = �
2

m2
0

∑
l∈Γ15

∑
i=x,y,z

k̂i
〈S|pα|lα〉〈lα|pα|S〉

E − Hl(r)
k̂i

= k̂x A′̂kx + k̂y A′̂ky + k̂z A′̂kz, (12.126)

where k̂i = −i∇i .

12.4.7.2 HX X

Again, we give the bulk result as a reminder:

L ′k2
x + M(k2

y + k2
z ).

Now,

HΓ1
X X = k̂x

�
2

m2
0

∑
l∈Γ1

〈X |px |l S〉〈l S|px |X〉
E − Hl (r)

k̂x = k̂x F ′̂kx ,

HΓ12
X X = k̂x

�
2

m2
0

∑
l∈Γ12

〈X |px |l〉〈l|px |X〉
E − Hl(r)

k̂x = k̂x 2Gk̂x ,

HΓ15
X X = k̂y

�
2

m2
0

∑
l∈Γ15

〈X |py |l Z〉〈l Z |py |X〉
E − Hl(r)

k̂y + k̂z
�

2

m2
0

∑
l∈Γ15

〈X |pz|lY 〉〈lY |pz|X〉
E − Hl(r)

k̂z

= k̂y H1̂ky + k̂z H1̂kz,

HΓ25
X X = k̂y

�
2

m2
0

∑
l∈Γ25

〈X |py |lxy〉〈lxy|py |X〉
E − Hl(r)

k̂y + k̂z
�

2

m2
0

∑
l∈Γ25

〈X |pz|lzx〉〈lzx |pz|X〉
E − Hl(r)

k̂z

= k̂y H2̂ky + k̂z H2̂kz,

giving

HX X = k̂x (F ′ + 2G )̂kx + k̂y(H1 + H2)̂ky + k̂z(H1 + H2)̂kz . (12.127)

12.4.7.3 HXY

The bulk result is:

Nkx ky,

where

N = F − G + H1 − H2.
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Now,

HΓ1
XY = k̂x

�
2

m2
0

∑
l∈Γ1

〈X |px |l S〉〈l S|py |Y 〉
E − Hl (r)

k̂y = k̂x F ′̂ky,

HΓ12
XY = k̂x

�
2

m2
0

∑
lγ∈Γ12

〈X |px |lγ 〉〈lγ |py|Y 〉
E − Hl (r)

k̂y = −̂kx Gk̂y,

HΓ15
XY = k̂y

�
2

m2
0

∑
l∈Γ15

〈X |py|lδ1〉〈lδ1|px |Y 〉
E − Hl(r)

k̂x = k̂y H1̂kx ,

HΓ25
XY = k̂y

�
2

m2
0

∑
l∈Γ25

〈X |py|lε3〉〈lε3|px |Y 〉
E − Hl(r)

k̂x = −̂ky H2̂kx ,

giving

HXY = k̂x (F ′ − G )̂ky + k̂y(H1 − H2)̂kx . (12.128)

12.4.7.4 HSX

The linear-in-k term is unchanged. For the quadratic term, in the bulk result,

Bkykz,

where

B = 2�
2

m2
0

∑
l∈Γ15

′ 〈s|px |ul〉〈ul |py|z〉
E0
2 − El

.

Now,

HΓ15
SX = k̂y

�
2

m2
0

∑
l∈Γ15

〈S|py |lY 〉〈lY |pz|X〉
E − Hl (r)

k̂z + k̂z
�

2

m2
0

∑
l∈Γ15

〈S|pz|l Z〉〈l Z |py |X〉
E − Hl (r)

k̂y

= k̂z
B

2
k̂y + k̂y

B

2
k̂z . (12.129)

The resulting Hamiltonian is given in Table 12.2. The three-band version (mov-
ing the S state into the remote class) is easily obtained by removing the S state
and changing the primed DKK parameters to unprimed. This Hamiltonian was not
explicitly written down by Foreman; an explicit form was first given by Stravinou
and van Dalen [232] and we give their form of it in Table 12.3.
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Ta
bl

e
12

.2
Fo

ur
-b

an
d

B
F

H
am

ilt
on

ia
n

in
L

S
ba

si
s

fo
r

zi
nc

bl
en

de

H
B

F
(k

)
=

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝

|S
〉

|X
〉

|Y
〉

|Z
〉

k̂ x
A

′̂ k
x
+

k̂ y
A

′̂ k
y
+

k̂ z
A

′̂ k
z

i
� m

0
k̂ x

P
i

� m
0
k̂ y

P
i

� m
0
k̂ z

P

k̂ y
B 2

k̂ z
+

k̂ z
B 2

k̂ y
k̂ z

B 2
k̂ x

+
k̂ x

B 2
k̂ z

k̂ x
B 2

k̂ y
+

k̂ x
B 2

k̂ y

k̂ x
(F

′ +
2G

)̂k
x

k̂ x
(F

′ −
G

)̂k
y
+

k̂ y
(H

1
−

H
2
)̂k

x
k̂ x

(F
′ −

G
)̂k

z
+

k̂ z
(H

1
−

H
2
)̂k

x

+̂k
y
(H

1
+

H
2
)̂k

y
+

k̂ z
(H

1
+

H
2
)̂k

z

k̂ y
(F

′ +
2G

)̂k
y

k̂ y
(F

′ −
G

)̂k
z
+

k̂ z
(H

1
−

H
2
)̂k

y

+̂k
x
(H

1
+

H
2
)̂k

x
+

k̂ z
(H

1
+

H
2
)̂k

z

†
k̂ z

(F
′ +

2G
)̂k

z

+̂k
x
(H

1
+

H
2
)̂k

x
+

k̂ y
(H

1
+

H
2
)̂k

y

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠



310 12 Heterostructures: Basic Formalism

Table 12.3 Three-band Stravinou-van Dalen Hamiltonian for zincblende. This includes the free-
electron term

HSV (k) = �
2

2m0

⎡
⎢⎢⎢⎢⎢⎣

|X〉 |Y 〉 |Z〉
k̂x Âkx + k̂y Bk̂y + k̂z Bk̂z k̂x C1̂ky − k̂yC2̂kx k̂x C1̂kz − k̂zC2̂kx

k̂yC1̂kx − k̂x C2̂ky k̂y Âky + k̂x Bk̂x + k̂z Bk̂z k̂yC1̂kz − k̂zC2̂ky

k̂zC1̂kx − k̂x C2̂kz k̂zC1̂ky − k̂yC2̂kz k̂z Âkz + k̂x Bk̂x + k̂y Bk̂y

⎤
⎥⎥⎥⎥⎥⎦
,

with

A = 2m0

�2
(F + 2G) + 1,

B = 2m0

�2
(H1 + H2) + 1,

C1 = 2m0

�2
(F − G),

C2 = −2m0

�2
(H1 − H2).

12.4.7.5 Foreman Parameters

Foreman introduced a new notation for the symmetry expansion of the Luttinger
parameters. He introduced dimensionless

σ = − 1

3m0

∑
l∈Γ1

|〈X |px |l S〉|2
E − El

= −1

3

m0

�2
F,

π = − 1

3m0

∑
l∈Γ15

|〈X |py|lδ1〉|2
E − El

= −1

3

m0

�2
H1, (12.130)

δ = − 1

3m0

∑
l∈Γ12

|〈X |px |lγ1〉|2
E − El

= −1

3

m0

�2
G.

In terms of the latter, the Luttinger parameters become [making use of Eqs. (5.77)
and (5.78) and neglecting H2 since the Γ25 states are distant],

γ1 = −2m0

3�2
(L + 2M) − 1 ≈ −1 − 2m0

3�2
(F + 2G + 2H1) = −1 + 2σ + 4π + 4δ,

γ2 = −2m0

6�2
(L − M) ≈ −2m0

6�2
(F + 2G − H1) = σ − π + 2δ,

γ3 = −2m0

6�2
N ≈ −2m0

6�2
(F − G + H1) = σ + π − δ.

Writing the latter as a matrix equation easily leads to the inverted equations:
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⎛
⎝ σ

π

δ

⎞
⎠ = 1

9

⎛
⎝−1 8 12

3 −6 0
2 2 −6

⎞
⎠
⎛
⎝γ1 + 1

γ2

γ3

⎞
⎠ .

Writing

γ = 1

2
(γ3 + γ2), μ = 1

2
(γ3 − γ2), (12.131)

we have

δ = 1

9
(1 + γ1 + γ2 − 3γ3),

π = 3

2
δ + μ, (12.132)

σ = −1

2
δ + γ .

For completeness, we list the connection between Foreman’s parameters and those
of Stravinou and van Dalen, and the Luttinger parameters:

A ≡ 2m0

�2
(F + 2G) + 1 = 1 − 6σ − 12δ = −(γ1 + 4γ2),

B ≡ 2m0

�2
(H1 + H2) + 1 = 1 − 6π = −(γ1 − 2γ2),

C1 ≡ 2m0

�2
(F − G) = 6δ − 6σ = 1 + γ1 − 2γ2 − 6γ3, (12.133)

C2 ≡ −2m0

�2
(H1 − H2) = 6π = 1 + γ1 − 2γ2.

12.4.7.6 Spin

We now consider what happens when spin is included. We first derive the six-band
Hamiltonian corresponding to the bulk LK one. The procedure is similar to adding
spin to the DKK matrix. However, we have to repeat the derivation since there are
terms that might not commute nor reduce to zero. At this point, we will leave the
Hamiltonian as general as possible so that it is applicable to arbitrary nanostruc-
tures; we will afterwards consider the simplications resulting for a QW. To simplify
the notation, we will not write out explicitly the free-electron term �

2k2/(2m0).
Thus, it is implied to be added to the Hamiltonian when the latter is given in terms
of the DKK parameters. However, when the latter are converted to the Luttinger
ones, the presence of the free-electron term is explicit. We also note that the overall
structure of the Hamiltonian matrix is actually determined by the Clebsch-Gordan
coefficients. Hence, it is possible to write down a general form of the matrix that is
the same independent of the underlying k · p model.

Refering to Sect. 3.3, we have starting with the diagonal elements
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P ′ ≡
〈

3

2

3

2

∣∣∣∣ Hk·p

∣∣∣∣32
3

2

〉
= 1

2
〈(x + iy) ↑ |Hk·p|(x + iy) ↑〉

= 1

2
(H11 + H22) + i

2
(H12 − H21)

= 1

2

{̂
kx (L + M )̂kx + k̂y(L + M )̂ky + k̂z2Mk̂z

}

+ i

2

{̂
kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx

}
, (12.134)

P ′′ ≡
〈

3

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣32
1

2

〉
= 1

6
(H11 + H22) + 2

3
H33 + i

6
(H12 − H21)

= 1

6

{̂
kx (L + 5M )̂kx + k̂y(L + 5M )̂ky + 2̂kz(2L + M )̂kz

}

+ i

6

{̂
kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx

}
, (12.135)

P ′′′ ≡
〈

1

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣12
1

2

〉
= 1

3
(H11 + H22 + H33) + i

3
(H12 − H21)

= 1

3

{̂
kx (L + 2M )̂kx + k̂y(L + 2M )̂ky + k̂z(L + 2M )̂kz

}

+ i

3

{̂
kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx

}
. (12.136)

Now for the distinct off-diagonal matrix elements (writing k̂− = k̂x − îky),

S− ≡
〈

3

2

3

2

∣∣∣∣ Hk·p

∣∣∣∣32
1

2

〉
= − 1√

3
(H13 − iH23) (12.137)

= − 1√
3

{̂
kx (F − G )̂kz + k̂z(H1 − H2)̂kx − i[̂ky(F − G )̂kz + k̂z(H1 − H2)̂ky]

}

= − 1√
3

{̂
k−(F − G )̂kz + k̂z(H1 − H2)̂k−

}
, (12.138)

− R ≡
〈

3

2

3

2

∣∣∣∣ Hk·p

∣∣∣∣32 − 1

2

〉
= − 1

2
√

3
(H11 − H22 − iH12 − iH21)

= − 1

2
√

3

{̂
kx (L − M )̂kx − k̂y(L − M )̂ky − i[̂kx N k̂y + k̂y N k̂x ]

}
, (12.139)

− C ≡
〈

3

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣32 − 1

2

〉
= 1

3
(−H13 + H31 + iH23 − iH32)

= 1

3

{̂
kz(F − G − H1 + H2)̂k− − k̂−(F − G − H1 + H2)̂kz

}
, (12.140)
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−
√

2Q ≡
〈

3

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣12
1

2

〉
= 1

3
√

2
(H11 + H22 + iH12 − iH21) −

√
2

3
H33

= 1

3
√

2

{̂
kx (L − M )̂kx + k̂y(L − M )̂ky − 2̂kz(L − M )̂kz

+ i[̂kx (F − G − H1 + H2)̂ky − k̂y(F −G−H1 + H2)̂kx ]
}
, (12.141)

−
√

3

2
Σ− ≡

〈
3

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣1

2
− 1

2

〉
= 1

3
√

2
(H13 + 2H31 − iH23 − 2iH32)

= 1

3
√

2

{̂
k−(F −G+2H1−2H2)̂kz + k̂z(2F −2G+H1−H2)̂k−

}
. (12.142)

Further,

〈
3

2
− 1

2

∣∣∣∣ Hk·p

∣∣∣∣32 − 3

2

〉
= − 1√

3
(H31 − iH32)

= − 1√
3

{̂
kz(F − G )̂kx + k̂x (H1 − H2)̂kz − i[̂kz(F − G )̂ky + k̂y(H1 − H2)̂kz]

}

= − 1√
3

{̂
kz(F − G )̂k− + k̂−(H1 − H2)̂kz

}
.

The latter appears to involve the hermitian of S. To verify, we compute instead the
transpose matrix element:

〈
3

2
− 3

2

∣∣∣∣ Hk·p

∣∣∣∣32 − 1

2

〉
= − 1√

3
(H13 + iH23) ≡ S+. (12.143)

Thus

〈
3

2
− 1

2

∣∣∣∣ Hk·p

∣∣∣∣32 − 3

2

〉
=
〈

3

2
− 3

2

∣∣∣∣ Hk·p

∣∣∣∣32 − 1

2

〉†
= S†

+. (12.144)

The resulting Hamiltonian is given in Table 12.4.

12.4.7.7 [001] QW

Having obtained the most general Hamiltonian, we now look at the specific case of
a QW grown along the [001] direction; this is the case considered by Foreman [34].

In this case, k̂x → kx and k̂y → ky and they, therefore, commute. We obtain the
following simplifications:

〈
3

2

3

2

∣∣∣∣ Hk·p

∣∣∣∣32
3

2

〉
= 1

2
(L + M)(k2

x + k2
y) + k̂z Mk̂z ≡ −(P + Q), (12.145)
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Table 12.4 Six-band BF Hamiltonian in JMJ basis for arbitrary quantization

HBF1(k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣ 3
2 − 3

2

〉 ∣∣ 1
2

1
2

〉 ∣∣ 1
2 − 1

2

〉
P ′ S− −R 0 − 1√

2
S− −√

2R

S†
− P ′′ −C R −√

2Q −
√

3
2 Σ−

−R† −C† P ′′∗ S†
+

√
3
2 Σ+ −√

2Q∗

0 R† S+ P ′∗ √
2R† − 1√

2
S+

− 1√
2

S†
− −√

2Q†
√

3
2 Σ

†
+ −√

2R P ′′′ − Δ0 C

−√
2R† −

√
3
2 Σ

†
− −√

2Q − 1√
2

S†
+ C† P ′′′∗ − Δ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with

P ′ = 1

2

{̂
kx (L + M )̂kx + k̂y(L + M )̂ky + k̂z2Mk̂z

}

+ i

2

{̂
kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx

}
,

P ′′ = 1

6

{̂
kx (L + 5M )̂kx + k̂y(L + 5M )̂ky + 2̂kz(2L + M )̂kz

}

+ i

6

{̂
kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx

}
,

P ′′′ = 1

3

{̂
kx (L + 2M )̂kx + k̂y(L + 2M )̂ky + k̂z(L + 2M )̂kz

}

+ i

3

{̂
kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx

}
,

Q = −1

6

{̂
kx (L − M )̂kx + k̂y(L − M )̂ky + 2̂kz(L − M )̂kz

+ i[̂kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx ]
}
,

R = 1

2
√

3

{̂
kx (L − M )̂kx − k̂y(L − M )̂ky − i[̂kx N k̂y + k̂y N k̂x ]

}
,

S± = − 1√
3

{̂
k±(F − G )̂kz + k̂z(H1 − H2)̂k±

}
,

C = −1

3

{̂
kz(F − G − H1 + H2)̂k− − k̂−(F − G − H1 + H2)̂kz

}
,

Σ± = − 1

3
√

3

{̂
k±(F − G + 2H1 − 2H2)̂kz + k̂z(2F − 2G + H1 − H2)̂k±

}
.
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where

P = �
2

2m0
(γ1k2

|| + k̂zγ1̂kz),

Q = �
2

2m0
(γ2k2

|| − 2̂kzγ2̂kz), (12.146)

k|| = k2
x + k2

y .

Similarly,

〈
3

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣32
1

2

〉
= 1

6

{
(L + 5M)(k2

x + k2
y) + 2̂kz(2L + M )̂kz

}

= − �
2

2m0

[
(γ1 − γ2)k2

|| + k̂z(γ1 + 2γ2)̂kz)
]

= −(P − Q), (12.147)〈
1

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣12
1

2

〉
= 1

3

[
(L + 2M)(k2

x + k2
y) + k̂z(L + 2M )̂kz

] − Δ0

= −P − Δ0. (12.148)

For the off-diagonal elements,

〈
3

2

3

2

∣∣∣∣ Hk·p

∣∣∣∣32
1

2

〉
= − 1√

3

[
k−(F − G )̂kz + k̂z(H1 − H2)k−

]

=
√

3k−
[
(σ − δ)̂kz + k̂zπ

] = S−, (12.149)
〈

3

2

3

2

∣∣∣∣ Hk·p

∣∣∣∣32 − 1

2

〉
= − 1

2
√

3

{
kx (L − M)kx − ky(L − M)ky − 2iNkx ky

}

= �
2

2m0

√
3
[
γ2(k2

x − k2
y) − 2iγ3kx ky

]
.

Now

k2
− = (kx − iky)2 = k2

x − k2
y − 2ikx ky,

k2
+ = (kx + iky)2 = k2

x − k2
y + 2ikx ky .

Therefore

〈
3

2

3

2

∣∣∣∣ Hk·p

∣∣∣∣32 − 1

2

〉
= �

2

2m0

√
3(γ k2

− − μk2
+) ≡ −R. (12.150)
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Continuing

〈
3

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣32 − 1

2

〉
= 1

3

{
k̂z(F − G − H1 + H2)k−− k−(F − G − H1 + H2)̂kz

}

= − [
k̂z(σ − δ − π )k− − k−(σ − δ − π )̂kz

]

= −k−
[

k̂z(σ −δ−π ) − (σ −δ−π )̂kz
] ≡ −C, (12.151)

〈
3

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣12
1

2

〉
= 1

3
√

2

[
(L − M)(k2

x + k2
y) − 2̂kz(L − M )̂kz

]

= − �
2

m0

1√
2

[
γ2k2

|| − 2̂kzγ2̂kz
] ≡ −

√
2Q, (12.152)

〈
3

2

1

2

∣∣∣∣ Hk·p

∣∣∣∣1

2
− 1

2

〉
= 1

3
√

2
k−

{
(F −G+2H1−2H2)̂kz + k̂z(2F − 2G + H1 − H2)

}

= − 1√
2

k−
{
(σ − δ + 2π )̂kz + k̂z(2σ − 2δ + π )

}

≡ −
√

3

2
Σ−. (12.153)

The resulting Hamiltonian is given in Table 12.5. Note that we have left out the
band-edge energies for simplicity. Using this Hamiltonian, Foreman showed that
the heavy-hole mass for an InGaAs QW can be unphysical if the conventional sym-
metrized Hamiltonian is used, but is well-behaved using his Hamiltonian (Fig. 12.3).

12.4.8 Beyond Burt–Foreman Theory?

Meney et al. [233] compared the BF Hamiltonian to the LK one and made a number
of interesting observations. For the eight-band models, they are very similar. For
the six-band models, there is substantial difference (up to 20 meV) between the
two at intermediate wave numbers (around 0.1 Å−1) but also they both differ from
the eight-band models, with the LK one worst. For the four-band models, there
was only a small difference between the two, again at intermediate wave num-
bers. Similar studies have recently been reported [234]. Other studies of the BF
model since were for QW’s with arbitrary growth direction [232, 235], QW’s with
wurtzite constituents [55, 56], and for a spherical quantum dot within the spherical
approximation [236, 237]. A study of the optical properties of QW’s [238] and of
nanowires of arbitrary orientation can be found in [239, 240]. It is, therefore, clear
that, by now, the eight-band BF model has been sufficiently studied for a variety of
nanostructures.
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Table 12.5 Six-band BF Hamiltonian in J MJ basis for [001] quantization. Note the overall neg-
ative sign. Foreman’s Hamiltonian is the negative of ours because he gives the hole energies as
positive; also, he has a different ordering of the basis states

HBF2(k) = −

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2
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2

〉 ∣∣ 3
2
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2
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2
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2 − 3

2
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2

〉 ∣∣ 1
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2

〉
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−
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2

3
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π
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.

Nevertheless, there are difficulties with the BF theory. Takhtamirov and Volkov
[241–244] have demonstrated that most heterostructure effective-mass equations do
not consistently include all perturbative corrections to the same order. In particular,
due to the presence of material interfaces in heterostructures, important contribu-
tions arise from couplings between near band-gap states and remote states that
must be accounted for (this fact is also pointed out in [20]). The fact that there
must be some so-called interface Hamiltonian has been well documented [245–
248]. In [249, 250], based on first-principles envelope-function theory, an effective
one-electron Hamiltonian is derived including perturbative effects of material inho-
mogeneity in agreement with the results of Takhtamirov and Volkov. An important
driving mechanism behind formulating effective-mass one-electron Hamiltonian
models as approximations to the real semiconductor many-particle problem is the
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Fig. 12.3 Heavy-hole mass of subband of InGaAs quantum well – comparison of different models.
Solid line is BF Hamiltonian, dashed is symmetrized, and dotted is uncoupled. Reprinted with
permission from [34]. c©1993 by the American Physical Society

possibility to obtain accuracy while maintaining fast computational speed in the
determination of electronic states and energies. This is essential for solving com-
plicated structures such as quantum wires and dots where ab initio atomic-based
methods are still too slow.

12.5 Sercel–Vahala Theory

In 1990–1991, Sercel and Vahala wrote a series of papers expounding a new formu-
lation of the multiband envelope-function theory and applied it to spherical quan-
tum dots and cylindrical quantum wires [36, 251–253]. The method is based upon
a similar treatment of the acceptor problem by Altarelli, Baldereschi, and Lipari
in the 1970s [30, 92]. The theory (within the LK framework) has subsequently
been applied to model quantum rods [254], quantum rings [255–257], and quantum
dots [258]. An extension to the Burt–Foreman theory and application to wurtzite
nanostructures [240, 259] and nanowire superlattices have been carried out [260].

12.5.1 Overview

The basic idea of the Sercel–Vahala (SV) theory is to re-express the zincblende
k · p Hamiltonian in a basis of eigenstates of total angular momentum F or of
its z-projection Fz . This results from the vector addition of the envelope angular
momentum L and the zone-center Bloch angular momentum J (in direct analogy to
the coupling of atomic orbitals and electron spin in atomic physics). The envelope
angular momentum, being a spatial degree of freedom, is integral. The Bloch angu-
lar momentum corresponds to a spin- 3

2 particle. A formal feature of the theory is the
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treatment of the envelope function and of the underlying Bloch functions as func-
tions of spatial coordinates corresponding to different state spaces. What makes the
theory really useful is the simplifying assumption that the total angular momentum
(for the spherical problem) or of its z-projection (for the cylindrical problem) is a
constant of motion. This is certainly true when anisotropic coupling to remote bands
are neglected resulting in either the spherical or axial approximation. Furthermore,
Kramers degeneracy leads to degeneracy of the ±Fz solutions (this can be most
directly proven by observing that the −Fz states can be obtained from the +Fz ones
by applying the Kramers operator). The SV representation also reduces the three-
dimensional problem to a two-dimensional one when cylindrical polar coordinates
are used.

We now detail the theory for each of the two symmetries considered by Sercel
and Vahala, followed by application to wurtzite structures. For the latter case, the
reduction is exact, i.e., no axial approximation is needed. That this should be possi-
ble is already clear from work on the bulk band structure since the latter was found
to be azimuthal-angle independent. The theory has also been applied to the linear
strain Hamiltonian.

12.5.2 Spherical Representation

A complete set of commuting observables is H, F2, Fz , where

F = L + J. (12.154)

Hence, the Hamiltonian is block diagonal in a basis of eigenstates of F2 and Fz . This
basis can be obtained by coupling those of the envelope and Bloch functions:

|k; F ; Fz ; J, L〉 =
J∑

Jz=−J

L∑
Lz=−L

〈J, Jz ; L , Lz|F, Fz〉 |J, Jz〉|k; L , , Lz〉. (12.155)

For the Bloch states |J, Jz〉, Sercel and Vahala use a slightly different set of functions
from what is conventional (see Table C.2). Here, the envelope functions have also
been expanded in terms of a basis set. For a spherical problem within the flat-band
approximation (i.e., with a piecewise-constant potential profile), it is advantageous
to use free spherical waves. In the coordinate representation,

〈r, θ, φ|k; L , Lz〉 =
√

2

π
iL hL (kr )Y Lz

L (θ, φ), (12.156)

where hL is a spherical Hankel function, Y Lz

L is a spherical harmonic, and k is the
radial wave number. The envelope functions form a complete set in envelope state
space, with orthonormality
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〈k; L , Lz|k ′; L ′, L ′
z〉 = δ(k − k ′)

k2
δL ,L ′δLz ,L ′

z
, (12.157)

and closure

IE =
∞∑

L=0

L∑
Lz=−L

∫ ∞

0
d k k2|k; L , Lz〉〈k; L , Lz|. (12.158)

The conventional Bloch plane-wave basis can be written as

|k; J, Jz〉 = |k〉|J, Jz〉. (12.159)

The Hamiltonian in this basis is related to the new one in the total-angular-momen-
tum basis via a unitary transformation. In order to establish the transformation, we
need to express the plane-wave envelope states in terms of the spherical-wave ones:

|k〉 =
∑
L ,Lz

[
Y Lz

L (Ωk)
]∗

|k; L , Lz〉, (12.160)

where Ωk = (θk, φk) is the orientation of the wave vector with respect to the axes.
Then, the unitary transformation between the two envelope functions is

〈k ′; L ′, L ′
z|k〉 =

∑
L ,Lz

[
Y Lz

L (Ωk)
]∗

〈k ′; L ′, L ′
z|k; L , Lz〉 =

[
Y Lz

L (Ωk)
]∗ δ(k − k ′)

k2
.

(12.161)
Using the closure relation for the old product Bloch plane-wave basis,

I = IB ⊗ IE =
⎛
⎝∑

J,Jz

|J, Jz〉〈J, Jz|
⎞
⎠ ⊗

(∫ ∞

0
d k k2

∫
d Ωk|k〉〈k|

)
, (12.162)

a wave function ψ in the new total-angular-momentum basis can be written as

〈k; F ; Fz ; J, L|ψ〉 (12.163)

= 〈k; F ; Fz ; J, L|
⎛
⎝∑

J ′,J ′
z

|J ′, J ′
z〉〈J ′, J ′

z |
⎞
⎠ ⊗

(∫ ∞

0
d k ′ (k ′)2

∫
d Ωk′ |k′〉〈k′|

)
|ψ〉.

This can be simplified using Eqs. (12.155) and (12.161):

〈k; F ; Fz ; J, L|ψ〉 =
∑
J ′,J ′

z

J∑
Jz=−J

L∑
Lz=−L

〈J,Jz ; L , Lz|F, Fz〉∗ 〈J,Jz|J ′, J ′
z〉〈k; L ,, Lz|k′〉

×
∫ ∞

0
d k ′ (k ′)2

∫
d Ωk′ 〈J ′, J ′

z |〈k′|ψ〉
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=
J∑

Jz=−J

L∑
Lz=−L

〈J, Jz ; L , Lz|F, Fz〉∗

×
∫ ∞

0
d k ′ (k ′)2

∫
d Ωk′

[
Y Lz

L (Ωk′)
]∗ δ(k − k ′)

k2
〈k′; J, Jz|ψ〉

=
J∑

Jz=−J

L∑
Lz=−L

〈J, Jz ; L , Lz |F, Fz〉∗
∫

d Ωk

[
Y Lz

L (Ωk)
]∗

〈k; J, Jz |ψ〉.

(12.164)

This is, of course, the unitary transformation connecting the wave function in the
two representations. The Hamiltonian in the new total-angular-momentum basis is,
therefore, given by

〈k; F ; Fz ; J, L|H |k′; F ′; F ′
z ; J ′, L ′〉

=
J∑

Jz=−J

L∑
Lz=−L

J ′∑
J ′

z=−J ′

L ′∑
L ′

z=−L ′
〈J, Jz ; L , Lz|F, Fz〉∗〈J ′, J ′

z ; L ′, L ′
z|F ′, F ′

z〉

×
∫

d Ωk

∫
d Ωk′

[
Y Lz

L (Ωk)
]∗ [

Y
L ′

z

L ′ (Ωk′)
]
〈k; J, Jz |H |k′; J ′, J ′

z〉.

The old Hamiltonian is diagonal in k:

〈k; F ; Fz ; J, L|H |k′; F ′; F ′
z ; J ′, L ′〉

=
J∑

Jz=−J

L∑
Lz=−L

J ′∑
J ′

z=−J ′

L ′∑
L ′

z=−L ′
〈J, Jz ; L , Lz|F, Fz〉∗〈J ′, J ′

z ; L ′, L ′
z|F ′, F ′

z〉

×
∫

dΩk

∫
dΩk′

[
Y Lz

L (Ωk)
]∗[

Y
L ′

z

L ′ (Ωk′)
]
〈k; J,Jz|H |k′; J ′, J ′

z〉δ(k−k ′)δ(Ωk−Ωk′ )

=
J∑

Jz=−J

L∑
Lz=−L

J ′∑
J ′

z=−J ′

L ′∑
L ′

z=−L ′
〈J, Jz ; L , Lz|F, Fz〉∗〈J ′, J ′
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z|F ′, F ′
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×
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z

L ′ (Ωk)
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〈k; J, Jz|H |k; J ′, J ′

z〉δ(k − k ′).

Hence,

〈k; F ; Fz ; J, L|H |k; F ′; F ′
z ; J ′, L ′〉

=
J∑

Jz=−J

L∑
Lz=−L

J ′∑
J ′

z=−J ′

L ′∑
L ′

z=−L ′
〈J, Jz ; L , Lz|F, Fz〉∗〈J ′, J ′

z ; L ′, L ′
z|F ′, F ′

z〉

×
∫

d Ωk

[
Y Lz

L (Ωk)
]∗ [

Y
L ′

z

L ′ (Ωk)
]
〈k; J, Jz |H |k; J ′, J ′

z〉. (12.165)
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We know from angular-momentum theory that Lz = Fz − Jz and L ′
z = F ′

z − Jz .
The key result here is that the old Hamiltonian is not diagonal in J . This implies
the Sercel–Vahala model goes beyond the J = 3

2 subspace and includes J -subspace
coupling (e.g., as in Kane’s eight-band model). Note also, though, that Eq. (12.165)
is really diagonal in F and Fz . Finally, Sercel and Vahala used real Clebsch-
Gordan coefficients; we have left our expressions in terms of more general complex
Clebsch-Gordan coefficients.

12.5.2.1 F = 1
2 , Fz = ± 1

2

We can now start looking at individual blocks of the Hamiltonian. We start with
F = 1

2 , Fz = ± 1
2 . The two Fz = ± 1

2 subspaces are degenerate due to Kramers
degeneracy. Taking the old Hamiltonian to be an eight-band one, we have, using

F = L + J, Fz = Lz + Jz,

that the only allowed coupling of J and L are

(J, L) =
(

1

2
, 0

)
,

(
1

2
, 1

)
,

(
3

2
, 1

)
,

(
3

2
, 2

)
;

i.e., there are six ways to get the required (F2, Fz). These combinations, together
with the Clebsch-Gordan coefficients for the uncoupled states, are given in
Table 12.6. The absence of hh states will be explained later. We now show how
the matrix elements 〈J, L|H |J ′, L ′〉 are obtained. For example,

〈
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+
〈
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2
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d Ω (Y 1

1 )∗(Y 0
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=
(

1

3
+ 2

3

)
Hcc = Hcc = Ec + �

2k2

2m0
.

The 6 × 6 block diagonalizes into two identical subblocks. Sercel and Vahala
obtained, e.g.,
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H F= 1
2 =
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√
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,

(12.166)
where the three states are, respectively, the conduction, light-hole (lh) and split-hole
states. Note that, in general, the lh contains a mixture of Jz states (Table 12.6).
Heavy-hole states do not appear until F = 3

2 [36]. Sercel and Vahala now solved
the spherical-dot problem. We will instead focus on the solutions for the cylindrical
problem.

12.5.3 Cylindrical Representation

A complete set of commuting observables is H, Fz, Pz , where Pz is the component
of the envelope linear momentum along the z-axis. Fz (but not F) is a good quantum
number.

12.5.3.1 Hamiltonian

The Hamiltonian is block diagonal in this basis:

H =
∑
⊕Fz

HFz . (12.167)

Because F is not a good quantum number, it is now better to work in an uncoupled
angular momentum representation:

|kz, k||, Fz, J, Jz〉 ≡ |J, Jz〉|kz, k||, Lz = Fz − Jz〉. (12.168)

Hence, Clebsch-Gordan coefficients are not required for this step. The envelope
function |kz, k||, Lz〉 is an eigenstate of Lz and Pz . The cylindrical coordinate repre-
sentation is

〈ρ, φ, z|kz, k||, Lz〉 = iLz

2π
HLz (k||ρ)eiLzφeikz z . (12.169)

The basis has cylindrical symmetry and is orthonormal:

〈k ′
z, k ′

||, F ′
z, J ′, J ′

z |kz, k||, Fz, J, Jz〉 = δFz ,F ′
z
δJ,J ′δJz ,J ′

z

δ(k|| − k ′
||)

k||
δ(kz − k ′

z).

(12.170)
We still have the conventional Bloch plane-wave basis written as
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|k; J, Jz〉 = |k〉|J, Jz〉. (12.171)

Here, however,

|k〉 = |kz〉|k||〉 = eikz z
∑

Lz

e−iLzφk|| |k||, Lz〉, (12.172)

giving

〈k ′
||, L ′

z|k〉 = eikz z
∑

Lz

e−iLzφk|| 〈k ′
||, L ′

z|k||, Lz〉 = eikz ze−iL ′
zφk||

δ(k|| − k ′
||)

k||

≡ |kz〉 e−iL ′
zφk||

δ(k|| − k ′
||)

k||
. (12.173)

The closure relation for the old product Bloch plane-wave basis is

I = IB ⊗ IE (12.174)

=
⎛
⎝∑

J,Jz

|J, Jz〉〈J, Jz|
⎞
⎠ ⊗

(∫ ∞

0
d k|| k||

∫
dφk|| |k||〉〈k|||

)
⊗
(∫ ∞

0
d kz |kz〉〈kz|

)
,

and a wave function ψ in the product basis can be written as

〈kz, k||, Fz, J, Jz |ψ〉 = 〈kz, k||, Fz, J, Jz | (12.175)

×
⎛
⎝∑

J ′,J ′
z

|J ′, J ′
z〉〈J ′, J ′

z |
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0
d k|| k||

∫
dφk|| |k||〉〈k|||

)
⊗
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0
d kz |kz〉〈kz |

)
|ψ〉.

This can be simplified using Eqs. (12.168) and (12.173):

〈kz, k||, Fz, J, Jz |ψ〉

=
(∑

J ′,J ′
z

〈J, Jz|J ′, J ′
z〉〈J ′, J ′

z |
)( ∫ ∞

0
d k ′

|| k ′
||

∫
dφk′

||

∫ ∞

0
d k ′

z 〈kz|〈k||, Lz|k′
||〉|k ′

z〉
)

×
(
〈k′

||| ⊗ 〈k ′
z|
)
|ψ〉

=
∫ ∞

0
d k ′

|| k ′
||

∫
dφk′

||

∫ ∞

0
d k ′

z 〈kz|〈k||, Lz|k′〉 (〈J, Jz| ⊗ 〈k′
||| ⊗ 〈k ′

z|
) |ψ〉

=
∫ ∞

0
d k ′

|| k ′
||
δ(k|| − k ′

||)

k||

∫
dφk′

||e
−iLzφk||

∫ ∞

0
d k ′

z 〈kz|k ′
z〉〈k, J, Jz |ψ〉

=
∫

dφk||e
−i(Fz−Jz )φk|| 〈k, J, Jz |ψ〉. (12.176)
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Finally, the Hamiltonian is given by

〈k ′
z, k ′

||, F ′
z, J ′, J ′

z |H |kz, k||, Fz, J, Jz〉

=
∫

dφk′
||

∫
dφk||e

i(Fz−Jz )φk|| −i(F ′
z−J ′

z )φk′|| 〈k′, J ′, J ′
z |H |k, J, Jz〉.

Again, the old Hamiltonian is diagonal in k and one angular integral becomes unity
(note that the measure of 2π was not explicit written down):

〈k ′
z, k ′

||, F ′
z, J ′, J ′

z |H |kz, k||, Fz, J, Jz〉

=
∫

dφk′
||

∫
dφk||e

i(Fz−Jz )φk|| −i(F ′
z−J ′

z )φk′|| 〈k, J ′, J ′
z |H |k, J, Jz〉

×δ(kz − k ′
z)δ(k|| − k||′)δ(φk|| − φk′

|| )

=
∫

dφk||e
i[(Fz−Jz )−(F ′

z−J ′
z )]φk|| 〈k, J ′, J ′

z |H |k, J, Jz〉δ(kz − k ′
z)δ(k|| − k′

||).

Therefore,

〈kz, k||, F ′
z, J ′, J ′

z |H |kz, k||, Fz, J, Jz〉

= 1

2π

∫ 2π

0
dφk||e

i[(Fz−F ′
z )−(Jz−J ′

z )]φk|| 〈k, J ′, J ′
z |H |k, J, Jz〉. (12.177)

In the old basis,

〈k, J ′, J ′
z |H |k, J, Jz〉 ∼ ei(Jz−J ′

z )φk|| ,

and the angular dependence in Jz goes away; for the integral over φ not to be zero
we have Fz = F ′

z .

12.5.3.2 Four-Band Model

Within the axial approximation, the four-band model is exactly solvable for a cylin-
drical quantum wire [252]. The method of Sercel and Vahala is to expand the solu-
tions inside and outside the quantum wire in terms of the cylindrical functions and
to match boundary conditions at the interface.

12.5.3.3 Bulk Solutions

In the product space of well-defined Fz , the four-band Hamiltonian looks exactly the
same as the one in the conventional basis except for the replacement kx = ky = k||.
This can be shown by using Eq. (12.177) and the conventional Hamiltonian (e.g.,
Table 5.3). The new Sercel–Vahala Hamiltonian is given in Table 12.7. It is now
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Table 12.7 Four-band Sercel–Vahala Hamiltonian. Also note the conventional negative sign
outside the matrix

HSV = −

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣Fz − 3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣Fz − 1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣Fz + 1
2

〉 ∣∣ 3
2 − 3

2

〉 ∣∣Fz + 3
2

〉
P ′ −S R 0

−S∗ P ′′ 0 −R

R∗ 0 P ′′ −S

0 −R∗ −S∗ P ′

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

with

P ′ = �
2

2m0

{
(γ1 + γ2)k2

|| + (γ1 − 2γ2)k2
z

}
,

P ′′ = �
2

2m0

{
(γ1 − γ2)k2

|| + (γ1 + 2γ2)k2
z

}
,

S = �
2

2m0
2
√

3γ̃ k||kz,

R = − �
2

2m0

√
3γ̃ k2

||.

necessary to obtain the bulk solutions. It is clear there are analytic solutions since
the four-band is exactly solvable even without making the axial approximation. By
direct substitution, one can show that the four eigenvectors are

|hh1〉 =

⎛
⎜⎜⎜⎝

k2
||+4k2

z√
3k2

||
2kz

k||
1
0

⎞
⎟⎟⎟⎠ , |hh2〉 =

⎛
⎜⎜⎝

2kz

k||√
3

0
−1

⎞
⎟⎟⎠ , |lh1〉 =

⎛
⎜⎜⎝

−√
3

2kz

k||
1
0

⎞
⎟⎟⎠ , |lh2〉 =

⎛
⎜⎜⎜⎝

2kz

k||

− k2
||+4k2

z√
3k2

||
0

−1

⎞
⎟⎟⎟⎠ ,

(12.178)
with eigenvalues −�

2(γ1 −2γ )k2/(2m0) (twice) and −�
2(γ1 +2γ )k2/(2m0) (twice).

If S = 0 in Table 12.7 (occurs when kz = 0), the matrix decouples into two 2×2
subblocks and the coupled states are

∣∣ 3
2

3
2

〉
,
∣∣ 3

2 − 1
2

〉
and

∣∣ 3
2

1
2

〉
,
∣∣ 3

2 − 3
2

〉
:

|hh1〉 =

⎛
⎜⎜⎝

1√
3

0
1
0

⎞
⎟⎟⎠ , |hh2〉 =

⎛
⎜⎜⎝

0√
3

0
−1

⎞
⎟⎟⎠ , |lh1〉 =

⎛
⎜⎜⎝

−√
3

0
1
0

⎞
⎟⎟⎠ , |lh2〉 =

⎛
⎜⎜⎝

0
− 1√

3
0

−1

⎞
⎟⎟⎠ .

(12.179)
The corresponding values of Lz for the above four states are, respectively, Lz =
Fz − 3

2 , Fz − 1
2 , Fz + 1

2 , Fz + 3
2 and, depending upon the actual Fz value, they have

opposite parity.
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12.5.3.4 Envelope Functions

The quantum-wire envelope functions can, therefore, be written as

φhh1
Fz

=

⎛
⎜⎜⎜⎜⎜⎝

k2
||+4k2

z√
3k2

||
JFz− 3

2
(khhρ)

2kz

k||
JFz− 1

2
(khhρ)

JFz+ 1
2
(khhρ)

0

⎞
⎟⎟⎟⎟⎟⎠

eikz z, φhh2
Fz

=

⎛
⎜⎜⎜⎜⎜⎝

2kz

k||
JFz− 3

2
(khhρ)√

3JFz− 1
2
(khhρ)

0

JFz+ 1
2
(khhρ)

⎞
⎟⎟⎟⎟⎟⎠

eikz z,

φlh1
Fz

=

⎛
⎜⎜⎜⎜⎜⎝

−√
3JFz− 3

2
(klhρ)

2kz

k||
JFz− 1

2
(klhρ)

JFz+ 1
2
(klhρ)

0

⎞
⎟⎟⎟⎟⎟⎠

eikz z, φlh2
Fz

=

⎛
⎜⎜⎜⎜⎜⎝

2kz

k||
JFz− 3

2
(klhρ)

− k2
||+4k2

z√
3k2

||
JFz− 1

2
(klhρ)

JFz+ 3
2
(klhρ)

0

⎞
⎟⎟⎟⎟⎟⎠

eikz z,

(12.180)

where the angular dependence is left out. Note that not all the Bessel functions
will go to zero at the origin. A quantum-wire eigenfunction is then

ψFz = A|hh1〉 + B|hh2〉 + C |lh1〉 + D|lh2〉. (12.181)

12.5.3.5 Infinite-Barrier Solutions

For a quantum wire of radius R with an infinite barrier, the energies are given by the
solutions to the following determinantal equation [36]:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

k2
hh+4k2

z√
3k2

hh
JFz− 1

2
(khh R) 2kz

khh
JFz− 3

2
(khh R) −√

3JFz− 3
2
(klh R) 2kz

klh
JFz− 3

2
(klh R)

2kz

khh
JFz− 1

2
(khh R)

√
3JFz− 1

2
(khh R) 2kz

klh
JFz− 1

2
(klh R)

− k2
lh+4k2

z√
3k2

lh
JFz− 1

2
(klh R)

JFz+ 1
2
(khh R) 0 JFz+ 1

2
(klh R) 0

0 JFz+ 3
2
(khh R) 0 JFz+ 3

2
(klh R)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0.

(12.182)

Note that the determinant is not symmetrical.
For kz = 0, only hhi and lhi are coupled:

Fz = +1

2
:

|hh1〉=

⎛
⎜⎜⎜⎜⎜⎝

1√
3

J−1

0
J+1

0

⎞
⎟⎟⎟⎟⎟⎠

,|hh2〉=

⎛
⎜⎜⎜⎜⎜⎝

0√
3J0

0
−J2

⎞
⎟⎟⎟⎟⎟⎠

,|lh1〉=

⎛
⎜⎜⎜⎜⎜⎝

−√
3J−1

0
J+1

0

⎞
⎟⎟⎟⎟⎟⎠

,|lh2〉=

⎛
⎜⎜⎜⎜⎜⎝

0
− 1√

3
J0

0
−J2

⎞
⎟⎟⎟⎟⎟⎠

,
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Fz = −1

2
: (12.183)

|hh1〉=

⎛
⎜⎜⎜⎜⎜⎝

1√
3

J−2

0
J0

0

⎞
⎟⎟⎟⎟⎟⎠

,|hh2〉=

⎛
⎜⎜⎜⎜⎜⎝

0√
3J−1

0
−J+1

⎞
⎟⎟⎟⎟⎟⎠

,|lh1〉=

⎛
⎜⎜⎜⎜⎜⎝

−√
3J−2

0
J0

0

⎞
⎟⎟⎟⎟⎟⎠

,|lh2〉=

⎛
⎜⎜⎜⎜⎜⎝

0
− 1√

3
J−1

0
−J+1

⎞
⎟⎟⎟⎟⎟⎠

,

Fz = +3

2
:

|hh1〉=

⎛
⎜⎜⎜⎜⎜⎝

1√
3

J0

0
J2

0

⎞
⎟⎟⎟⎟⎟⎠

,|hh2〉=

⎛
⎜⎜⎜⎜⎜⎝

0√
3J1

0
−J3

⎞
⎟⎟⎟⎟⎟⎠

,|lh1〉=

⎛
⎜⎜⎜⎜⎜⎝

−√
3J0

0
J2

0

⎞
⎟⎟⎟⎟⎟⎠

,|lh2〉=

⎛
⎜⎜⎜⎜⎜⎝

0
− 1√

3
J1

0
−J3

⎞
⎟⎟⎟⎟⎟⎠

,

Fz = −3

2
:

|hh1〉=

⎛
⎜⎜⎜⎜⎜⎝

1√
3

J−3

0
J−1

0

⎞
⎟⎟⎟⎟⎟⎠

,|hh2〉=

⎛
⎜⎜⎜⎜⎜⎝

0√
3J−2

0
−J0

⎞
⎟⎟⎟⎟⎟⎠

,|lh1〉=

⎛
⎜⎜⎜⎜⎜⎝

−√
3J−3

0
J−1

0

⎞
⎟⎟⎟⎟⎟⎠

,|lh2〉=

⎛
⎜⎜⎜⎜⎜⎝

0
− 1√

3
J−2

0
−J0

⎞
⎟⎟⎟⎟⎟⎠

.

Next, we note that

J−n(kρ) = (−1)n Jn(kρ).

Thus, we can label the states as being either even or odd depending upon the parity
of the Bessel function. For Fz = ± 1

2 , we see from Eq. (12.183) that the odd states
can satisfy the boundary condition independently for the hh and lh components,
i.e., hh and lh are uncoupled. For all other states, the Bessel functions cannot be
simultaneously zero; hence, a linear combination is required in order to satisfy the
boundary condition, leading the hh–lh mixing.

12.5.4 Four-Band Hamiltonian in Cylindrical Polar Coordinates

We now derive the four-band BF Hamiltonian in cylindrical polar coordinates for
zincblende. This has application to problems with axial symmetry, e.g., cylindrical
quantum wires and circular quantum rings. Both problems have been studied within
the LK model [36, 252, 253, 255–257].

We first give the Hamiltonian (Table 12.8) before the derivation. The Hamiltonian
in Table 12.8 is similar to the one given by, e.g., Planelles et al. [255] in the limit of
LK, constant Luttinger parameters, and zero magnetic field (except for differences
that can be accounted for by interchanging the sign of the second row and column).
Note that they set � = m0 = 1 and their factor of 1/2 is inside their matrix elements.
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Table 12.8 Four-band BF Hamiltonian in cylindrical polar coordinates for a zincblende quantum
wire. Ev(z) is the valence-band offset

HBF(Fz) = �
2

2m0

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣ 3
2 − 3

2

〉
P1 S1 −R1 0

S†
1 P2 −C R2

−R†
1 −C† P3 S2

0 R†
2 S†

2 P4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+ Ev(z)I,

where

P1 = ∂

∂ρ
(γ1 + γ2)

∂

∂ρ
+ (γ1 + γ2)

ρ

∂

∂ρ
+ ∂

∂z
(γ1 − 2γ2)

∂

∂z
− (γ1 + γ2)

ρ2

(
Fz − 3

2

)2

+
(
Fz − 3

2

)
2ρ

[
∂

∂ρ
(C1 + C2) − (C1 + C2)

∂

∂ρ

]
,

P2 = ∂

∂ρ
(γ1 − γ2)

∂

∂ρ
+ (γ1 − γ2)

ρ

∂

∂ρ
+ ∂

∂z
(γ1 + 2γ2)

∂

∂z
− (γ1 − γ2)

ρ2

(
Fz − 1

2

)2

+
(
Fz − 1

2

)
6ρ

[
∂

∂ρ
(C1 + C2) − (C1 + C2)

∂

∂ρ

]
,

P3 = ∂

∂ρ
(γ1 − γ2)

∂

∂ρ
+ (γ1 − γ2)

ρ

∂

∂ρ
+ ∂

∂z
(γ1 + 2γ2)

∂

∂z
− (γ1 − γ2)

ρ2

(
Fz + 1

2

)2

−
(
Fz + 1

2

)
6ρ

[
∂

∂ρ
(C1 + C2) − (C1 + C2)

∂

∂ρ

]
,

P4 = ∂

∂ρ
(γ1 + γ2)

∂

∂ρ
+ (γ1 + γ2)

ρ

∂

∂ρ
+ ∂

∂z
(γ1 − 2γ2)

∂

∂z
− (γ1 + γ2)

ρ2

(
Fz + 3

2

)2

−
(
Fz + 3

2

)
2ρ

[
∂

∂ρ
(C1 + C2) − (C1 + C2)

∂

∂ρ

]
,

S1 = 1√
3

{
∂

∂ρ
C1

∂

∂z
− ∂

∂z
C2

∂

∂ρ
+ (Fz − 1

2 )

ρ

[
C1

∂

∂z
− ∂

∂z
C2

]}
,

S†
1 = 1√

3

{
∂

∂z
C1

∂

∂ρ
− ∂

∂ρ
C2

∂

∂z
− (Fz − 3

2 )

ρ

[
∂

∂z
C1 − C2

∂

∂z

]}
,

S2 = 1√
3

{
∂

∂z
C1

∂

∂ρ
− ∂

∂ρ
C2

∂

∂z
+ (Fz + 3

2 )

ρ

[
∂

∂z
C1 − C2

∂

∂z

]}
,

S†
2 = 1√

3

{
∂

∂ρ
C1

∂

∂z
− ∂

∂z
C2

∂

∂ρ
− (Fz + 1

2 )

ρ

[
C1

∂

∂z
− ∂

∂z
C2

]}
,

R1 =
√

3

{
∂

∂ρ
γ̃

∂

∂ρ
+ (Fz + 1

2 )

ρ

∂

∂ρ
γ̃ + (Fz − 1

2 )

ρ
γ̃

∂

∂ρ
+ Fz(Fz − 1) − 3

4

ρ2
γ̃

}
,
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Table 12.8 (continued)

R†
1 =

√
3

{
∂

∂ρ
γ̃

∂

∂ρ
−

(
Fz − 3

2

)
ρ

∂

∂ρ
γ̃ −

(
Fz − 1

2

)
ρ

γ̃
∂

∂ρ
+ Fz(Fz − 1) − 3

4

ρ2
γ̃

}
,

R2 =
√

3

{
∂

∂ρ
γ̃

∂

∂ρ
+

(
Fz + 3

2

)
ρ

∂

∂ρ
γ̃ +

(
Fz + 1

2

)
ρ

γ̃
∂

∂ρ
+ Fz(Fz + 1) − 3

4

ρ2
γ̃

}
,

R†
2 =

√
3

{
∂

∂ρ
γ̃

∂

∂ρ
−

(
Fz − 1

2

)
ρ

∂

∂ρ
γ̃ −

(
Fz + 1

2

)
ρ

γ̃
∂

∂ρ
+ Fz(Fz + 1) − 3

4

ρ2
γ̃

}
,

C = 1√
3

{
∂

∂z
(C1+C2)

∂

∂ρ
− ∂

∂ρ
(C1 + C2)

∂

∂z
+

(
Fz + 1

2

)
ρ

[
∂

∂z
(C1 + C2) − (C1 + C2)

∂

∂z

]}
,

C† = 1√
3

{
∂

∂ρ
(C1+C2)

∂

∂z
− ∂

∂z
(C1 + C2)

∂

∂ρ
+

(
Fz − 1

2

)
ρ

[
∂

∂z
(C1 + C2) − (C1 + C2)

∂

∂z

]}
.

12.5.4.1 Conventional Basis

The procedure involves first taking the BF Hamiltonian in the conventional basis and
replacing all the cartesian differential operators by their cylindrical counterparts.
Here, we will do so explicitly for a quantum wire with [001] axis. We will need the
following results:

x = ρ cos φ, y = ρ sin φ, z = z,

∂

∂x
= cos φ

∂

∂ρ
− sin φ

ρ

∂

∂φ
, (12.184)

∂

∂y
= sin φ

∂

∂ρ
+ cos φ

ρ

∂

∂φ
,

and, therefore,

∂

∂x

[
A(r)

∂

∂x

]
= cos2 φ

∂

∂ρ

[
A(r)

∂

∂ρ

]
+ sin φ

ρ2

∂

∂φ

[
A(r) sin φ

∂

∂φ

]

− sin φ cos φ
∂

∂ρ

[
A(r)

ρ

∂

∂φ

]
− sin φ

ρ

∂

∂φ

[
A(r) cos φ

∂

∂ρ

]
,

∂

∂y

[
A(r)

∂

∂y

]
= sin2 φ

∂

∂ρ

[
A(r)

∂

∂ρ

]
+ cos φ

ρ2

∂

∂φ

[
A(r) cos φ

∂

∂φ

]

+ sin φ cos φ
∂

∂ρ

[
A(r)

ρ

∂

∂φ

]
+ cos φ

ρ

∂

∂φ

[
A(r) sin φ

∂

∂ρ

]
,
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∂

∂x

[
A(r)

∂

∂y

]
= sin φ cos φ

∂

∂ρ

[
A(r)

∂

∂ρ

]
− sin φ

ρ2

∂

∂φ

[
A(r) cos φ

∂

∂φ

]

+ cos2 φ
∂

∂ρ

[
A(r)

ρ

∂

∂φ

]
− sin φ

ρ

∂

∂φ

[
A(r) sin φ

∂

∂ρ

]
,

∂

∂y

[
A(r)

∂

∂x

]
= sin φ cos φ

∂

∂ρ

[
A(r)

∂

∂ρ

]
− cos φ

ρ2

∂

∂φ

[
A(r) sin φ

∂

∂φ

]

− sin2 φ
∂

∂ρ

[
A(r)

ρ

∂

∂φ

]
+ cos φ

ρ

∂

∂φ

[
A(r) cos φ

∂

∂ρ

]
,

∂

∂x

[
A(r)

∂

∂z

]
= cos φ

∂

∂ρ

[
A(r)

∂

∂z

]
− sin φ

ρ

∂

∂φ

[
A(r)

∂

∂z

]
, (12.185)

∂

∂z

[
A(r)

∂

∂x

]
= cos φ

∂

∂z

[
A(r)

∂

∂ρ

]
− sin φ

ρ

∂

∂z

[
A(r)

∂

∂φ

]
,

∂

∂y

[
A(r)

∂

∂z

]
= sin φ

∂

∂ρ

[
A(r)

∂

∂z

]
+ cos φ

ρ

∂

∂φ

[
A(r)

∂

∂z

]
,

∂

∂z

[
A(r)

∂

∂y

]
= sin φ

∂

∂z

[
A(r)

∂

∂ρ

]
+ cos φ

ρ

∂

∂z

[
A(r)

∂

∂φ

]
.

We now apply the above transformation to the Hamiltonian in Table 12.4. Note that

k̂i
[
A(r)̂k j

] = − ∂

∂xi

[
A(r)

∂

∂x j

]
,

and we will convert from the DKK parameters to the Stravinou-van Dalen ones,
which brings out a factor of �

2/(2m0) but we will leave it out of all the matrix
elements, except for the final Hamiltonian of course. We have

P ′ = 1

2

{̂
kx (A + B )̂kx + k̂y(A + B )̂ky + k̂z2Bk̂z

} + i

2

{̂
kx (C1 + C2)̂ky − k̂y(C1 + C2)̂kx

}

= −1

2

{
∂

∂x
(A + B)

∂

∂x
+ ∂

∂y
(A + B)

∂

∂y
+ ∂

∂z
2B

∂

∂z

}

− i

2

{
∂

∂x
(C1 + C2)

∂

∂y
− ∂

∂y
(C1 + C2)

∂

∂x

}

= −1

2

{
∂

∂ρ

[
(A + B)

∂

∂ρ

]
+ sin φ

ρ2

∂

∂φ

[
(A + B) sin φ

∂

∂φ

]

+cos φ

ρ2

∂

∂φ

[
(A + B) cos φ

∂

∂φ

]
− sin φ

ρ

∂

∂φ

[
(A + B) cos φ

∂

∂ρ

]

+cos φ

ρ

∂

∂φ

[
(A + B) sin φ

∂

∂ρ

]
+ 2

∂

∂z
B

∂

∂z

}
− i

2

{
∂

∂ρ

[
(C1 + C2)

ρ

∂

∂φ

]



12.5 Sercel–Vahala Theory 333

− sin φ

ρ

∂

∂φ

[
(C1 + C2) sin φ

∂

∂ρ

]
− cos φ

ρ

∂

∂φ

[
(C1 + C2) cos φ

∂

∂ρ

]

− sin φ

ρ2

∂

∂φ

[
(C1 + C2) cos φ

∂

∂φ

]
+ cos φ

ρ2

∂

∂φ

[
(C1 + C2) sin φ

∂

∂φ

]}

= −1

2

{
∂

∂ρ

[
(A + B)

∂

∂ρ

]
+ 1

ρ2

∂

∂φ

[
(A + B)

∂

∂φ

]
+ (A + B)

ρ

∂

∂ρ
+ 2

∂

∂z
B

∂

∂z

}

− i

2

{
∂

∂ρ

[
(C1 + C2)

ρ

∂

∂φ

]
− 1

ρ

∂

∂φ

[
(C1 + C2)

∂

∂ρ

]
+ (C1 + C2)

ρ2

∂

∂φ

}
. (12.186)

The A, B, C1, C2 are the parameters of Stravinou and van Dalen; we will re-express
them in terms of the Luttinger parameters at the end. Equation (12.186) is at this
point quite general in the sense that the material parameters have arbitrary spa-
tial dependence. We now restrict to the case of a cylindrical quantum wire with
possible modulation in the z-direction (e.g., a modulated nanowire [261]), and we
will, therefore, also give the results for when the parameters only have radial and z
dependence. This gives

P ′ = −1

2

{
∂

∂ρ

[
(A + B)

∂

∂ρ

]
+ (A + B)

ρ2

∂2

∂φ2
+ (A + B)

ρ

∂

∂ρ
+ 2

∂

∂z
B

∂

∂z

}

− i

2

{
∂

∂ρ

[
(C1 + C2)

ρ

∂

∂φ

]
− ∂

∂φ

[
(C1 + C2)

ρ

∂

∂ρ

]
+ (C1 + C2)

ρ2

∂

∂φ

}

= ∂

∂ρ
(γ1 + γ2)

∂

∂ρ
+ (γ1 + γ2)

ρ

∂

∂ρ
+ ∂

∂z
(γ1 − 2γ2)

∂

∂z
+ (γ1 + γ2)

ρ2

∂2

∂φ2

− i

2ρ

{
∂

∂ρ

[
(C1 + C2)

∂

∂φ

]
− ∂

∂φ

[
(C1 + C2)

∂

∂ρ

]}
.

Continuing,

P ′′ = 1

6

{̂
kx (A + 5B )̂kx + k̂y(A + 5B )̂ky + 2̂kz(2A + B )̂kz

}

+ i

6

{̂
kx (C1 + C2)̂ky − k̂y(C1 + C2)̂kx

}

= −1

6

{
∂

∂ρ

[
(A + 5B)

∂

∂ρ

]
+ 1

ρ2

∂

∂φ

[
(A + 5B)

∂

∂φ

]
+ (A + 5B)

ρ

∂

∂ρ

+2
∂

∂z
(2A + B)

∂

∂z

}
− i

6

{
∂

∂ρ

[
(C1 + C2)

ρ

∂

∂φ

]
− 1

ρ

∂

∂φ

[
(C1 + C2)

∂

∂ρ

]

+ (C1 + C2)

ρ2

∂

∂φ

}
(12.187)
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= ∂

∂ρ
(γ1 − γ2)

∂

∂ρ
+ (γ1 − γ2)

ρ

∂

∂ρ
+ ∂

∂z
(γ1 + 2γ2)

∂

∂z
+ (γ1 − γ2)

ρ2

∂2

∂φ2

− i

6ρ

{
∂

∂ρ

[
(C1 + C2)

∂

∂φ

]
− ∂

∂φ

[
(C1 + C2)

∂

∂ρ

]}
, (12.188)

S± = − 1√
3

{̂
k±C1̂kz − k̂zC2̂k±

}

= 1√
3

{
cos φ

[
∂

∂ρ
C1

∂

∂z
− ∂

∂z
C2

∂

∂ρ

]
− sin φ

ρ

[
∂

∂φ
C1

∂

∂z
− ∂

∂z
C2

∂

∂φ

]}

± i√
3

{
sin φ

[
∂

∂ρ
C1

∂

∂z
− ∂

∂z
C2

∂

∂ρ

]
+ cos φ

ρ

[
∂

∂φ
C1

∂

∂z
− ∂

∂z
C2

∂

∂φ

]}

= e±iφ

√
3

{[
∂

∂ρ
C1

∂

∂z
− ∂

∂z
C2

∂

∂ρ

]
± i

ρ

[
∂

∂φ
C1

∂

∂z
− ∂

∂z
C2

∂

∂φ

]}
, (12.189)

S1 ≡ S−,

S†
1 = eiφ

√
3

{[
∂

∂z
C1

∂

∂ρ
− ∂

∂ρ
C2

∂

∂z

]
+ i

ρ

[
∂

∂z
C1

∂

∂φ
− ∂

∂φ
C2

∂

∂z

]}
,

S2 = − 1√
3

{̂
kzC1̂k− − k̂−C2̂kz

}

= e−iφ

√
3

{[
∂

∂z
C1

∂

∂ρ
− ∂

∂ρ
C2

∂

∂z

]
− i

ρ

[
∂

∂z
C1

∂

∂φ
− ∂

∂φ
C2

∂

∂z

]}
, (12.190)

S†
2 = − 1√

3

{̂
k+C1̂kz − k̂zC2̂k+

}

= eiφ

√
3

{[
∂

∂ρ
C1

∂

∂z
− ∂

∂z
C2

∂

∂ρ

]
+ i

ρ

[
∂

∂φ
C1

∂

∂z
− ∂

∂z
C2

∂

∂φ

]}
, (12.191)

R1 = 1

2
√

3

{̂
kx (A − B )̂kx − k̂y(A − B )̂ky − i

[̂
kx (C1 − C2)̂ky + k̂y(C1 − C2)̂kx

]}

= − 1

2
√

3

{
cos 2φ

∂

∂ρ
(A − B)

∂

∂ρ
− cos 2φ

ρ2

∂

∂φ
(A − B)

∂

∂φ
+ sin 2φ

ρ2
(A − B)

∂

∂φ

− sin 2φ
∂

∂ρ

(A − B)

ρ

∂

∂φ
− sin 2φ

ρ

∂

∂φ
(A − B)

∂

∂ρ
− cos 2φ

ρ
(A − B)

∂

∂ρ

}

+ i

2
√

3

{
sin 2φ

∂

∂ρ
(C1 − C2)

∂

∂ρ
− sin 2φ

ρ2

∂

∂φ
(C1 − C2)

∂

∂φ

−cos 2φ

ρ2
(C1 − C2)

∂

∂φ
+ cos 2φ

∂

∂ρ

(C1 − C2)

ρ

∂

∂φ
+ cos 2φ

ρ

∂

∂φ
(C1 − C2)

∂

∂ρ
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− sin 2φ

ρ
(C1 − C2)

∂

∂ρ

}

=
√

3

{
cos 2φ

∂

∂ρ
γ2

∂

∂ρ
− cos 2φ

ρ2

∂

∂φ
γ2

∂

∂φ
+ sin 2φ

ρ2
γ2

∂

∂φ

− sin 2φ
∂

∂ρ

γ2

ρ

∂

∂φ
− sin 2φ

ρ

∂

∂φ
γ2

∂

∂ρ
− cos 2φ

ρ
γ2

∂

∂ρ

}

−i
√

3

{
sin 2φ

∂

∂ρ
γ3

∂

∂ρ
− sin 2φ

ρ2

∂

∂φ
γ3

∂

∂φ
− cos 2φ

ρ2
γ3

∂

∂φ

+ cos 2φ
∂

∂ρ

γ3

ρ

∂

∂φ
+ cos 2φ

ρ

∂

∂φ
γ3

∂

∂ρ
− sin 2φ

ρ
γ3

∂

∂ρ

}

γ2=γ3≈
√

3e−i2φ

{
∂

∂ρ
γ̃

∂

∂ρ
− 1

ρ2
γ̃

∂2

∂φ2
+ i

ρ2
γ̃

∂

∂φ
− i

∂

∂ρ

γ̃

ρ

∂

∂φ
− i

ρ

∂

∂φ
γ̃

∂

∂ρ

− 1

ρ
γ̃

∂

∂ρ

}
, (12.192)

R2 = R1, (12.193)

R†
2

γ2=γ3≈
√

3ei2φ

{
∂

∂ρ
γ̃

∂

∂ρ
− 1

ρ2
γ̃

∂2

∂φ2
− i

ρ2
γ̃

∂

∂φ
+ i

∂

∂ρ

γ̃

ρ

∂

∂φ
+ i

ρ

∂

∂φ
γ̃

∂

∂ρ

− 1

ρ
γ̃

∂

∂ρ

}
, (12.194)

C = −1

3

{̂
kz(C1 + C2)̂k− − k̂−(C1 + C2)̂kz

}

= 1

3

{
cos φ

[
∂

∂z
(C1 + C2)

∂

∂ρ
− ∂

∂ρ
(C1 + C2)

∂

∂z

]
− sin φ

ρ

[
∂

∂z
(C1 + C2)

∂

∂φ

− ∂

∂φ
(C1 + C2)

∂

∂z

]}
− i

3

{
sin φ

[
∂

∂z
(C1 + C2)

∂

∂ρ
− ∂

∂ρ
(C1 + C2)

∂

∂z

]

+ cos φ

ρ

[
∂

∂z
(C1 + C2)

∂

∂φ
− ∂

∂φ
(C1 + C2)

∂

∂z

]}

= e−iφ

3

{[
∂

∂z
(C1 + C2)

∂

∂ρ
− ∂

∂ρ
(C1 + C2)

∂

∂z

]
− i

ρ

[
∂

∂z
(C1 + C2)

∂

∂φ

− ∂

∂φ
(C1 + C2)

∂

∂z

]}
, (12.195)

C† = eiφ

3

{[
∂

∂ρ
(C1 + C2)

∂

∂z
− ∂

∂z
(C1 + C2)

∂

∂ρ

]
+ i

ρ

[
∂

∂φ
(C1 + C2)

∂

∂z

− ∂

∂z
(C1 + C2)

∂

∂φ

]}
. (12.196)



336 12 Heterostructures: Basic Formalism

12.5.4.2 Fz-Basis

For problems with axial symmetry, one can use the following state (i.e., in the Fz

basis):

ψ(r) =
∑

Jz

f Jz (ρ, z)ei(Fz−Jz )φ

∣∣∣∣32 Jz

〉
. (12.197)

Then, the matrix elements given earlier are obtained.

12.5.5 Wurtzite Structure

For problems with cylindrical symmetry, it is still useful to derive the equivalent
Sercel–Vahala theory; this was first done by Lew Yan Voon et al. [58]. Using expres-
sions from above, we have

k̂x ± îky ≡ k̂± = e±iφ

(
∂

∂ρ
± i

ρ

∂

∂φ

)
,

and

− k̂z A(r)̂kz = ∂

∂z
A(r)

∂

∂z
,

−
(̂

k± A(r)̂k±
)

= e±i2φ

{
− A(r)

ρ

(
∂

∂ρ
± 1

ρ

∂

∂φ

)
+ ∂

∂ρ

(
A(r)

∂

∂ρ

)

− 1

ρ2

∂

∂φ

(
A(r)

∂

∂φ

)
± i

∂

∂ρ

(
A(r)

ρ

∂

∂φ

)
± i

ρ

∂

∂φ

(
A(r)

∂

∂ρ

)}
,

−̂k± A(r)̂kz = e±iφ

(
∂

∂ρ
± i

ρ

∂

∂φ

)(
A(r)

∂

∂z

)
,

−̂kz A(r)̂k± = e±iφ ∂

∂z

[
A(r)

(
∂

∂ρ
± i

ρ

∂

∂φ

)]
,

− (̂
kx A(r)̂kx + k̂y A(r)̂ky

) = ∂

∂ρ

(
A(r)

∂

∂ρ

)
+ 1

ρ2

(
∂ A(r)

∂φ

)
∂

∂φ
+ A(r)

ρ2

∂2

∂φ2

+ A(r)

ρ

∂

∂ρ
.

If A(r) = A(ρ, z), then

− k̂z Âkz = ∂

∂z
A

∂

∂z
,
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− (̂
kx Âkx + k̂y Âky

) = ∂

∂ρ

(
A

∂

∂ρ

)
+ A

ρ

∂

∂ρ
+ A

ρ2

∂2

∂φ2
,

−̂k± Âk± = e±i2φ

{
− A(r)

ρ

(
∂

∂ρ
± i

ρ

∂

∂φ

)
+ ∂

∂ρ

(
A

∂

∂ρ

)
− A

ρ2

∂2

∂φ2

± i
∂

∂ρ

(
A

ρ

∂

∂φ

)
± i

A

ρ

∂2

∂φ∂ρ

}
,

−
(̂

k± Âkz + k̂z A′̂k±
)

= e±iφ

{
∂

∂ρ

(
A

∂

∂z

)
+ ∂

∂z

(
A′ ∂

∂ρ

)
± i

A

ρ

∂

∂φ

(
∂

∂z

)

±i
∂

∂z

(
A′

ρ

∂

∂φ

)}
.

We see, from Table C.9, that Jz is well-defined for the product states. Similar to the
ZB case, the Sercel–Vahala wave function can be written as

ψ(r) =
∑

i

f (r)|ui (Jz)〉 =
∑

i

fi (ρ, z)ei(Fz−Jz [ui ])φ|ui (Jz)〉 ≡
∑

i

fi (ρ, z)|u′
i (Jz)〉.

(12.198)
Then, the new matrix elements are given by

〈u′
i (Jz)|Ĥ |u′

j (Jz)〉 = 〈ui (Jz)|e−i(Fz−Jz )φ Ĥei(F ′
z−J ′

z )φ|u j (Jz)〉. (12.199)

The SV transformation can now be applied to different Hamiltonians.

12.5.5.1 Symmetrized RSP Hamiltonian

We start by transforming the symmetrized RSP Hamiltonian. In Table 3.8, the sym-
metrized Hamiltonian has

λ = �
2

2m0

[̂
kz A1̂kz + k̂x A2̂kx + k̂y A2̂ky

]
,

θ = �
2

2m0

[̂
kz A3̂kz + k̂x A4̂kx + k̂y A4̂ky

]
, (12.200)

K = �
2

2m0

(̂
kx + îky

)
A5

(̂
kx + îky

)
,

H = �
2

2m0

1

2

[(̂
kx + îky

)
A6̂kz + k̂z A6

(̂
kx + îky

)]
.

In the SV representation (and leaving out factors of �
2/(2m0) for now), we have
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λ = −e−i(Fz−J1)φ

{
∂

∂z
A1

∂

∂z
+ ∂

∂ρ

(
A2

∂

∂ρ

)
+ A2

ρ

∂

∂ρ
+ A2

ρ2

∂2

∂φ2

}
ei(Fz−J1)φ

= −
{

∂

∂z
A1

∂

∂z
+ ∂

∂ρ

(
A2

∂

∂ρ

)
+ A2

ρ

∂

∂ρ
− (Fz − Jz)2

ρ2
A2

}
, (12.201)

θ = −
{

∂

∂z
A3

∂

∂z
+ ∂

∂ρ

(
A4

∂

∂ρ

)
+ A4

ρ

∂

∂ρ
− (Fz − Jz)2

ρ2
A4

}
, (12.202)

K = −e−i(Fz−J2)φei2φ

{
− A5

ρ

(
∂

∂ρ
+ i

ρ

∂

∂φ

)
+ ∂

∂ρ

(
A5

∂

∂ρ

)
− A5

ρ2

∂2

∂φ2

+ i
∂

∂ρ

(
A5

ρ

∂

∂φ

)
+ i

A5

ρ

∂2

∂φ∂ρ

}
ei(Fz−J1)φ

= −
{

∂

∂ρ

(
A5

∂

∂ρ

)
+ (Fz − Jz)(Fz − Jz − 1)

ρ2
A5 − (Fz − Jz)

∂

∂ρ

(
A5

ρ
·
)

−(Fz − Jz + 1)
A5

ρ

∂

∂ρ

}
, (12.203)

H = −1

2
e−i(Fz−J2)φeiφ

{
∂

∂ρ

(
A6

∂

∂z

)
+ ∂

∂z

(
A6

∂

∂ρ

)
+ i

A6

ρ

∂

∂φ

(
∂

∂z

)

+i
∂

∂z

(
A6

ρ

∂

∂φ

)}
ei(Fz−J3)φ (12.204)

= −1

2

{
∂

∂ρ

(
A6

∂

∂z

)
+ ∂

∂z

(
A6

∂

∂ρ

)
− (Fz − Jz)

A6

ρ

∂

∂z
− (Fz − Jz)

∂

∂z

(
A6

ρ
·
)}

.

In the above, we have used Ji ≡ Jz[ui ] and explicit values in the top 3 × 3 block
of the Hamiltonian. The appropriate Jz values should be used in the transformed
matrix (i.e., the value Jz need not all be the same) but what is common is that all φ

dependence goes away.
Indeed, it is found that all φ dependence drops out following the SV transforma-

tion, without making an axial approximation as for ZB. The validity of this result
is due to the axial symmetry already found to be true for the bulk dispersion rela-
tion [46]. One difference compared to the bulk case, though, is that the lateral quan-
tization now prevents setting up the unitary transformation that block diagonalized
the bulk Hamiltonian. Hence, we here still have to solve a 6 × 6 matrix. The full
matrix is summarized in Table 12.9.

12.5.5.2 MU Hamiltonian

The Mireles–Ulloa (MU) Hamiltonian [55, 56] results from the application of Burt’s
envelope-function theory to obtain the equivalent of the D3×3 matrix, Eq. (3.71), for
WZ heterostructures. Just as for the ZB case, the result is the presence of nonsym-
metric terms in the Hamiltonian matrix elements. Thus, the heterostructure D3×3

matrix is given by



12.5 Sercel–Vahala Theory 339

Table 12.9 Six-band RSP Hamiltonian in SV representation

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u′
1〉 |u′

2〉 |u′
3〉 |u′

4〉 |u′
5〉 |u′

6〉
F −K † −H † 0 0 0

−K G H 0 0 Δ

−H H † λ 0 Δ 0

0 0 0 F −K H

0 0 Δ −K † G −H †

0 Δ 0 H † −H λ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

F = Δ1 + Δ2 + λ + θ,

G = Δ1 − Δ2 + λ + θ,

Δ =
√

2Δ3,

λ = − �
2

2m0

{
∂

∂z
A1

∂

∂z
+ ∂

∂ρ

(
A2

∂

∂ρ

)
+ A2

ρ

∂

∂ρ
− (Fz − Ji )2

ρ2
A2

}
,

θ = − �
2

2m0

{
∂

∂z
A3

∂

∂z
+ ∂

∂ρ

(
A4

∂

∂ρ

)
+ A4

ρ

∂

∂ρ
− (Fz − Ji )2

ρ2
A4

}
,

K = − �
2

2m0

{
∂

∂ρ

(
A5

∂

∂ρ

)
+ (Fz − Jz)(Fz − Jz − 1)

ρ2
A5 − (Fz − Jz)

∂

∂ρ

(
A5

ρ
·
)

− (Fz − Jz + 1)
A5

ρ

∂

∂ρ

}
,

H = −1

2

�
2

2m0

{
∂

∂ρ

(
A6

∂

∂z

)
+ ∂

∂z

(
A6

∂

∂ρ

)
− (Fz − J3)

A6

ρ

∂

∂z
− (Fz − J3)

∂

∂z

(
A6

ρ
·
)}

.

D = (12.205)⎛
⎜⎜⎜⎜⎜⎝

|X〉 |Y 〉 |Z〉
k̂x L 1̂kx + k̂y M1̂ky + k̂z M2̂kz k̂x N1̂ky + k̂y N ′

1̂kx k̂x N2̂kz + k̂z N ′
2̂kx

k̂y N1̂kx + k̂x N ′
1̂ky k̂x M1̂kx + k̂y L 1̂ky + k̂z M2̂kz k̂y N2̂kz + k̂z N ′

2̂ky

k̂z N2̂kx + k̂x N ′
2̂kz k̂z N2̂ky + k̂y N ′

2̂kz k̂x M3̂kx + k̂y M3̂ky + k̂z L 2̂kz

⎞
⎟⎟⎟⎟⎟⎠

.

The new parameters can be related to the RSP ones (Table 12.12). First, with spin
and in terms of the |ui 〉 basis, one gets the 6 × 6 matrix in Table 12.10. This was
obtained as follows:

D̃11 = 〈u1|D6×6|u1〉 = 1

2
〈(X + iY ) ↑ |D6×6|(X + iY ) ↑〉

= 1

2
[D11 + D22 + i(D12 − D21)]
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Table 12.10 MU Hamiltonian in L S basis for wurtzite heterostructures [55]

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u1〉 |u2〉 |u3〉 |u4〉 |u5〉 |u6〉
D̃11 + Δ1 + Δ2 D̃12 D̃13 0 0 0

D̃†
12 D̃22 + Δ1 − Δ2 D̃23 0 0 Δ

D̃†
13 D̃†

23 D̃33 0 Δ 0

0 0 0 D̃22 + Δ1 + Δ2 D̃†
12 D̃23

0 0 Δ D̃12 D̃11 + Δ1 − Δ2 D̃13

0 Δ 0 D̃†
23 D̃†

13 D̃33

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

D̃11 = 1

2

{̂
kx (L1 + M1)̂kx + k̂y(L1 + M1)̂ky + 2̂kz M2̂kz + i[̂kx (N1 − N ′

1)̂ky − k̂y(N1 − N ′
1)̂kx ]

}
,

D̃22 = 1

2

{̂
kx (L1 + M1)̂kx + k̂y(L1 + M1)̂ky + 2̂kz M2̂kz − i[̂kx (N1 − N ′

1)̂ky − k̂y(N1 − N ′
1)̂kx ]

}
,

D̃33 = D33 = k̂x M3̂kx + k̂y M3̂ky + k̂z L 2̂kz,

D̃12 = −1

2

{̂
kx (L1 − M1)̂kx − k̂y(L1 − M1)̂ky − i[̂kx (N1 + N ′

1)̂ky + k̂y(N1 + N ′
1)̂kx ]

}
,

D̃13 = − 1√
2

{̂
k− N2̂kz + k̂z N ′

2̂k−
}
,

D̃23 = 1√
2

{̂
k+ N2̂kz + k̂z N ′

2̂k+
}
,

D̃21 = −1

2
k̂+(L1 − M1)̂k+,

D̃31 = − 1√
2

{̂
kz N2̂k+ + k̂+ N ′

2̂kz

}
,

D̃32 = 1√
2

{̂
kz N2̂k− + k̂− N ′

2̂kz

}
.

= 1

2

{̂
kx (L1 + M1)̂kx + k̂y(L1 + M1)̂ky + 2̂kz M2̂kz

+i
[̂
kx (N1 − N ′

1)̂ky − k̂y(N1 − N ′
1)̂kx

] }
,

D̃22 = 〈u2|D6×6|u2〉 = 1

2
〈(X − iY ) ↑ |D6×6|(X − iY ) ↑〉

= 1

2
[D11 + D22 − i(D12 − D21)] = D̃∗

11

= 1

2

{̂
kx (L1 + M1)̂kx + k̂y(L1 + M1)̂ky + 2̂kz M2̂kz
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−i
[̂
kx (N1 − N ′

1)̂ky − k̂y(N1 − N ′
1)̂kx

] }
,

D̃33 = 〈u3|D6×6|u3〉 = 〈Z ↑ |D6×6|Z ↑〉 = D33 = k̂x M3̂kx + k̂y M3̂ky + k̂z L 2̂kz,

D̃12 = 〈u1|D6×6|u2〉 = −1

2
〈(X + iY ) ↑ |D6×6|(X − iY ) ↑〉

= −1

2
[D11 − D22 − i(D12 + D21)]

= −1

2

{̂
kx (L1−M1)̂kx −k̂y(L1−M1)̂ky −i

[̂
kx (N1 + N ′

1)̂ky + k̂y(N1 + N ′
1)̂kx

] }

= −1

2
(̂kx − îky)(L1 − M1)

(̂
kx − îky

)
if L1 − M1 = N1 + N ′

1,

D̃21 = 〈u2|D6×6|u1〉 = −1

2
〈(X − iY ) ↑ |D6×6|(X + iY ) ↑〉

= −1

2
[D11 − D22 + i(D12 + D21)] = D̃†

12 = −1

2
k̂+(L1 − M1)̂k+,

D̃13 = 〈u1|D6×6|u3〉 = − 1√
2
〈(X + iY ) ↑ |D6×6|Z ↑〉 = − 1√

2
(D13 − iD23)

= − 1√
2

{̂
k−N2̂kz + k̂z N ′

2̂k−
}
,

D̃31 = 〈u3|D6×6|u1〉 = − 1√
2
〈Z ↑ |D6×6|(X + iY ) ↑〉 = − 1√

2
(D31 + iD32) = D̃†

13

= − 1√
2

{̂
kz N2̂k+ + k̂+N ′

2̂kz

}
,

D̃23 = 〈u2|D6×6|u3〉 = 1√
2
〈(X − iY ) ↑ |D6×6|Z ↑〉 = 1√

2
(D13 + iD23) = −D̃†

13

= 1√
2

{̂
k+N2̂kz + k̂z N ′

2̂k+
}
,

D̃32 =〈u3|D6×6|u2〉 = 1√
2
〈Z ↑ |D6×6|(X − iY ) ↑〉 = 1√

2
(D31− iD32)= D̃∗

31 = D̃†
23

= 1√
2

{̂
kz N2̂k− + k̂−N ′

2̂kz

}
.

We are now ready for the SV transformation. Compared to the LK theory already
presented, here we will also need:

−̂kx Âky =
(

cos φ
∂

∂ρ
− sin φ

ρ

∂

∂φ

)
A

(
sin φ

∂

∂ρ
+ cos φ

ρ

∂

∂φ

)

= sin φ cos φ
∂

∂ρ

(
A

∂

∂ρ

)
− sin φ

ρ2

∂

∂φ

(
A cos φ

∂

∂φ

)
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+ cos2 φ
∂

∂ρ

(
A

ρ

∂

∂φ

)
− sin φ

ρ

∂

∂φ

(
A sin φ

∂

∂ρ

)
,

−̂ky Âkx = sin φ cos φ
∂

∂ρ

(
A

∂

∂ρ

)
− cos φ

ρ2

∂

∂φ

(
A sin φ

∂

∂φ

)

− sin2 φ
∂

∂ρ

(
A

ρ

∂

∂φ

)
+ cos φ

ρ

∂

∂φ

(
A cos φ

∂

∂ρ

)
,

−(̂kx Âky + k̂y Âkx ) = sin 2φ
∂

∂ρ

(
A

∂

∂ρ

)
− sin 2φ

A

ρ2

∂2

∂φ2
− cos 2φ

A

ρ2

∂

∂φ

+ cos 2φ
∂

∂ρ

(
A

ρ

∂

∂φ

)
+ cos 2φ

A

ρ

∂2

∂ρ∂φ
− sin 2φ

A

ρ

∂

∂ρ
,

−(̂kx Âky − k̂y Âkx ) = A

ρ2

∂

∂φ
+ ∂

∂ρ

(
A

ρ

∂

∂φ

)
− A

ρ

∂2

∂ρ∂φ
= 1

ρ

∂ A

∂ρ

∂

∂φ

−(̂kx Âkx − k̂y Âky) = cos 2φ
∂

∂ρ

(
A

∂

∂ρ

)
− cos 2φ

A

ρ2

∂2

∂φ2
+ sin 2φ

A

ρ2

∂

∂φ

− sin 2φ
∂

∂ρ

(
A

ρ

∂

∂φ

)
− sin 2φ

A

ρ

∂2

∂ρ∂φ
− cos 2φ

A

ρ

∂

∂ρ
.

Then

D̃11 = −1

2

{
∂

∂ρ

(
(L1 + M1)

∂

∂ρ

)
+ (L1 + M1)

ρ

∂

∂ρ
− (Fz − Jz)2

ρ2
(L1 + M1)

+2
∂

∂z
M2

∂

∂z
− (Fz − Jz)

ρ

∂(N1 − N ′
1)

∂ρ

}
,

D̃22 = −1

2

{
∂

∂ρ

(
(L1 + M1)

∂

∂ρ

)
+ (L1 + M1)

ρ

∂

∂ρ
− (Fz − Jz)2

ρ2
(L1 + M1)

+2
∂

∂z
M2

∂

∂z
+ (Fz − Jz)

ρ

∂(N1 − N ′
1)

∂ρ

}
,

D̃33 = −
{

∂

∂ρ
M3

∂

∂ρ
+ M3

ρ

∂

∂ρ
− (Fz − Jz)2

ρ2
M3 + ∂

∂z
L2

∂

∂z

}
,

and they remain unchanged in the SV representation:

〈u′
i |D̃ii |u′

i 〉 = 〈ui |D̃ii |ui 〉.

Note that, in the SV basis, we have

〈u′
i |̂k± Âk±|u′

i 〉 = −
{
− A(r)

ρ

∂

∂ρ
± (Fz − Jz)

ρ2
A + ∂

∂ρ

(
A

∂

∂ρ

)
+ (Fz − Jz)2

ρ2
A
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∓ (Fz − Jz)
∂

∂ρ

(
A

ρ
·
)

∓ A

ρ
(Fz − Jz)

∂

∂ρ

}

=
{

∂

∂ρ

(
A

∂

∂ρ

)
∓ (Fz − Jz)

∂

∂ρ

(
A

ρ
·
)

∓ A

ρ
[(Fz − Jz) ± 1]

∂

∂ρ

+ A

ρ2
(Fz − Jz) [(Fz − Jz) ± 1]

}
,

〈u′
i |(̂k± Âkz + k̂z A′̂k±)|u′

i 〉 = −
{

∂

∂ρ

(
A

∂

∂z

)
+ ∂

∂z

(
A′ ∂

∂ρ

)

∓(Fz − J3)

[
A

ρ

∂

∂z
+ ∂

∂z

(
A′

ρ
·
)]}

.

Thus, for example,

〈u′
1|D̃|u′

2〉 = 1

2

{
∂

∂ρ

(
(L1 − M1)

∂

∂ρ

)
+
(

Fz + 1

2

)
∂

∂ρ

(
(L1 − M1)

ρ

)

+
(

Fz − 1

2

)
(L1 − M1)

ρ

∂

∂ρ
+ (Fz + 1

2 )(Fz − 1
2 )

ρ2
(L1 − M1)

}
,

〈u′
1|D̃|u′

3〉 = 1√
2

{
∂

∂ρ

(
N2

∂

∂z

)
+ ∂

∂z

(
N ′

2
∂

∂ρ

)
+ (Fz − J3)

[
N2

ρ

∂

∂z
+ ∂

∂z

(
N ′

2

ρ

)]}

= 1√
2

{
∂

∂ρ

(
N2

∂

∂z

)
+ ∂

∂z

(
N ′

2
∂

∂ρ

)
+ (Fz − 1

2
)

[
N2

ρ

∂

∂z
+ ∂

∂z

(
N ′

2

ρ

)]}
,

〈u′
2|D̃|u′

3〉 = − 1√
2

{
∂

∂ρ

(
N2

∂

∂z

)
+ ∂

∂z

(
N ′

2
∂

∂ρ

)
− (Fz − Jz)

[
N2

ρ

∂

∂z
+ ∂

∂z

(
N ′

2

ρ

)]}

= − 1√
2

{
∂

∂ρ

(
N2

∂

∂z

)
+ ∂

∂z

(
N ′

2
∂

∂ρ

)
− (Fz − 1

2
)

[
N2

ρ

∂

∂z
+ ∂

∂z

(
N ′

2

ρ

)]}
.

Finally, the lower 3 × 3 subblock is related to the upper one except for changing the
values of Jz and reordering. Thus,

S44 ∼ S22, S55 ∼ S11, S66 ∼ S33,

S45 ∼ S21, S46 ∼ S23,

S54 ∼ S12, S56 ∼ S13,

S64 ∼ S32, S65 ∼ S31.

Since strain is spin independent, there is no coupling between opposite spin
states. It is also necessary to recast the strain Hamiltonian into the SV basis. For
this, we write the strain tensor in cylindrical polar coordinates [262]:
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ερρ = ∂uρ

∂ρ
, εφφ = 1

ρ

∂uφ

∂φ
+ uρ

ρ
, εzz = ∂uz

∂z
,

2ερz = ∂uρ

∂z
+ ∂uz

∂ρ
, 2εφz = 1

ρ

∂uz

∂φ
+ ∂uφ

∂z
, (12.206)

2ερφ = ∂uφ

∂ρ
− uφ

ρ
+ 1

ρ

∂uρ

∂φ
.

We will also need

∂

∂x
= cos φ

∂

∂ρ
− sin φ

ρ

∂

∂φ
,

∂

∂y
= sin φ

∂

∂ρ
+ cos φ

ρ

∂

∂φ
.

Next, we convert cartesian components of vectors into the cylindrical components.
Using

ρ̂ = cos φx̂ + sin φŷ,

φ̂ = − sin φx̂ + cos φŷ,

then

u = ux x̂ + uy ŷ + uẑz = uρρ̂ + uφφ̂ + uẑz

= uρ(cos φx̂ + sin φŷ) + uφ(− sin φx̂ + cos φŷ) + uẑz,

giving

ux = uρ cos φ − uφ sin φ, uy = uρ sin φ + uφ cos φ.

One can now relate the strain tensor components in cartesian and cylindrical polar
coordinates:

εxx = ∂ux

∂x
=
(

cos φ
∂

∂ρ
− sin φ

ρ

∂

∂φ

)
(uρ cos φ − uφ sin φ)

= cos2 φ
∂uρ

∂ρ
+ sin2 φ

ρ

∂uφ

∂φ
+ sin φ cos φ

ρ
uφ − sin φ cos φ

∂uφ

∂ρ

+ sin2 φ

ρ
uρ − sin φ cos φ

ρ

∂uρ

∂φ
,

εyy = ∂uy

∂y
=
(

sin φ
∂

∂ρ
+ cos φ

ρ

∂

∂φ

)
(uρ sin φ + uφ cos φ)

= sin2 φ
∂uρ

∂ρ
+ cos2 φ

ρ

∂uφ

∂φ
− sin φ cos φ

ρ
uφ + sin φ cos φ

∂uφ

∂ρ
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+cos2 φ

ρ
uρ + sin φ cos φ

ρ

∂uρ

∂φ
,

εxx + εyy = ερρ + εφφ,

2εxy = ∂uy

∂x
+ ∂ux

∂y

= 2 sin φ cos φ
∂uρ

∂ρ
+ 1

ρ
uφ − 2 sin φ cos φ

ρ

∂uφ

∂φ
+ cos 2φ

∂uφ

∂ρ

−2 sin φ cos φ

ρ
uρ + cos 2φ

∂uρ

∂φ
,

εxx − εyy ± 2iεxy = e±2iφ

[
∂uρ

∂ρ
− 1

ρ

∂uφ

∂φ
− i

uφ

ρ
+ i

∂uφ

∂ρ
− uρ

ρ
+ i

ρ

∂uρ

∂φ

]

= e±2iφ
[
ερρ − εφφ − 2iερφ

]
,

εzx = 1

2

(
∂ux

∂z
+ ∂uz

∂x

)

= 1

2

{
cos φ

(
∂uρ

∂z
+ ∂uz

∂ρ

)
− sin φ

(
∂uφ

∂z
+ 1

ρ

∂uz

∂φ

)}
,

εzy = 1

2

(
∂uy

∂z
+ ∂uz

∂y

)

= 1

2

{
sin φ

(
∂uρ

∂z
+ ∂uz

∂ρ

)
+ cos φ

(
∂uφ

∂z
+ 1

ρ

∂uz

∂φ

)}
,

εzx ± εzy = e±iφ

2

{(
∂uρ

∂z
+ ∂uz

∂ρ

)
± i

(
∂uφ

∂z
+ 1

ρ

∂uz

∂φ

)}

= e±iφ

{
ερz ± iεφz

}
.

It is now necessary to convert the strain Hamiltonian into the SV basis. For example,

Sε
11 = 〈u1(r)|Ĥ ε|u1(r)〉 = 〈u′

1|e−i(Fz−J1)φ Ĥ εei(Fz−J1)φ|u′
1〉

= 1

2
〈(X + iY )′|e−i(Fz−J1)φ Ĥ εei(Fz−J1)φ|(X + iY )′〉

= 1

2
(H ε

11 + H ε
22 + i(H ε

12 − H ε
21)) = 1

2

{
(l1 + m1)(εxx + εyy) + 2m2εzz

}

= 1

2

{
(l1 + m1)(ερρ + εφφ) + 2m2εzz

}
,
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Sε
22 = 1

2
〈(X − iY )′|e−i(Fz−J2)φ Ĥ εei(Fz−J2)φ|(X − iY )′〉

= 1

2
(H ε

11 + H ε
22 − i(H ε

12 − H ε
21)) = Sε

11,

Sε
12 = −1

2
〈(X + iY )′|e−i(Fz−J1)φ Ĥ εei(Fz−J2)φ|(X − iY )′〉

= −1

2
(H ε

11 − H ε
22 − i(H ε

12 + H ε
21))

= −1

2

{
(l1 − m1)(εxx − εyy) − 2iεxyn1

}

= −n1

2

{
εxx − εyy − 2iεxy

}
,

Sε
21 = Sε

12
∗
,

Sε
31 = Sε

13
∗
,

Sε
32 = Sε

23
∗
,

Sε
45 = −1

2
〈(X + iY )′|e−i(Fz−J4)φ Ĥ εei(Fz−J5)φ|Z ′〉 = Sε

12
∗
,

Sε
46 = 1√

2
〈(X − iY )′|e−i(Fz−J4)φ Ĥ εei(Fz−J6)φ|Z ′〉 = 1√

2
(H ε

13 + iH ε
23)

= n2√
2

(εxz + iεyz) = Sε
23,

Sε
54 = Sε

45
∗
,

Sε
56 = − 1√

2
〈(X + iY )′|e−i(Fz−J5)φ Ĥ εei(Fz−J6)φ|Z ′〉 = − 1√

2
(H ε

13 − iH ε
23)

= − n2√
2

(εxz − iεyz) = Sε
13.

The final Hamiltonian is given in Table 12.11, which is the sum of the previously-
obtained MU Hamiltonian in SV basis together with the strain Hamiltonian.

The matrix elements are:

S11 = − �
2

2m0

1

2

{
∂

∂ρ

(
(L1 + M1)

∂

∂ρ

)
+ (L1 + M1)

ρ

∂

∂ρ
+ 2

∂

∂z
M2

∂

∂z

− (Fz − J1)

ρ

∂(N1 − N ′
1)

∂ρ
− (Fz − J1)2

ρ2
(L1 + M1)

}
,

S22 = − �
2

2m0

1

2

{
∂

∂ρ

(
(L1 + M1)

∂

∂ρ

)
+ (L1 + M1)

ρ

∂

∂ρ
+ 2

∂

∂z
M2

∂

∂z
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H
=

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝

|u′ 1
〉

|u′ 2
〉

|u′ 3
〉

|u′ 4
〉

|u′ 5
〉

|u′ 6
〉

S 1
1
+

Δ
1
+

Δ
2
+

Sε 11
S 1

2
+

Sε 12
S 1

3
+

Sε 13
0

0
0

S 2
1
+

Sε
∗

12
S 2

2
+

Δ
1
−

Δ
2
+

Sε 22
S 2

3
+

Sε 23
0

0
Δ

S 3
1
+

Sε 13
S 3

2
+

Sε 23
S 3

3
+

Sε 33
0

Δ
0

0
0

0
S 4

4
+

Δ
1
+

Δ
2
+

Sε 22
S 4

5
+

Sε
∗

12
S 4

6
+

Sε 23

0
0

Δ
S 5

4
+

Sε 12
S 5

5
+

Δ
1
−

Δ
2
+

Sε 11
S 5

6
+

Sε 13

0
Δ

0
S 6

4
+

Sε
∗

23
S 6

5
+

Sε
∗

13
S 6

6
+

Sε 33

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠,
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+ (Fz − J2)

ρ

∂(N1 − N ′
1)

∂ρ
− (Fz − J2)2

ρ2
(L1 + M1)

}
,

S33 = − �
2

2m0

{
∂

∂ρ

(
M3

∂

∂ρ

)
+ M3

ρ

∂

∂ρ
+ ∂

∂z
L2

∂

∂z
− (Fz − J3)2

ρ2
M3

}
,

S12 = �
2

2m0

1

2

{
∂

∂ρ

(
(L1 − M1)

∂

∂ρ

)
+
(

Fz + 1

2

)
∂

∂ρ

(
(L1 − M1)

ρ
·
)

+
(

Fz − 1

2

)
(L1 − M1)

ρ

∂

∂ρ
+ (Fz + 1

2 )(Fz − 1
2 )

ρ2
(L1 − M1)

}
,

S21 = �
2

2m0

1

2

{
∂

∂ρ

(
(L1 − M1)

∂

∂ρ

)
−
(

Fz − 3

2

)
∂

∂ρ

(
(L1 − M1)

ρ
·
)

−
(

Fz − 1

2

)
(L1 − M1)

ρ

∂

∂ρ
+ (Fz − 3

2 )(Fz − 1
2 )

ρ2
(L1 − M1)

}
,

S13 = �2

2m0

1√
2

{
∂

∂ρ

(
N2

∂

∂z

)
+ ∂

∂z

(
N ′

2
∂

∂ρ

)
+
(

Fz − 1

2

)[
∂

∂z

(
N ′

2

ρ
·
)

+ N2

ρ

∂

∂z

]}
,

S31 = �2

2m0

1√
2

{
∂

∂ρ

(
N ′

2
∂

∂z

)
+ ∂

∂z

(
N2

∂

∂ρ

)
−
(

Fz − 3

2

)[
∂

∂z

(
N2

ρ
·
)

+ N ′
2

ρ

∂

∂z

]}
,

S23 = − �2

2m0

1√
2

{
∂

∂ρ

(
N2

∂

∂z

)
+ ∂

∂z

(
N ′

2
∂

∂ρ

)
−
(

Fz − 1

2

)[
∂

∂z

(
N ′

2

ρ
·
)

+ N2

ρ

∂

∂z

]}
,

S32 = − �2

2m0

1√
2

{
∂

∂ρ

(
N ′

2
∂

∂z

)
+ ∂

∂z

(
N2

∂

∂ρ

)
+
(

Fz + 1

2

)[
∂

∂z

(
N2

ρ
·
)

+ N ′
2

ρ

∂

∂z

]}
,

S44 = − �2

2m0

1

2

{
∂

∂ρ

(
(L1 + M1)

∂

∂ρ

)
+ (L1 + M1)

ρ

∂

∂ρ
+ 2

∂

∂z
M2

∂

∂z

+ (Fz − J4)

ρ

∂(N1 − N ′
1)

∂ρ
− (Fz − J4)2

ρ2
(L1 + M1)

}
,

S55 = − �2

2m0

1

2

{
∂

∂ρ

(
(L1 + M1)

∂

∂ρ

)
+ (L1 + M1)

ρ

∂

∂ρ
+ 2

∂

∂z
M2

∂

∂z

− (Fz − J5)

ρ

∂(N1 − N ′
1)

∂ρ
− (Fz − J5)2

ρ2
(L1 + M1)

}
,

S66 = − �
2

2m0

{
∂

∂ρ

(
M3

∂

∂ρ

)
+ M3

ρ

∂

∂ρ
+ ∂

∂z
L2

∂

∂z
− (Fz − J6)2

ρ2
M3

}
,

S45 = �
2

2m0

1

2

{
∂

∂ρ

(
(L1 − M1)

∂

∂ρ

)
−
(

Fz − 1

2

)
∂

∂ρ

(
(L1 − M1)

ρ
·
)
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−
(

Fz + 1

2

)
(L1 − M1)

ρ

∂

∂ρ
+ (Fz − 1

2 )(Fz − 3
2 )

ρ2
(L1 − M1)

}
,

S46 =− �
2

2m0

1√
2

{
∂

∂ρ

(
N2

∂

∂z

)
+ ∂

∂z

(
N ′

2
∂

∂ρ

)
−(Fz + 1

2
)

[
∂

∂z

(
N ′

2·
ρ

)
+ N2

ρ

∂

∂z

]}
,

S54 = �
2

2m0

1

2

{
∂

∂ρ

(
(L1 − M1)

∂

∂ρ

)
+
(

Fz + 3

2

)
∂

∂ρ

(
(L1 − M1)

ρ
·
)

+
(

Fz + 1

2

)
(L1 − M1)

ρ

∂

∂ρ
+ (Fz + 3

2 )(Fz + 5
2 )

ρ2
(L1 − M1)

}
,

S56 = �2

2m0

1√
2

{
∂

∂ρ

(
N2

∂

∂z

)
+ ∂

∂z

(
N ′

2
∂

∂ρ

)
+
(

Fz + 1

2

)[
∂

∂z

(
N ′

2·
ρ

)
+ N2

ρ

∂

∂z

]}
,

S64 = − �2

2m0

1√
2

{
∂

∂ρ

(
N ′

2
∂

∂z

)
+ ∂

∂z

(
N2

∂

∂ρ

)
+
(

Fz + 3

2

)[
∂

∂z

(
N2·
ρ

)
+ N ′

2

ρ

∂

∂z

]}
,

S65 = �2

2m0

1√
2

{
∂

∂ρ

(
N ′

2
∂

∂z

)
+ ∂

∂z

(
N2

∂

∂ρ

)
−
(

Fz − 1

2

)[
∂

∂z

(
N2·
ρ

)
+ N ′

2

ρ

∂

∂z

]}
,

Sε
11 = 1

2

{
(l1 + m1)(εxx + εyy) + 2m2εzz

} = 1

2

{
(l1 + m1)(ερρ + εφφ) + 2m2εzz

}
,

Sε
22 = Sε

11,

Sε
33 = m3(εxx + εyy) + l2εzz = m3(ερρ + εφφ) + l2εzz,

Table 12.12 Parameters for wurtzite [57]

L1 = A2 + A4 + A5,

L2 = A1,

M1 = A2 + A4 − A5,

M2 = A1 + A3,

M3 = A2,

N1 = 3A5 − (A2 + A4) + 1,

N ′
1 = −A5 + A2 + A4 − 1,

N2 = 1 − (A1 + A3) + √
2A6,

N ′
2 = A1 + A3 − 1,

l1 = D2 + D4 + D5,

l2 = D1,

m1 = D2 + D4 − D5,

m2 = D1 + D3,

m3 = D2,

n1 = 2D5,

n2 = √
2D6.
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Sε
12 = −n1

2
(εxx − εyy − 2iεxy) = −n1

2

(
ερρ − εφφ − 2iερφ

)
,

Sε
13 = − n2√

2
(εzx − iεzy) = − n2√

2
(ερz − iεφz),

Sε
23 = −Sε∗

13 .

A comparison of the new wurtzite parameters and the RSP ones is given in
Table 12.12.

12.6 Arbitrary Nanostructure Orientation

In applications of the k · p theory to QW’s, it became useful to rotate coordinates
such that the growth direction of the structure is denoted as z′, when its direction in
terms of the conventional cubic directions is [hkl]. It is thus necessary to relate the
unprimed to the primed coordinates.

12.6.1 Overview

Heterostructures grown along directions other than [100] were probably first con-
sidered by Mailhiot and Smith in 1987 when they studied [111] superlattices [263].
Batty et al. [264] studied laser gain in [111] GaAs/AlGaAs QW’s. Others were Vur-
gaftman et al. [265]. The rotation of the four-band Hamiltonian was carried out in
1991 by Xia for (11l) (l = 0, 1, 2, 3) directions [266], for [100], [110], and [111]
by Ikonic et al. [267], for [113] by Goldoni and Peeters [268], for arbitrary (11l)
directions by Henderson and Towe [269], and for (hhk) by Fishman [270]. It was
extended to a general (hkl) direction by Henderson and Towe [271]. Kajikawa [272]
and, more recently, Seo and Donegan[273] considered the six-band Hamiltonian
along an arbitrary (11l) direction. Los et al. did the eight-band problem for arbitrary
high-index planes with strain [274]. Quantum wires along different directions have
also been studied [239, 265, 275].

12.6.2 Rotation Matrix

We first establish the coordinate rotation matrix (Fig. 12.4). This was given by, e.g.,
Henderson and Towe [269]:

U (θ, φ) =

⎛
⎜⎝

cos φ cos θ sin φ cos θ − sin θ

− sin φ cos φ 0

cos φ sin θ sin φ sin θ cos θ

⎞
⎟⎠ , (12.207)

where the new and old vectors are related by
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[010]

[001]

[100]

[hkl]

[hk0]

φ

θ

Fig. 12.4 Rotation of axes

x ′
j = U ji xi . (12.208)

For example, if we want to rotate the coordinate axes such that the new z axis, z′, is
along the [110] direction, we have

cos θ = l√
h2 + k2 + l2

= 0 ⇒ θ = 900,

cos φ = h√
h2 + k2

= 1√
2

⇒ φ = −450, (for k = −1).

Thus,

U [110] =

⎛
⎜⎝

0 0 −1
1√
2

1√
2

0
1√
2

− 1√
2

0

⎞
⎟⎠ . (12.209)

The new axes, x ′, y′, z′ in terms of the old coordinate system are

x ′ =
⎛
⎝ 0

0
−1

⎞
⎠ , y′ =

⎛
⎝ 1

1
0

⎞
⎠ , z′ =

⎛
⎝ 1

−1
0

⎞
⎠ .

Common rotated axes are given in Table 12.13.
It will also be necessary to write the old wave-vector components in terms of the

new ones:
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Table 12.13 Rotated axes for common growth directions

[hkl] x ′ y′ z′

[110] [001] [110] [110]

[111] 1√
6
[112] 1√

2
[110] 1√

3
[111]

k = U T [110]k′ =

⎛
⎜⎜⎝

0 1√
2

1√
2

0 1√
2

− 1√
2

−1 0 0

⎞
⎟⎟⎠

⎛
⎜⎜⎝

k ′
x

k ′
y

k ′
z

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

1√
2
k ′

y + 1√
2
k ′

z

1√
2
k ′

y − 1√
2
k ′

z

−k ′
x

⎞
⎟⎟⎠ . (12.210)

12.6.3 General Theory

We break down the process of obtaining the Hamiltonian in the new rotated coor-
dinate system into three steps. The first involves rotating the basis functions of the
three-band Hamiltonian. The second involves replacing the unprimed wave vector
by the primed one. The third involves re-expressing the matrix in terms of the |J MJ 〉
states. Note that other procedures exist; see, e.g., [266] for an alternative approach.
One can give a succinct presentation of the procedure.

Given

x ′
j = U ji xi , k ′

j = U ji ki ,

and the original unrotated three-band Hamiltonian matrix

Dmn(k) =
∑

i j

Di j
mnki k j .

The matrix in terms of the rotated basis (i.e., X ′, Y ′, Z ′) is given by

D′
m ′n′ =

∑
mn

(〈m|U T
mm ′

)
DUn′n|n〉

∑
mn

U T
mm ′ DmnUn′n =

∑
mn

Um ′m DmnU T
nn′

= [U DU T ]m ′n′ . (12.211)

We write, in component form,

D′
m ′n′(k) =

∑
mn

∑
i j

Um ′mUn′n Di j
mnki k j . (12.212)

Next,

D′
m ′n′ (k′) =

∑
mn

∑
i j

∑
i ′ j ′

Um ′mUn′nUi ′iU j ′ j Di j
mnki ′k j ′ . (12.213)

The final step of converting to |J MJ 〉 states will not be written out explicitly.
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12.6.4 [110] Quantum Wires

We consider here in detail a not-so-trivial example that relates to so-called V-
grooved quantum wires [276]. The latter have been grown with the wire axis along
[110].

12.6.4.1 Rotation of D Matrix

We will take as starting matrix the D matrix of Stravinou and van Dalen [232]. This
was reproduced in Table 12.3. Using Eq. (12.211), we need first the product DU T

which is given in Table 12.14. Finally, this results in the matrix given in Table 12.15.

12.6.4.2 Wave-Vector Replacement

We now replace the unprimed wave vector by the primed wave vector. This results
in the matrix given in Table 12.15.

12.6.4.3 JMJ Basis

Since all the quantities are now in the rotated system, one would now express the
|J MJ 〉 states in the rotated system in terms of the rotated L S basis. This is, of
course, the same as the corresponding linear combination in the unprimed system; in
other words, the Clebsch-Gordan coefficients are the same. Therefore, the structure
of the matrix in J MJ basis is the same as in the unrotated system. Nevertheless,
the individual matrix elements are different and are now given. Since these are the
final expressions, we have also made the operator form of the wave vector explicit.
Indeed, we have done so for all components so that the result is valid for three-
dimensional quantization.

P ′ = 1

2
(H11 + H22) + i

2
(H12 − H21)

= 1

4

{̂
k ′

y(A + 3B + C1 − C2)̂k ′
y + k̂ ′

z(A + 3B − C1 + C2)̂k ′
z + 2̂k ′

x (A + B )̂k ′
x

}

+ i

2

{̂
k ′

x (C1 + C2)̂k ′
y − k̂ ′

y(C1 + C2)̂k ′
x

}
, (12.214)

P ′′ = 1

6
(H11 + H22) + 2

3
H33 + i

6
(H12 − H21)

= 1

12

{̂
k ′

y(5A + 7B − 3C1 + 3C2)̂k ′
y + k̂ ′

z(5A + 7B + 3C1 − 3C2)̂k ′
z

+2̂k ′
x (A + 5B )̂k ′

x

} + i

6

{̂
k ′

x (C1 + C2)̂k ′
y − k̂ ′

y(C1 + C2)̂k ′
x

}
, (12.215)
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The combinations of Stravinou-van Dalen parameters can be reduced to Luttinger
parameters; this is given in Table 12.16.

12.6.4.4 Symmetrized Hamiltonian

We now give the corresponding Hamiltonian within the symmetrized Luttinger–
Kohn theory. The procedure is to first treat the wave vector as c-numbers, combine
the identical terms, and then symmetrize the resulting expression. By inspection,
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Table 12.16 Combinations of Stravinou-van Dalen parameters in terms of Luttinger parameters

A + B −2(γ1 + γ2),

A + 2B −3γ1,

A + 3B −2(2γ1 − γ2),

A + 5B −6(γ1 − γ2),

5A + 7B −6(2γ1 + γ2),

A − B −6γ2,

C1 + C2 2(1 + γ1 − 2γ2 − 3γ3),

C1 − C2 −6γ3,

C1 − 2C2 −(1 + γ1 − 2γ2 + 6γ3).

one finds that the following matrix elements are unchanged:

R,

and the following change:
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We note that the S term leads to hh–lh and hh–sh coupling, the C term leads to
lh–lh and sh–sh coupling, the Q term leads to lh–sh coupling, and the Σ term leads
to lh–sh coupling.

12.6.4.5 Analysis

In general, the band structure in the plane perpendicular to the Z ′ axis is not
isotropic. One quick check is to note that two in-plane directions are [110] and
[001]. It is already known in the bulk that the valence band displays warping. One
can also demonstrate the warping explicitly by looking at the matrix elements. For
example, the coefficient of k ′2

x in P ′ is

2(A + B) = −12(γ1 − γ2),

while that of k ′2
y is

A + 3B + C1 − C2 = −2(2γ1 − γ2 + 3γ3).

But they are equal if one makes the axial approximation: γ2 = γ3. Similarly, one
can show that, under this approximation, all the matrix elements of the Hamiltonian
only depend upon the magnitude of the in-plane wave vector k|| (in addition to kz of
course) and not on the orientation in the plane.

At the zone center of the quantum wire dispersion relation, the following matrix
elements are zero: S−, C,Σ−. Nevertheless, there is still a difference between the
BF and LK Hamiltonians, contrary to the case at k|| = 0 for a [110] QW. The
nonzero matrix elements are:
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Q = 1
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We note that the Hamiltonian also block diagonalizes:
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12.6.4.6 Boundary Conditions

The standard technique is to integrate the differential equations across an interface.
In the process, contributions arise from, for example, k̂ ′

iA(r′) f (r′) terms, where
A(r′) are position-dependent material parameters (within LK theory, they are related
to the Luttinger parameters) and f (r′) is the envelope function. For QW’s, this cor-
responds to the term k̂ ′

zA(z′) f (z′); when applied to the interaction between heavy-
hole and light-hole states of the same spin, it only leads to π and δ contributions
using the BF Hamiltonian [232], but it also includes the σ contribution if the LK
Hamiltonian is used. In the quantum-wire case, the same matrix element contains
the term k̂ ′

x C1 f (z′) which includes the σ contribution; this is the s-like coupling
term absent from previous implementations of the BF theory, but which is present
in the LK theory [34]. One can similarly analyze the other matrix elements. Overall,
one expects that, at finite kz the difference between BF and LK might be reduced.

12.6.4.7 Calculations

An example of a valence-band structure for a 2.5 nm V-groove GaAs/Al0.3Ga0.7As
[110] wire using four-band BF (solid lines) and LK (dashed lines) Hamiltonians
is shown in Fig. 12.5. For this particular geometry and structure, the difference
between the two Hamiltonians is less than 1 meV. The sum squared of the envelope-
function components for the lowest electron and hole states are given in Fig. 12.6,
showing the confinement of these states inside the quantum wire. The electron state
was obtained using a one-band model.

The above calculations can be repeated for a lattice-matched In0.53Ga0.47As/InP
quantum wire (Fig. 12.7); V-groove quantum wires based upon these materials have
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Fig. 12.5 Valence-band structure for 2.5 nm V-groove GaAs/Al0.3Ga0.7As [110] wire using four-
band BF (solid) and LK (dashed) Hamiltonians. Using parameters of Vouilloz et al. [276]

(a) (b)

Fig. 12.6 Geometry of embedded wire and first (a) electron, (b) hole probability density for the
GaAs/AlGaAs quantum wire

also been made [277], though the experimental structures are probably all strained.
It is also interesting because there is a larger difference in the Luttinger parameters.
Indeed, this translates into a correspondingly larger difference in LK and BF results
(Fig. 12.7).

12.7 Spurious Solutions

One of the difficulties faced by the k · p theory for heterostructures is the gener-
ation of so-called spurious solutions. It was first discussed by White and Sham in
1981 [213]. Spurious solutions arising from small Hamiltonian matrix elements of
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Fig. 12.7 Valence-band structure for 2.5 nm V-groove In0.53Ga0.47As [110] wire using four-band
BF (solid lines) and LK (dashed lines) Hamiltonians

order k2 are well known [228, 233, 275, 278–286]. Some of the methods proposed to
solve the spurious solution problem include: integral representation in momentum
space [287], secular matrix [288–290], and adding k4 term [291]. Foreman [292]
has recently presented a method for elimination of spurious states in envelope-
function theory by using a unitary transformation of basis states to modify the
conduction-valence band k · p interaction by a small amount. While the transfor-
mation applied is equivalent to a gauge transformation (which, in exact theories, is
known to leave physical variables invariant), the fact that envelope-function methods
are only approximate leads to small changes in physical variables subject to such a
unitary transformation. In effect, the conduction-valence band k · p interaction can
be either strengthened or weakened by applying this unitary transformation. The
precise value is determined by setting the partially renormalized conduction-band
mass to zero [292]. The suggested change of basis states applied to first-principles
envelope-function theory led to good agreement with density-functional theory cal-
culations on InGaAs/InP superlattice structures.

12.8 Summary

Three main approaches to the electronic structure of heterostructures were dis-
cussed: one-band models, the Bastard model, and the Burt–Foreman model. In
addition, a number of other formulations of the k · p theory have emerged. Early
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on Mailhiot and Smith proposed a model that is based on a single set of zone-center
basis functions [78, 293, 294]. However, it is fairly complex in that is requires a
starting point of an empirical pseudopotential band structure for a fictitious aver-
age material, a full-zone k · p representation of the constituent materials derived
from the former, a complex band structure from the latter, and finally wave func-
tion matching for heterostructures. More recent models include the pseudopotential-
based full-zone k · p model of Wang and Zunger [295], the atomic-scale model of
Yi and Razeghi (similar to Wang and Zunger) [296], the theory of Takhtamirov and
Volkov [243], and the complete Fourier representation theory of Stubner et al. [297].
The work of Wang and Zunger, in particular, showed that the standard LK eight-
band model works surprisingly well for the lowest few hole states of (GaAs)p(AlAs)p

superlattices (within 200 meV of top of valence band) down to a few nanometers
but not so in the conduction band if intervalley coupling effects are important. They
also showed that the six-band model, applied to InP and CdSe quantum dots, “ ...
overestimates significantly ...” the hole and electron confinement energies and can
even produce a reverse order of s- and p-like valence states [298]. However, this
view is being disputed by others [299, 300].



Chapter 13
Heterostructures: Further Topics

13.1 Overview

There are a number of properties that are important for heterostructures. For exam-
ple, there are new contributions to spin splitting and the dimensionality of excitons
is effectively reduced in a nanostructure. Hence, even though the basic theories for
bulk band structures have already been presented, it is useful to show the modifica-
tions for heterostructures. Such research is clearly ongoing and particularly in terms
of applications; the literature on the application of k · p theory to heterostructures
numbers in the thousands. No attempt will be made to cite them all.

In the following, we will start each section by providing an overview of the topic
and then discuss a couple of examples in more detail.

13.2 Spin Splitting

In a heterostructure, there are now two contributions to spin splitting: the Dres-
selhaus contribution that was already present in the bulk (hence, also labeled as
the bulk inversion asymmetry or BIA contribution) and the Rashba contribution
which is a new one resulting from the macroscopic asymmetry introduced by the
interfaces (hence also known as the structural inversion asymmetry or SIA contri-
bution). Sometimes, one identifies a third (structural) contribution due to the atomic
character of the interface. The k · p theory of spin splitting has been extensively
studied for heterostructures [21, 301]. This is still widely studied in quantum wells
[302–305] and quantum dots [306]. A recent review article is due to Zawadzki and
Pfeffer [307].

13.2.1 Zincblende Superlattices

In zincblende superlattice structures, it is possible to have linear-in-k spin-splitting
components for the Γ6c conduction band due to the superlattice confinement even
in the absence of the Rashba (macroscopic) structural-inversion-asymmetry effect.

L.C. Lew Yan Voon, M. Willatzen, The k · p Method,
DOI 10.1007/978-3-540-92872-0 13, C© Springer-Verlag Berlin Heidelberg 2009
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In this section, we shall consider spin splittings in a single quantum-well and in
superlattice structures [308, 309].

For the Γ6c spin splittings in a superlattice zincblende structure, the Hamiltonian
in Eq. (6.4) is used with kz replaced by −i ∂

∂z where z is the superlattice growth
direction. We note that the off-diagonal terms in Eq. (6.4) have opposite signs as
compared to [308, 309] due to a sign change in the choice of the spin-down S basis
state. This will clearly not affect the discussion of spin-splitting results. Further-
more, γ6c in this work equals γ /2 in [308, 309].

Following the usual symmetrization principle in k · p heterostructure theory
accounting for a position-dependent spin-splitting coefficient γ6c:

γ6c
∂

∂z
→ 1

2

(
γ6c

∂

∂z
+ ∂

∂z
γ6c

)
,

γ6c
∂2

∂z2
→ ∂

∂z
γ6c

∂

∂z
, (13.1)

Equation (6.4) is rewritten as the matrix equation:

H 6c6c
i j (k‖) = ∂

∂z
Ai j (k‖)

∂

∂z
+ 1

2

(
Bi j (k‖)

∂

∂z
+ ∂

∂z
Bi j (k‖)

)
+ Ci j (k‖), (13.2)

H 6c6c(k‖)F(k‖) = E(k‖)F(k‖), (13.3)

where Ai j (k‖), Bi j (k‖), Ci j (k‖) are position-dependent coefficients, F(k‖) is the
z-dependent two-component superlattice envelope-function part, and E(k‖) is the
associated two-component energy with the upper (lower) component being the spin-
up (spin-down) components. Hence, the following continuity conditions must apply
everywhere in the heterostructure and in particular at the material interfaces:

F(k‖)
∣∣∣

L
= F(k‖)

∣∣∣
R
, (13.4)

(
Ai j (k‖)

∂

∂z
+ 1

2
Bi j (k‖)

) ∣∣∣
L

F(k‖)
∣∣∣

L
=
(

Ai j (k‖)
∂

∂z
+ 1

2
Bi j (k‖)

) ∣∣∣
R

F(k‖)
∣∣∣

R
,

with L (R) denoting to the immediate left (right) of the material interface.
Using degenerate perturbation theory to the first order, the spin splittings

ΔE(k‖) = E1(k‖) − E2(k‖) are given by

ΔE(k‖) = 2
√

V 2
11 + |V12|2, (13.5)

Vi j = 〈Fi (k‖)|H 6c6c(k‖)|Fj (k‖)〉. (13.6)

For completeness, we note that in the bulk case (with kz replacing −i ∂
∂z ),

ΔE(k) = 2γ6c

√
k2
(
k2

x k2
y + k2

yk2
z + k2

z k2
x

) − 9k2
x k2

yk2
z . (13.7)
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For superlattices grown along the [001] direction, the above formalism leads to
the spin-splitting result:

ΔE(k‖) = |2γ6ck2
z (kx + iky) − 2γ 6cikx ky(kx − iky)|. (13.8)

Similarly, for superlattices grown along the [110] direction, the result is

ΔE(k‖) = | − γ6ck2
z

(1 − i)√
2

ky + γ 6c
(1 − i)√

2
ky(k2

y − 2k2
x )|, (13.9)

where kx and ky are along the [001] and [110] directions, respectively. Note that
reflection along the superlattice direction is a symmetry for zincblende superlattices
grown along the [001] and [110] directions. Thus, envelope functions are parity
eigenfunctions and matrix elements V11 and V22 vanish but V12 and V21 contribute.

For superlattices grown along the [111] direction, the above formalism leads to
the spin-splitting result:

ΔE(k‖) = | 1√
3

[
16(γ6ck2

z )2(k2
x + k2

y) − 8γ 6cγ6ck2
z (k2

x + k2
y)2

+ γ 2
6c

(
k6

x + 21k4
x k2

y − 9k2
x k4

y + 3k6
y

)]1/2 |, (13.10)

where kx and ky are along the [112] and [110] directions, respectively.
In the above expressions, we have introduced the averaged γ6c coefficients:

γ 6c = 1

L

∫ L/2

−L/2
dz F∗

1 (k‖)γ6c F1(k‖),

γ6ck2
z = 1

L

∫ L/2

−L/2
dz F∗

1 (k‖)̂kzγ6ĉkz F1(k‖), (13.11)

using the normalization

1

L

∫ L/2

−L/2
dz F∗

1 (k‖)F1(k‖) = 1, (13.12)

where L = ∞ in the quantum-well case and the superlattice unit cell extends
from −L/2 to L/2 in the superlattice case (with L finite). Note that the unper-
turbed envelope-function components are the same: F1(k‖) = F2(k‖) thus F(k‖) =(
F1(k‖), F2(k‖)

) = (
F1(k‖), F1(k‖)

)
.

In the general case with the superlattice growth direction along [n11] the Hamil-
tonian H 6c6c

[n11] can be found by transforming the Hamiltonian H 6c6c in Eq. (6.4)
according to [309]

H 6c6c
[n11](k‖) = H 6c6c

[001](Rk‖), (13.13)
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where the rotation matrix reads

R = nq

⎛
⎜⎝

−√
2 0 n

n√
2

− 1√
2nq

1
n√
2

1√
2nq

1

⎞
⎟⎠ , nq = 1√

n2 + 2
. (13.14)

By applying the above procedure, we obtain the following expressions:

V11 = −2γ 6c
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,

V12 = 2γ 6c
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√
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√
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+
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2
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2
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kx n3

2
√

2
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n3

q

]
. (13.15)

In Fig. 13.1, spin-splitting results are plotted in contour diagrams for the quantum-
well growth directions: [001], [111], [011], [211], and [311] directions using a γ6c

value equal to 8.5 eV Å3 [310]. Along the two figure axes, superlattice in-plane k
components (perpendicular to one another) are varied in the range [−0.06; 0.06] in
units of 2π/a0 where a0 is the lattice constant. Note that the spin splittings depend
strongly on the in-plane direction even for smaller in-plane k components in the
cases where the superlattice is grown along the [011], [211], and [311] directions.
This anisotropic tendency becomes pronounced for the [001] and [111] superlattice
directions only at higher in-plane k component values. This result is important for
the interpretation of spin-flip Raman scattering results [309].

Linear spin-splitting terms in the dispersion of the Γ6c band may also occur
in bulk zincblende structures due to strain effects. This result can be understood
as stemming from the replacement of two wave-vector components in the general
third-order spin-splitting result by a symmetry-equivalent strain tensor component,
i.e., replacing ki k j by εi j [104]. Finally, it should be mentioned that the present k · p
results are in good agreement with more detailed ab initio LMTO and tight-binding
calculations results in bulk and superlattice structures as long as the superlattice
material layers are not too small [104, 309].
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Fig. 13.1 Spin-splitting results for different superlattice growth directions. Adapted from [309].
c©1995 by the American Physical Society

13.3 Strain in Heterostructures

Strain is introduced in semiconductor heterostructures due to either an externally-
applied stress or to the misfit in bulk lattice constants of the materials forming the
heterostructure.

13.3.1 External Stress

The interest in applying an external stress to a nanostructure is the same as for
a bulk crystal, i.e., to attempt to extract more information about the electronic
structure through distortion of the electronic structure and/or symmetry reduction.
One difference compared to the bulk case is the fact that a uniaxial stress does not
lower the symmetry of a zincblende-based superlattice if applied along the growth
direction.

The problem of external strain is modeled within k · p theory in the same fash-
ion as for the unstrained problem except that the starting point is one of the strain
Hamiltonians from Chap. 7. For instance, within the four-band LK model, a uniaxial
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stress applied along the growth direction of an [001] QW gives rise to an additional
strain Hamiltonian given by [199]

Hε =

⎛
⎜⎜⎝

−ξ

ξ

ξ

−ξ

⎞
⎟⎟⎠ , (13.16)

where

ξ = b(S11 − S12)X,

and the S’s are compliance constants and X is the applied stress.
As an example, Fig. 13.2 shows how a compressive stress affects the electronic

structure of a GaAs-Al0.3Ga0.7As [001] quantum well.

l

Fig. 13.2 Transition energies as a function of a compressive stress along [001] for a GaAs-
Al0.3Ga0.7As [001] quantum well. Reprinted with permission from [311]. c©1987 by the American
Physical Society
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13.3.2 Strained Heterostructures

Strained-layer epitaxy is based on the fact that a certain amount of elastic strain in
heterostructures is possible without introducing dislocations or defects [312]. The
energy so as to accomodate a stable strained epitaxial layer depends on both the
epitaxial-layer thickness and the size of the lattice mismatch of the constituents.
The strained heterostructure, if stable, does not transform to another structure con-
figuration with dislocations etc. due to the energy barrier in making the transforma-
tion [313]. It is well known [314, 315] that growth of an overlayer bulk substrate
may occur in one of three modes: Frank-van der Merwe growth (FM), Volmer-
Weber growth (VW), or Stranski-Krastanov growth (SK). In the first case (FM), one
monolayer is grown at a time in a two-dimensional manner where no atoms occupy
layer i before layer i −1 is completed. On the other hand, VW growth occurs by the
nucleation of solid clusters that condense as three-dimensional islands. Over time
these islands form a continuous film. The latter category of growth (SK) is a mixture
between the FM and VW growth mechanisms: First, a few monolayers are grown as
following the two-dimensional layer-by-layer stacking principle after which nucle-
ation of three-dimensional islands occurs. The SK growth method is the mechanism
for growing quantum-dot wetting-layer structures of importance for present-day
optoelectronic applications [316]. Coherent strain in multilayer structures implies
that the in-plane lattice constants of the materials forming the multilayer are the
same and an intermediate between the bulk lattice constants of the constituents.
Matthews and Blakeslee [317] first obtained an expression for the in-plane lattice
constant a⊥ by minimizing the total strain energy of a single pair of layers. If the
bulk lattice constants of material A and B are aA and aB , respectively, then

a⊥ = aA

[
1 + f0

1 + G Ah A
G B hB

]
, (13.17)

where Gi , hi are the shear moduli and the thickness of layer i , respectively, and
f0 = (aB − aA)/aA is the misfit. Note that this result implies that the average strain
in the bilayer is

〈ε||〉 =
∑

ε||,i hi

hi
. (13.18)

The average strain is zero under equilibrium conditions where the bilayer is free-
standing or grown on a substrate with the bulk lattice constant as . The expression in
Eq. (13.18) is carried over to the case with more than two layers in the multilayer.

An important type of strain for quantum wells is the biaxial strain resulting from
the lattice mismatch between the structure and the substrate. The strain tensor is

ε|| = εxx = εyy = as − ae

ae
,
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ε⊥ = εzz = −2
C12

C11
ε||, (13.19)

εi 	= j = 0.

If the in-plane strain is compressive (i.e., as < ae), the hydrostatic component
increases the band gap (i.e., lowers the valence band) by

2a

(
1 − C12

C11

)
ε||, (13.20)

and, to first order in ζ/Δ0, the shear component splits the hh and lh bands by 2ζ ,
where

ζ = −b

(
1 + 2

C12

C11

)
ε||, (13.21)

and b < 0 for compressive strain. A representation of the band-edge shifts is shown
in Fig. 13.3. A study of the impact of the splitting and mixing of hh and lh states
was initially carried out by O’Reilly and Winslow [318].

v

c ε

ε

Fig. 13.3 Band edges under a compressive biaxial strain (CB: conduction band, VB: valence band)

A general strain calculation [57, 319–327] is based on solving the elastic equa-
tions (Navier’s equations) using the definition of the strain tensor, constitutive rela-
tions describing the connection between stress and strain accounting for possible
electromechanical effects such as piezoelectricity. The heterostructure geometry
affects the boundary conditions to be imposed.

The rich variety of material combinations possible for strained epitaxial het-
erostructures allows for much freedom in controlling and adjusting electronic and
optical properties. Effects induced by the strain include changes in energy gaps,
splittings due to the lowering of symmetry, and variations in effective masses [1,
120, 125, 321]. Deformation potentials for the relevant conduction and valence
bands together with the position-dependent strain tensor give all the information
necessary to compute the effect of strain on heterostructure band structures and
consequences for device applications. Heterostructure band-structure calculations
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accounting for strain in zincblende and wurtzite can be found in, e.g., [90, 311, 323,
325, 328–330]. In general, once the strain tensor is obtained, the calculation of the
electronic properties follow the formalism provided for incorporating strain into the
appropriate Hamiltonian.

13.4 Impurity States

The formulation of the problem is very similar to the bulk case except that the
Coulomb potential has a relative permittivity that is position dependent and is also
now a function of the location of the impurity site.

It is a well-established fact that the use of the envelope-function approximation
to the problem of hydrogen-like bound states in semiconductor heterostructures
gives good agreement with experimental results [7]. The specific requirements to
the envelope functions at material interfaces are continuity of the N -component
envelope function and the component associated with the normal-velocity operator
acting on the N -component envelope function where N is the number of electron
(or hole) states solved for [20].

13.4.1 Donor States

For a quantum well, one can write the effective-mass Hamiltonian as

H = p2
x + p2

y

2me
+ p2

z

2me
+ V (z) − e2

4πεrε0

√
ρ2 + (z − z0)2

, (13.22)

where V (z) is the confinement potential, z0 is the impurity location, and ρ2 = (x2 +
y2). It has been common to solve Eq. (13.22) variationally.

Bastard [331] calculated the dependence of the binding energy of donor-bound
electron on quantum-well thickness for an electron situated at the center of the quan-
tum well or at the interface using an infinite-barrier model. Mailhiot et al. computed
for the donor problem the dependence of the first few eigenstates with varying
quantum-well thickness taking into account the influence of a position-dependent
dielectric constant [332]. The donor problem in the presence of a magnetic field and
strain was addressed by Greene and Bajaj [333].

The hydrogenic-donor binding energies and infrared transition energies were
calculated in [334] for cylindrical quantum wires using a variational approach.
Kim et al. [335] investigated electron transport in a quasi-one-dimensional con-
striction with an attractive, finite-size impurity in the ballistic limit theoretically
using the envelope-function approximation. Novel coherent effects were discov-
ered related to Fano resonances and the appearance of discrete levels in the con-
tinuum. Impurity and polaron effects in quantum dots are discussed in [336].
Amado et al. recently studied donor-bound electron states magnetic-field effects in
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two-dimensional quantum rings of finite width in the framework of the envelope-
function approximation. It is demonstrated that electron-confinement properties
change rapidly with the external magnetic field [337]. With the technological
advances in the growth of quantum-dot structures including charged-particle con-
trol through the addition of charged donors and acceptors, the study of electronic
eigenstates in quantum dots with impurities will continue to attract attention.

13.4.2 Acceptor States

The acceptor problem intrinsically involves a multiband formulation. Probably the
first attempt to solve this problem was by Masselink et al. [338] for a carbon
impurity at the center of a GaAs-AlGaAs quantum well. They used the variational
method. Their binding-energy results were in excellent agreement with experimen-
tal data (Fig. 13.4). Masselink et al. also addressed the hole-acceptor problem and
magnetic fields including band-mixing effects with special emphasis to the symme-
try characteristics and splitting effects of the upper hh/lh states [339].

Fig. 13.4 Binding energies for an acceptor in a quantum well using a four-band model. Reprinted
with permission from [338]. c©1983 by the American Physical Society
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13.5 Excitons

k · p exciton studies of semiconductor heterostructures [7, 14, 340] are based on
adding an electron-hole Coulomb interaction term characterized by an effective
dielectric constant to the one-particle electron and hole Hamiltonians. The latter are
for diamond and zincblende structures described by, e.g., a one-band model in the
s conduction states and a six-band model in the p valence states including electron
and hole confinement potentials, respectively. Typical solution methods are varia-
tional analysis or perturbation theory [57, 341]. We note that perturbation theory
in the Coulomb interaction is possible and particularly convenient when address-
ing (smaller) heterostructures with strong particle confinement since the Coulomb
energy varies slowly with distance (increases as 1/r ) as opposed to particle confine-
ment energies (increases as 1/r2). A two-particle Schrödinger equation describing
excitons can be derived from the many-electron state in the Hartree-Fock approxi-
mation. The polarization in many-particle physics obeys a Bethe-Salpeter equation,
which in the so-called ladder approximation [342, 343], leads to the classic Elliott
expression for absorption [344]. Alternatively, the use of semiconductor Bloch equa-
tions [345] in the density matrix allows for studies of excitons, biexcitons, etc. in
the Hartree-Fock approximation or including many-particle interactions beyond the
Hartree-Fock approximation.

Exciton studies are important for understanding, e.g., optical spectra of quantum-
confined structures especially in the low-excitation regime [345] and leads to sig-
nificant changes in absorption below and above band gap. Time-resolved photo-
luminescence of heterostructures allows for a detailed study of radiative exciton
decay mechanisms [346, 347]. In [57], exciton effects including absorption spec-
tra and radiative lifetimes were computed using a multiband single-particle hole
Hamiltonian for zincblende and wurtzite pyramidal quantum-dot structures taking
into account strain and piezoelectric effects. Sidor et al. [348] computed, based
on a one-band model, magneto-exciton effects in V-shaped GaAs/AlGaAs and
InAs/InP rectangular quantum wires (these shapes were addressed experimentally
in [349–351]). Elliott’s [344] expression for the absorption coefficient in bulk struc-
tures has been generalized to the case of an ideal two-dimensional semiconduc-
tors by Shinada and Sugano [352]. Polaron-exciton effects are discussed by Elliott
and Haken [353, 354]. Stahl and Balslev [355] and Zimmermann [356] report on
exciton effects in low-dimensional semiconductors subject to high-excitation condi-
tions relevant for lasers. There have been numerous calculations for quantum wells
[357–359], quantum wires [360–362], and quantum dots [169, 258, 363–374]. Exci-
tons in other geometries have been studied using the effective-mass approximation,
such as for uniaxial crystals [375] and on a spherical surface [376].

13.5.1 One-Band Model

Consider now a quantum-well heterostructure consisting of a material A sandwiched
between two semi-infinite layers of a material B. For simplicity, we shall neglect
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differences in electron and hole effective masses in the two materials. The idealized
exciton Hamiltonian problem reads

[
E0 + p2

e

2me
+ p2

h

2mh
− e2

4πε|re − rh | + VeΘ

(
|ze| − L

2

)
+ VhΘ

(
|zh| − L

2

)]

×ψ(re, rh) = Eψ(re, rh), (13.23)

where E0, Ve (Vh), and Θ are the energy gap in material A, the conduction (valence)
band-edge potential difference between materials B and A, and Heaviside’s func-
tion, respectively. Two-particle eigenstates in the absence of Coulomb interaction
reads:

ψ0(re, rh) = ei(k‖,e ·r‖,e+k‖,h ·r‖,h )χn,e(ze)χm,h(zh), (13.24)

where r‖ = (x, y), k‖ = (kx , ky), χn,e, and χm,h are the z-part (quantum-well growth
axis) electron and hole wave-function components corresponding to level n and m,
respectively. The associated non-interacting two-particle energy is

E = E0 + Ee,n + Eh,m + h2k2
‖,e

2me
+ h2k2

‖,h
2mh

. (13.25)

where Ee,n and Eh,m are the electron and hole z-axis quantization energies corre-
sponding to level n and m, respectively.

Introducing relative and center-of-mass coordinates for the in-plane position
coordinates

r‖ = r‖,e − r‖,h, (13.26)

R‖ = mer‖,e + mhr‖,h
me + mh

, (13.27)

allows Eq. (13.24) to be written as:

[
E0 + P2

‖
2(me + mh)

+ p2
‖

2μ
+ p2

z,e

2me
+ p2

z,h

2mh
− e2

4πε

√
r2
‖ + (ze − zh)2

+ VeΘ

(
|ze| − L

2

)
+ VhΘ

(
|zh| − L

2

)]
ψ(re, rh) = Eψ(re, rh), (13.28)

for which solutions can be found of the form

ψ(re, rh) = eiK‖·R‖φ(ze, zh, r‖), (13.29)

with P‖, p‖ being the in-plane center-of-mass and relative momenta, respectively,
and �K‖ is the eigenvalue of P‖.
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Following [7, 377], ground-state solutions to this problem are sought variation-
ally by using the following ansätze:

(I ) φ(ze, zh, r‖) = χ1,e(ze)χ1,h(zh)e−r‖/λ, (13.30)

(I I ) φ(ze, zh, r‖) = χ1,e(ze)χ1,h(zh)e−
√

r2
‖ +(ze−zh )2/λ, (13.31)

where λ is the variational parameter. The subscripts 1 on the z-part envelope func-
tions refer to the lowest subband indices n = m = 1.

In this simple idealized picture of exciton states, one should note that various
forms can be formed such as e-hh and e-lh excitons. The various exciton forms
are decoupled. Thus, it is meaningful to assign an effective Bohr radius and an
effective Rydberg energy for each exciton form. For the e-hh and e-lh excitons,
we have:

aex
hh = 4πε�

2

μhhe2
, Rex

hh = μhhe4

2(4πε)2�2
, (13.32)

aex
lh = 4πε�

2

μlhe2
, Rex

lh = μlhe4

2(4πε)2�2
, (13.33)

and

μhh = memhh

me + mhh
, μlh = memlh

me + mlh
. (13.34)

Some trivial conclusions are immediately apparent. Since the lh mass is smaller
than the hh mass, the reduced lh mass is smaller than the reduced hh mass, and the
e-lh Bohr radius is larger than the e-hh Bohr radius. Similarly, the e-lh Rydberg
energy is smaller than the e-hh Rydberg energy. The intuitive explanation is that
the smaller hole mass the weaker the exciton is bound. We point out that the e-lh
reduced mass need not be smaller than the e-hh mass if multiband-coupling effects
are taken into account as will be shown.

In Fig. 13.5, we plot the exciton binding energy as a function of the quantum-
well width L , i.e., the thickness of the B layer in the case with infinite electron
and hole barrier potentials. Evidently, the binding energy increases from the bulk
value R∞ corresponding to L → ∞) to 4 R∞ as L → 0, a result that is qual-
itatively similar to the hydrogenic impurity binding energy vs. electron-impurity
distance. The similarity with the impurity problem is maintained also in the case
with finite-barrier potentials: The binding energy increases as L decreases from
infinity, reaches a maximum, and then drops to the Rydberg energy of the barrier
material.

Excitons in quantum dots have been reviewed in a number of publications [188,
340, 378, 379].
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Fig. 13.5 Exciton binding energy (in units of R∞) calculated as a function of the quantum-well
width L (in units of the bulk Bohr radius a∞). The curves labelled (1) and (2) correspond to the vari-
ational expressions: Eqs. (13.30) and (13.31), respectively. Adapted with permission from [357].
c©1982 by the American Physical Society

13.5.2 Type-II Excitons

A type-II quantum-well exciton is characterized by having the electron and hole
forming the exciton spatially separated. For instance, in a GaSb-InAs-GaSb quan-
tum well and in the absence of Coulomb interaction, holes are free to move in the
semi-infinite GaSb layers where the valence-band maximum is located. They will,
unless the hole kinetic energy is large, be confined to one of the two semi-infinite
regions assuming tunneling through the InAs barrier is weak. The electron, however,
is confined to the InAs quantum-well region where the conduction-band minimum
is located. The material combination GaSb-InAs-GaSb is interesting because the
valence-band maximum in GaSb is higher than the conduction-band minimum in
InAs.

For type-II excitons, the idealized Hamiltonian reads

[
E A + p2

e

2me
+ p2

h

2mh
− e2

4πε|re − rh | + VeΘ

(
|ze| − L

2

)
− VhΘ

(
|zh| − L

2

)]

×ψ(re, rh) = Eψ(re, rh), (13.35)

where the sign of the hole-confinement term: VhΘ(|zh| − L/2) is now negative.
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Following [377], a variational solution, ψ(re, rh) [= exp(iK‖ · R‖)φ(ze, zh, r‖)],
for the ground state is sought as

φ(ze, zh, r‖) = χ1,e(ze)

[(
zh − L

2

)
e− b

2 (zh− L
2 )Θ

(
zh − L

2

)

−
(

zh + L

2

)
e− b

2 (zh+ L
2 )Θ

(
−zh − L

2

)]
e−r‖/λ, (13.36)

where b and λ are variational parameters and the A-B material interfaces are located
at z = −L/2 and z = L/2. The electron z-part wave function is assumed to be the
lowest quantum-well state corresponding to complete confinement:

χ1,e(ze) = cos
(π ze

L

)
. (13.37)

This choice reflects that the exciton ground state is expected to be an even function
in the ze, zh coordinates while the hole probability is highest near the A–B interfaces
due to the Coulomb attraction with the quantum-well confined electron.

In Fig. 13.6, the exciton binding energy (in units of the bulk InAs Rydberg exci-
ton binding energy R∞) is plotted as a function of the quantum-well width L for
the GaSb-InAs-GaSb type-II heterostructure in units of the bulk InAs exciton Bohr
radius a∞. The dashed part of the line indicates that the electron energy E1 lies
below the valence-band maximum. Note by comparison with Fig. 13.5 that the bind-
ing energy (for a given quantum-well width L) in the type-II case is considerably
smaller than for a type-I system due to the spatial separation (and hence reduced
Coulomb interaction) of the electron and hole in type-II systems. In actual fact,
exciton binding energies are smaller in the type-II heterostructure case as compared
to the bulk.

13.5.3 Multiband Theory of Excitons

In [380], exciton states in CdS quantum dots were calculated by diagonalizing the
full Hamiltonian (in a finite set of basis states found in the case without Coulomb
interaction) consisting of a one-band electron Hamiltonian in the two S spin states,
a 6 × 6 Hamiltonian in the hole P states, and the Coulomb interaction between
the electron and hole. The model accounts for position-dependent permittivity and
effective-mass parameters and particle self-energy effects. Exciton ground-state
results for spherical and tetrahedal quantum-dot structures are qualitatively alike
with binding energies in the sphere case increasing from approximately 100 meV at
a radius of 4.5 nm to approximately 350 meV at a radius of 3.0 nm. A nice review of
multiband calculations of excitonic effects in quantum dots up to 2000 was provided
by Efros and Rosen [188].
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Fig. 13.6 Exciton binding energy (in units of R∞) as a function of quantum-well width L (in
units of a∞) for a GaSb/InAs/GaSb double heterostructure. The dashed line indicates that the
ground-state electron subband energy E1 lies below the top of the GaSb valence band. Adapted
with permission from [357]. c©1982 by the American Physical Society

13.6 Magnetic Problem

We recall that the simple, parabolic-band model for bulk can be solved exactly in
the presence of a static magnetic field but not the multiband problem. Of course, for
a nanostructure, exact solutions are, in general, not available even in the one-band
case.

The study of magnetic field within a one-band approach has been carried out
for graded semiconductors [172], quantum wells [91, 333, 381–383], quantum
wires [384–387], quantum rings [388, 389], and quantum dots [372]. The study
of magnetic field within a multiband approach has been carried out for quantum
wells [195, 390–398], quantum wires, quantum rings [255, 257], and quantum
dots [256, 399–402]. Altarelli and Platero [394] did the first multiband calculation
with parallel magnetic field; this was done using the axial approximation and with
pz = 0. A Burt–Foreman formulation has been derived [403].

A few examples of the above works will now be discussed in order to illustrate
the types of equations and solutions to the magnetic problem. A useful but dated
review was provided by Maan [404].
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13.6.1 One-Band Model

Consider first a single, isotropic and parabolic band in the bulk, subject to a confine-
ment potential V (z) and in a static and uniform magnetic field B = (0, B‖, B⊥) =
B(0, sin θ, cos θ ) where θ is measured from the z axis and B‖ (B⊥) means the
component parallel (perpendicular) to the QW plane. Note that there is an analytic
solution for a parabolic quantum well with an arbitrary orientation of the magnetic
field [381].

13.6.1.1 Equation

The equation for an electron in a magnetic field is obtained by first writing down the
effective Hamiltonian in the absence of a field (Chap. 12) then adding the magnetic
field via the minimal-coupling procedure (Chap. 9), and, if necessary, adding a Zee-
man term. The Hamiltonian for a quantum well can then be written as (assuming me

to be independent of z):

H = H‖ + H⊥ + W, (13.38)

where

H‖(z) = p2
z

2me
+ V (z) + e2 B2

‖ z2

2me
± 1

2
g∗μB B, (13.39)

H⊥(x) = p2
x

2me
+ 1

2me

(
�ky + eB⊥x

)2
, (13.40)

W (x, z) = px z
eB‖
me

, (13.41)

which is a separable problem in the absence of the interaction term W . Indeed,
analytic solutions have been proposed for the two separate cases of parallel and
perpendicular (also known as in-plane) magnetic field. For completeness, we note
that if the spatial dependence of the mass is taken into consideration (or if one goes
beyond the parabolic-band approximation), then the problem is no longer separable
even in the absence of a magnetic field [405].

13.6.1.2 Perpendicular Magnetic Field

Analytic solutions have been proposed in a number of articles for when the magnetic
field is in the growth direction [406]. Here, W = 0, H‖ is the QW problem, and H⊥
is the simple harmonic oscillator problem. Let

H‖χm(z) = ξmχm(z), (13.42)

H⊥φn(x) = εnφn(x). (13.43)
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The eigenvalues of the φn equation (being independent of the value of ky) are [refer
to Eq. (9.27)]:

εn =
(

n + 1

2

)
�ωc⊥, (13.44)

where ωc⊥ = eB⊥/me.
Each zero-field subband splits into a Landau fan chart (Fig. 13.7). Labeling the

Landau levels by |m, n〉 (leaving out the degeneracy with respect to ky and the Zee-
man splitting for simplicity), one notes that there can be a crossing of levels from
different subbands if

ξ ′
m − ξm = (n − n′)�ωc‖.

B

E

|1,0>

|2,0>

|2,1>

|1,1>

ξ1

ξ2

Fig. 13.7 Landau levels for a quantum well in a perpendicular magnetic field within the one-band
model

13.6.1.3 In-Plane Magnetic Field

Here the magnetic field is in the QW plane and B⊥ = 0. We can rewrite Eq. (13.38)
as (leaving out the Zeeman term for simplicity)

H = 1

2me
(p2

y + p2
z ) + 1

2me
(px + eB‖z)2 + V (z). (13.45)

Let the solution

f (r) = χ (z)ei(kx x+ky y), (13.46)

giving the following differential equation:

d2χ

dz2
+ 2me

�2

[
E − �

2k2
y

2me
− meω

2
c

2
(z + z0)2 − V (z)

]
χ = 0, (13.47)
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with z0 = a2
Bky (orbit center) and a2

B = �/(eB‖) (aB is known as the magnetic
length). The solution has been shown to reduce to the Weber functions [407].

Two interesting effects for a superlattice structure are when the cyclotron radius,

Rc = 1√
s
, s = eB

�
,

is comparable to the layer thicknesses and when the cyclotron energy is comparable
to the miniband width. For example, a magnetic field of 10 T gives a cyclotron radius
of approximately 10 nm. It has been observed experimentally, for a 1,12–3.92 nm
Al0.4Ga0.6As–GaAs superlattice in a magnetic field of 15–20 T, that there are peaks
in the luminescence at low energies due to interband Landau-level transitions but
that they disappear at higher energies [382]. This observation has been correlated to
the fact that cyclotron motion is allowed when the energies fall within the zero-field
minibands (giving rise to flat Landau levels, i.e., the levels are not dependent on
the orbit center) but that when the energies fall within the zero-field minigaps, the
carriers are reflected by the barriers and the Landau levels become dispersive and
making these transitions less observable.

13.6.1.4 Arbitrary Magnetic Field

This has also been refered to as the tilted magnetic field case [408]. Note that the
problem is separable if the potential is parabolic [409]. Otherwise, a number of
numerical methods have been proposed such as variational [410], finite and reduced
bases [408], and perturbation [411].

We will present in detail the perturbative approach with W as the perturbation.
In actual fact, if W = 0 eigenfunctions f can be written as

fmn(x, z) = χm(z)φn(x) , (13.48)

with χ and φ as defined in Eqs. (13.42) and (13.43).
Since

〈φn|px |φn〉 = 0 , (13.49)

W must be treated using second-order perturbation theory. According to second-
order perturbation theory, the energy shifts δEW stemming from W , can be
obtained as

δEW =
∑

(m ′,n′)	=(m,n)

(
eB‖
me

)2
|〈χm |z|χm ′ 〉|2|〈φn|px |φn′ 〉|2

ξm − ξm ′ + (n − n′)�ωc⊥
, (13.50)

assuming the energy denominator does not become too small corresponding to near-
degeneracy of unperturbed states. In the case of near-degeneracy, W must be treated
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using degenerate perturbation theory. For a square quantum well, parity dictates
that there is no coupling (i.e., δEW = 0) unless m and m ′ refer to states of opposite
parity. In addition, the matrix element 〈φn|px |φn′ 〉 requires n and n′ to differ by
one. When these two conditions are satisfied, such crossings as in Fig. 13.7 become
anti-crossings.

Alternatively, the term e2 B2
‖ z2/(2me) in H‖ can be solved for using first-order

perturbation theory. The energy shifts δE‖ become

δE‖ = e2 B2
‖

2me
〈χ ′

m |z2|χ ′
m〉, (13.51)

where now χ ′
m are eigenstates of the Hamiltonian

H ′
‖(z) = p2

z

2me
+ V (z) ± 1

2
g∗μB B. (13.52)

It is sometimes convenient to treat e2 B2
‖ z2/(2me) as a first-order perturbation since

the states χ ′
m can be easily found and henceforth used as an expansion set for the full

Hamiltonian problem [Eq. (13.38)]. For a 100 Å GaAs quantum well in a magnetic
field of 10 T, Bastard [7] has estimated δE‖ < 1 meV.

13.6.2 Multiband Model

There are two basic approaches to the multiband problem.

13.6.2.1 Luttinger–Kohn Approach

The procedure for incorporating the magnetic field is similar to the one-band
case [89, 390, 393], whereby the c-number k in a bulk multiband Hamiltonian
becomes an operator, the magnetic field is introduced via the minimal coupling and
a confinement potential V (r) is added to the Hamiltonian [95]. For concreteness, we
will focus on a quantum well grown in the z direction and with the magnetic field
in the same direction. Then, the vector potential is in the x–y plane and one can
introduce harmonic-oscillator operators as was first done by LK:

a† = 1√
2s

k+, a = 1√
2s

k−, (13.53)

where k± = kx ± iky . As an example, the Hamiltonian used by Yang, Broido and
Sham [393] is reproduced here:
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HY BS =

⎡
⎢⎢⎣

−P − Q − 3
2κ B −R S 0

−R† −P + Q + 1
2κ B 0 −S

S† 0 −P + Q − 1
2κ B −R

0 S† −R† −P − Q + 3
2κ B

⎤
⎥⎥⎦ ,

(13.54)

with

P = γ1

2
(k2

z + 2ωca†a + ωc),

Q = γ2

2
(−2k2

z + 2ωca†a + ωc),

R = −
√

3γωca2 −
√

3μωca†2
, (13.55)

S =
√

6γ3kzωca,

γ = 1

2
(γ1 + γ2), μ = 1

2
(γ3 − γ2).

This is obtained by starting with the LK Hamiltonian and keeping kz as an (dif-
ferential) operator. As we have seen in the discussion without a magnetic field,
this “canonical” quantization procedure has an operator-ordering problem when
the k · p parameters are position dependent. There are two possible resolutions.
One is assume the k · p parameters constant (as in the above equations). The other
is to impose the symmetrization principle as in the zero-field case. Yang, Broido
and Sham [393] provides a detailed discussion of the solution to HY BS . The prob-
lem with a magnetic field perpendicular to the growth direction can be similarly
treated [394, 412].

13.6.2.2 Burt–Foreman Model

A Burt–Foreman formulation of the multiband problem has been derived [403].
It was found that there can be significant disagreement with the conventional LK
formulation at large magnetic field and that the BF model agrees more with a single-
band calculation (Fig. 13.8).

Note, however, that the recent first-principles theory of Foreman [413] predict
additional interface terms not present in the theory of Mlinar et al. This is to be
expected since, as already discussed in the previous chapter, the BF Hamiltonian
neglects a number of interfacial terms in the exact envelope-function theory.
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Fig. 13.8 Comparison of LK and BF magnetic Hamiltonians for quantum dots. Reprinted with
permission from [403]. c©2005 by the American Physical Society

13.7 Static Electric Field

In a quantum well, there are two kinds of DC Stark effects, either with the electric
field along the growth direction (longitudinal Stark effect) or perpendicular to it
(transverse Stark effect); these configurations are depicted in Fig. 13.9.

13.7.1 Transverse Stark Effect

This problem is mathematically almost identical to the bulk problem (Sect. 10.2).
Within a one-band model, the problem is separable. Consider a quantum well grown
along the z direction and an external DC electric field E applied along the x direc-
tion. The effective-mass Hamiltonian of an electron reads
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H = p2
x

2m∗ + eEx + p2
y

2m∗ + p2
z

2m∗ + V (z), (13.56)

where parameters take their usual meaning. Evidently, in the classical case, the
energy Ex associated with motion along the x direction requires x < Ex/eE . The
wave function can be sought as

ψ(r) = φ(x)χn(z)eiky y, (13.57)

where χn is the n’th quantum-well bound state with energy En . Writing for the total
energy

E = Ex + �
2k2

y

2m∗ + En, (13.58)

and φ is the solution to the differential equation

(
p2

x

2m∗ + eEx

)
φ(x) = Exφ(x), (13.59)

with the boundary condition

lim
x→±∞ |φ(x)| < ∞. (13.60)

This differential equation is solved by transforming x into η defined as

x = Ex

eE −
(

�
2

2m∗eE

)1/3

η, (13.61)

and Eq. (13.59) becomes the Airy equation:

d2φ

dη2
+ ηφ = 0, (13.62)

where

lim
η→±∞ |φ(η)| < ∞. (13.63)

The solutions are given in standard textbooks:

φ(η) =
√

|η|
3π

K1/3

[
2

3
|η|3/2

]
, η ≤ 0,

φ(η) = 1

3
√

πη

[
J−1/3

(
2

3
η3/2

)
+ J1/3

(
2

3
η3/2

)]
, η ≥ 0, (13.64)
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where Jν and Kν are the Bessel J and K functions of order ν, respectively. The
asymptotic properties of this solution are

φ(η) ≈ |η|−1/4 exp

[
−2

3
|η|3/2

]
, η → −∞,

φ(η) ≈ |η|−1/4 sin

[
2

3
η3/2 − π

4

]
, η → ∞. (13.65)

Since the potential term eEx is arbitrarily negative as x → −∞, the spectrum is
continuous. In particular, bounded solutions with any Ex < 0 are allowed whenever
E 	= 0. Similarly, for holes, a continuous spectrum exists above the valence-band
edge whenever E 	= 0. In turn, this implies that band-to-band optical absorption at a
photon energy �ω can occur below the E = 0 limit: E0+E1+H1, where E0, E1, H1

are the bulk energy gap, the first electron and first hole quantization energy measured
above the conduction and below the valence-band edge, respectively. The absorption
coefficient oscillates as a function of ω if E 	= 0 an effect known as the Franz-
Keldysh effect. Further, the conclusions obtained here for the quantum-well case
can be carried over to the bulk case by replacing En and Hm with �

2k2
z /(2m∗

e ) and
�

2k2
z /(2m∗

h), respectively.

13.7.2 Longitudinal Stark Effect

Consider next the case where the electric field is parallel to the quantum-well growth
direction. A longitudinal field (Fig. 13.9) leads to a spatial separation of photoex-
cited electrons and holes and a consequent reduction in both the transition energy
and absorption coefficient. The Hamiltonian reads

x

Ev(x)

Ec(x)

z

Ev(z)

Ec(z)

Fig. 13.9 Static electric fields in a quantum well: (a) transverse, (b) longitudinal
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H = p2
x + p2

y

2m∗ + p2
z

2m∗ + eEz + V (z). (13.66)

The in-plane motion is now free and the general solution can be written as

ψ(r) = ei(kx x+ky y)χn(z). (13.67)

If the electric field is small enough, it is possible to treat the Stark term perturba-
tively. In first-order perturbation theory for symmetric confinement potentials V (z),
the Stark effect vanishes since the Stark term has odd parity and eigenstates are all
parity eigenstates. For an effect we must resort to second-order perturbation theory,
i.e., the energy shift becomes

ΔEn = e2E2
∑
m 	=n

|znm |2
E0

n − E0
m

, (13.68)

where

znm =
∫ ∞

−∞
d z χ0

m(z)zχ0
n (z), (13.69)

and χ0
i , E0

i are the unperturbed i’th eigenstate and energy eigenvalue, respectively.
The change in groundstate energy satisfies

ΔE1 ∼ m∗L4E2, (13.70)

being quadratic in the electric field and growing to the fourth power in the quantum-
well width. Thus, as the electric field (or the quantum-well width) increases,
Eq. (13.70) applies only as long as ΔE1 << E0

2 − E0
1 . In the general case, where

perturbation theory does not necessarily apply, one can assume a variational solution
for the groundstate, e.g., in the form

χ1(z) = χ0
1 (z)e−βz . (13.71)

For electrons and holes variational solutions are sought as β = βe and β = −βh

(βe, βh > 0), respectively, due to the opposite electric-field force directions on the
electron and the hole. If one introduces the carrier characteristic penetration length
κ−1 of the ground state into the barrier region and the quantum-well barrier height
VB for the electron, different qualitative regimes exist for the electron ground state
depending on

(a) E = 0,

(b) e2E2
∑
m 	=n

|znm |2
E0

n − E0
m

<< E0
2 − E0

1 ,

(c) eEκ−1 << VB − E0
1 ,
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(d) eEκ−1 ∼> VB − E0
1 . (13.72)

In case (a), for a symmetric quantum-well confinement potential, the ground state is
even and symmetrically positioned with respect to the center of the quantum well.
As the electric field increases, the electron ground state is linearly shifted with E
towards one end of the quantum well [case (b)]. As the electric field increases further
[case (c)], electrons accumulate near one end of the quantum well still confined
within the quantum well, i.e., the ground state decays exponentially outside the
quantum-well region. In case (d), the electric field is sufficiently strong that elec-
trons escape the quantum well region and solutions oscillate in the barrier regions.
The same qualitative behavior is found for hole solutions except that they are shifted
by the electric field towards the other end of the quantum well. Finally, it should be
mentioned that the longitudinal Stark effect problem can be solved exactly by writ-
ing solutions in the various regions: to the left of the quantum well, in the quantum
well, and to the right of the quantum well as a linear combination of Airy functions
and matching boundary conditions at the quantum-well interfaces.

13.7.3 Multiband Theory

There have been a few treatments of electric fields within a multiband k · p theory
in nanostructures [414].

A multiband analysis of Stark effects in heterostructures has been carried out by
Dupertuis et al. [415] revealing that two-dimensional confinement in GaAs/AlGaAs
V-groove structures can lead to wave function splitting and cascading. In [415], a
one-band (four-band) model is used for the conduction electrons (hh and lh states)
and consequences of the changes in wave function character on Stark shifts, oscil-
lation strengths, and electroabsorption spectra examined. In particular, it is demon-
strated that electroabsorption spectra show duplicate peaks as a consequence of the
wave function changes.

The quantum-confined Stark effects has also been explored in Ge quantum wells
grown on virtual SiGe substrates using an eight-band k · p analysis [416]. As is
well known, due to the indirect band gap of Si, electro-optical effects are of much
less significance in Si than in the AlGaAs and InGaAsP material systems. It is
shown [416] that eight-band modeling of compressively-strained Ge quantum-well
structures subject to varying degrees of externally-applied electric fields leads to
excellent agreement with experiments and indicates direct band-gap absorption at
low electric fields.

Spin splittings due to interface inversion asymmetry have been demonstrated in
envelope-function approximation calculations in the late 1990s [417, 418]. These
results were further supported by group-theoretical analyses [245] and measure-
ments [419]. Structural inversion asymmetry in two-dimensional structures has been
intensively studied for electrons and holes, particularly, the determination of the
effective electron Rashba coefficient [420–422],
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〈βEz〉, (13.73)

where 〈·〉 denotes averaging over the well and barrier material regions. The Rashba
coefficient appears in the electron dispersion,

E± = αk2
⊥ ± 〈βEz〉k‖, (13.74)

stemming from the Rashba Hamiltonian,

H = βEz i (k−σ+ − k+σ−), (13.75)

where 2α/�
2 and εz denote the reciprocal effective electrin mass and the electric

field, respectively. Due to the fourfold degeneracy of the Γ v
8 valence bands, struc-

tural inversion asymmetry hole spin splittings show different and more compli-
cated characteristics as compared to the inversion asymmetry electron spin split-
ting [89, 423, 424].

Recently, the effect of an electric field on spin splitting in Si/SiGe quantum
wells has been examined [425] using a combination of the sp3d5s∗ tight-binding
method and a generalized envelope-function approximation extended to asymmet-
rical quantum wells. It is demonstrated [425] that the electric field modifies the
interface-induced spin splittings and gives rise to a Rashba-type contribution to the
electron Hamiltonian. The valley splittings and spin splittings are shown to oscillate
with the quantum-well width due to intervalley reflection of the electron wave at
the interfaces. It is found that spin-splitting oscillations are suppressed in rather low
electric fields.
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Conclusion

In this book, we have tried to show (at times in great detail) how to apply the k · p
theory to semiconductors with cubic and hexagonal structures. We have then shown
how the theory gets modified by the inclusion of a variety of external fields and
deformations.

The attention devoted to the old but classic works of Dresselhaus, Kip, Kittel,
Luttinger, Kohn, Kane, Cardona, Pikus, Bir and many others was intentional because,
all too often now, these pioneering work get relegated to a footnote in modern texts
or even altogether forgotten. Surprisingly, a lot of this early work is still valid today
and those Hamiltonians are still being used in the research literature. For example,
as discussed in Chap. 10, recent work on the treatment of electric field in periodic
solids has pointed to the amazingly versatile nature of the Luttinger–Kohn basis.
Still, the goal in writing this book was also to report on some more recent work
that has received little attention beyond the original literature. One such example is
the Burt–Foreman theory, where the only other extensive discussion appears to be a
section in the book by Ridley [17].

We also hope this book is only the starting point of a journey into the intricacies
and beauty of the k · p method. We are convinced the reader will find places in the
book where they believe the theory is inadequate and attempt to correct that. One
such example that quickly comes to mind is in the heterostructure theory.

There are many topics, and papers, that simply had to be left out to make this
project manageable. We would like to mention a few of those. First is the fact
that we have presented one form of the k · p theory. Thus, we did not address
the issue of how to formulate the theory for a many-particle problem in general
(a brief discussion was given within the context of the exciton problem); this was
addressed by Kohn [426]. Also, we did not consider the theory for other types
of one-electron Hamiltonians, such as the Dirac equation [427]. Next, a major
restriction was to the three main types of crystal structures. Certainly, applica-
tions to other crystal structures have also been carried out [428–433]. Examples
here include general studies [430–432], the surface problem (particularly via a
complex-band-structure formulation [434]), the important problem of cubic rocksalt
structures [428, 429, 435, 436] and the more recent graphene and nanotube struc-
tures [437, 438]. In addition, there is also work for a k · p expansion starting from
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a point other than the zone center of the Brillouin zone [439, 440]. Finally, another
major omission was of course in terms of applications. We have already listed a
number of books in the Introduction that covers various applications from optical to
transport. In most cases, the band-structure theory is only a passive component of the
calculation (such as providing the energy levels and momentum matrix elements for
an optical-coefficient calculation). Other times, the electronic structure is modified
by the problem at hand, such as in a self-consistent charge calculation [173] or in
the presence of electromechanical phenomena [49, 57, 323, 441, 442].



Appendix A
Quantum Mechanics and Group Theory

A.1 Löwdin Perturbation Theory

P.O. Löwdin introduced a perturbation scheme for treating the mutual influence of
two classes of unperturbed states [443]. The usual nondegenerate theory applies
when one of the classes has only one state.

A.1.1 Variational Principle

Given a set of unperturbed eigensolutions, one can write the exact solution as

ψ ≈
N∑

n=1

ψ (0)
n Cn. (A.1)

This is an equality only if {ψ (0)
n } is a complete set, in which case the Cn’s are fixed

by the choice of the basis set. If the set is incomplete, then the relation is only
approximate, and the Cn’s can be chosen in order to minimize the error. This is the
variational approach.

Defining the Hamiltonian matrix element

Hmn ≡
∫

dr ψ (0)∗
m Hψ (0)

n , (A.2)

then the energy is given by the expectation value

E =
∫

dr ψ∗ Hψ∫
dr ψ∗ψ

=
∑

mn C∗
m HmnCn∑

n C∗
n Cn

. (A.3)

The variational principle says that the energy is an extremum when the coefficients
Cm are modified, i.e., δE/δCm = 0, giving

393
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N∑
n=1

[
Hmn − Eδmn

]
Cn = 0, m = 1, N . (A.4)

This is a set of N linear equations.

A.1.2 Perturbation Formula

One starts by dividing the basis ψ (0)
n into two classes:

ψ =
∑
m∈A

ψ (0)
m +

∑
n∈B

ψ (0)
n . (A.5)

Set A is chosen to be the normal set and one treats the influence of states in set
B as a perturbation on the states in A. For example, the usual approach leads to
a secular determinant with dimension dim(A)+dim(B). But, Löwdin perturbation
has a determinant of dimension dim(A). This is appropriate when we only need the
lowest set of dim(A) eigenvalues. In order to get the same set of lower eigenvalues,
however, one needs a new set of states Ã perturbed from A by set B. For this, one
obviously has to work with the secular equation rather than the secular determinant.
We rewrite Eq. (A.4) as

(E − Hmm)Cm =
∑
n∈A

H ′
mnCn +

∑
n∈B

H ′
mnCn, (A.6)

with

H ′
mn ≡ Hmn(1 − δmn). (A.7)

The coefficients can, therefore, be rewritten as

Cm =
(∑

n∈A

+
∑
n∈B

)
H ′

mn

E − Hmm
Cn ≡

(∑
n∈A

+
∑
n∈B

)
h′

mnCn. (A.8)

Since we want to set up a secular determinant solely in terms of A-like states ( Ã),
we need to iterate away all states B:

Cm =
∑
n∈A

h′
mnCn +

∑
n∈B

h′
mnCn

=
∑
n∈A

h′
mnCn +

∑
n∈B

h′
mn

[∑
α∈A

h′
nαCα +

∑
α∈B

h′
nαCα

]

=
∑
n∈A

h′
mnCn +

∑
n∈A

∑
α∈B

h′
αnh′

mαCn +
∑
n∈A

∑
α,β∈B

h′
βnh′

mαh′
αβCn + · · ·
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=
∑
n∈A

⎡
⎣h′

mn +
∑
α∈B

h′
mαh′

αn +
∑

α,β∈B

h′
mαh′

αβh′
βn + · · ·

⎤
⎦Cn (A.9)

= 1

(E − Hmm)

∑
n∈A

⎡
⎣H ′

mn +
∑
α∈B

H ′
mα H ′

αn

(E − Hαα)
+

∑
α,β∈B

H ′
mα H ′

αβ H ′
βn

(E − Hαα)(E − Hββ )
+ · · ·

⎤
⎦Cn

≡ 1

(E − Hmm)

∑
n∈A

[
U A

mn − Hmnδmn

]
Cn, (A.10)

where

U A
mn ≡ Hmn +

∑
α∈B

H ′
mα H ′

αn

(E − Hαα)
+

∑
α,β∈B

H ′
mα H ′

αβ H ′
βn

(E − Hαα)(E − Hββ)
. (A.11)

Now, for m ∈ A,

(E − Hmm)Cm =
∑
n∈A

[
U A

mn − Hmnδmn
]

Cn,

=⇒
∑

m,n∈A

[
U A

mn − Eδmn
]

Cn = 0. (A.12)

Hence, we get a set of secular equations with the original Hamiltonian replaced
by the renormalized Hamiltonian U A. Since m, n ∈ A in Eq. (A.12) and α ∈ B
in Eq. (A.11), the primes on the Hamiltonian matrix elements in the latter can be
dropped, giving

U A
mn ≡ Hmn +

∑
α∈B

Hmα Hαn

(E − Hαα)
+

∑
α,β∈B

Hmα Hαβ Hβn

(E − Hαα)(E − Hββ)
. (A.13)

This is the form of the renormalized Hamiltonian that will be used in applications.
Note that it is a function of the desired eigenvalues E ; hence, in practice, a self-
consistent solution is needed.

For m = α ∈ B, we have in Eq. (A.10),

δαn = 0 ∀ n ∈ A,

=⇒ Cα = 1

(E − Hαα)

∑
n∈A

U A
αnCn. (A.14)

This procedure is valid (i.e., U can be truncated) if

|h′
mn| << 1, m, n ∈ B,

i.e., when the spread in B-state energies is much less than the average separation of
A and B energies. We now give an alternative operator form of Eq. (A.9):
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C = [
h′ + h′ · h′ + h′ · h′ · h′ + · · · ] · C.

We, finally, show how the Löwdin perturbation relates to other special cases.

A.1.2.1 A = Single, Nondegenerate State k

There is, thus, no summation in Eq. (A.12) and m, n = k. Hence,

U A
kk − E = 0,

and

E = U A
kk = Hkk +

∑
n∈B

H ′
kn H ′

nk

(E − Hnn)
+

∑
m,n∈B

H ′
km H ′

mn H ′
nk

(E − Hmm)(E − Hnn)
+ · · · (A.15)

But

Hmn = Hmnδmn + H ′
mn = H 0

mnδmn + Vmn,

and so we have

E = E0 + Vkk +
∑
n∈B

Vkn Vnk

(E − E0
n)

+
∑

m,n∈B

Vkm Vmn Vnk

(E − E0
m)(E − E0

n)
+ · · · (A.16)

which is the usual nondegenerate perturbation theory result.

A.1.2.2 A = Class of Degenerate States

Let us first recall the conventional procedure: one diagonalizes the degenerate states
to remove the degeneracy and then solve by nondegenerate perturbation theory.
According to the Löwdin procedure, we first incorporate B states into the A set by
writing down U A

mn . Then, one diagonalizes by using Eq. (A.12) to give Cm(m ∈ A).
Finally, Eq. (A.14) gives Cm(m ∈ B). For example, to second order,

U A
mn ≈ Hmn +

∑
α∈B

H ′
mα H ′

αn

(E − Hαα)
.

A.1.2.3 A = Class of Arbitrary States

For a nondegenerate k ∈ A, one first eliminates system B by using Eq. (A.14), then
Eq. (A.12) says that U A

mn is the effective Hamiltonian in the A basis. Now, since k is
nondegenerate, the new basis is equivalent to the one treated in the nondegenerate
case with k being the sole state in A and the rest of A being equivalent to the B
states. Thus, Eq. (A.15) applies for the energy of state k if we write
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Hmn = U A
mn,

giving

E = U A
kk +

′∑
n∈A

U A
knU A

nk

(E − U A
nn)

+
′∑

m,n∈A

U A
kmU A

mnU A
nk

(E − U A
mm)(E − U A

nn)
+ · · · (A.17)

A.2 Group Representation Theory

A summary of some useful properties of group representations and their characters
is given in this section [444]. Let the group be denoted by G, its order (i.e., the num-
ber of elements) by lg = O(G), a group element by g, and the matrix representation
of the element by Γ (μ)(g).

A.2.1 Great Orthogonality Theorem

Lemma A.1 (Schur’s Second Lemma). A matrix which commutes with all the
matrices of an irreducible representation is a multiple of the unit matrix.

Lemma A.2 (Schur’s First Lemma). Given two irreducible representations Γ (1)

and Γ (2) of dimensions l1 and l2, respectively, a rectangular matrix M that satisfies

Γ (1)(g)M = MΓ (2)(g),

for any g ∈ G must be either (1) the zero matrix, or (2) a square matrix (l1 = l2)
and |M | 	= 0.

Theorem A.1 (Great Orthogonality Theorem). Given two irreducible representa-
tions of a group,

∑
g

Γ (μ)(g−1)mnΓ
(ν)(g)m ′n′ = lg

dμ

δμνδm ′mδnn′ , (A.18)

where lg = O(G), dμ = Tr[Γ (μ)(e)], g ∈ G.

For a multiplicative group, Γ (μ)(g−1)mn is replaced by
[
Γ (μ)(g)mn

]−1
. For unitary

representations, Eq. (A.18) becomes

∑
g

Γ (μ)∗(g)mnΓ
(ν)(g)m ′n′ = lg

dμ

δμνδm ′mδnn′ .
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A.2.2 Characters

A.2.2.1 Definitions

An invariant of a matrix representation of an operator is the character:

χ (g) =
∑

m

Γmm(g). (A.19)

Note that the characters of elements of a class are all the same. In addition, we have

χ (e) = dμ, (A.20)

where dμ is the dimension of the matrix representation.
Characters for direct-product groups are given as follows:

χα×β(g) = χα(g)χβ(g),

χ [α×α](g) = 1

2
[χα(g)2 + χα(g2)], (A.21)

χ {α×α}(g) = 1

2
[χα(g)2 − χα(g2)],

where the last two equations are for symmetrized and anti-symmetrized direct
products.

A.2.2.2 Theorems for Characters

1. A representation is irreducible iff

∑
g

|χ (g)|2 = lg. (A.22)

2. The number of times nμ that a given irreducible representation Γ (μ) appears in
the reduction of a reducible representation Γ is

nμ = 1

lg

∑
g

χμ∗(g) χ (g). (A.23)

3. The number of inequivalent irreducible representation of a group equals the num-
ber of classes.

4. The dimensions dμ of the irreducible representations satisfy the following sum
rule:

∑
μ

d2
μ = lg. (A.24)
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5. Irreducible representations satisfy the following orthogonality equations:

∑
g

χμ∗(g)χν(g) = lg δμν, (A.25)

∑
μ

χμ∗( f )χμ(g) = lg δ f g. (A.26)

A.3 Angular-Momentum Theory

Basic properties of angular-momentum theory of use in this book are included here
for completeness.

A.3.1 Angular Momenta

The angular-momentum operator L has the following properties:

L × L = i�L,

Lz|lm〉 = m�|lm〉,
L2|lm〉 = l(l + 1)�2|lm〉, (A.27)

L±|lm〉 = (Lx ± iL y)|lm〉 =
√

l(l + 1) − m(m ± 1)�|lm ± 1〉.

A.3.2 Spherical Tensors

Cartesian tensors are related to spherical tensors of rank γ via the following unitary
transformation [81, 444]:

X1 = − 1√
2

(X (1)
1 − X (1)

−1),

X2 = i√
2

(X (1)
1 + X (1)

−1),

X3 = X (1)
0 ,

X11 = 1

2
(X (2)

2 + X (2)
−2) − 1√

6
X (2)

0 ,

X22 = −1

2
(X (2)

2 + X (2)
−2) − 1√

6
X (2)

0 , (A.28)

X33 =
√

2

3
X (2)

0 ,
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X23 = i

2
(X (2)

1 + X (2)
−1),

X31 = −1

2
(X (2)

1 − X (2)
−1),

X12 = − i

2
(X (2)

2 − X (2)
−2).

A.3.3 Wigner-Eckart Theorem

The essense of the Wigner-Eckart theorem is that the matrix element of an irre-
ducible tensor (i.e., one that transforms according to the irreducible representation
of the group) with states that also transform according to the irreducible representa-
tions of the group can be written as a product of a “reduced matrix element” that is
independent of the rows of the various irreducible representations and of a Clebsch-
Gordan coefficient:

〈njm|T (k)
κ |n′ j ′m ′〉 = 〈nj ||T (k)||n′ j ′〉√

2 j + 1
〈 j ′k; m ′κ| j ′k; jm〉. (A.29)

Following Trebin et al. [81], we will also use the Wigner-Eckart theorem in the
following form

(X (γ )
q )mm ′ = (−) j−m〈α j ||X (γ )||β j ′〉

(
j γ j ′

−m q m ′

)
, (A.30)

which is in terms of the Wigner 3 j symbols.

A.3.4 Wigner 3 j Symbols

The Wigner 3 j symbols are given by [444]

(
j1 j2 j3

m1 m2 m3

)
= (−1) j1− j2−m3

√
2 j3 + 1

a( j1 j2)
j3m1m2

δm1+m2+m3,0, (A.31)

where

a( j1 j2)
j3m1m2

(A.32)

= [( j3 + j1 − j2)!( j3 − j1 + j2)!( j3 + m1 + m2)!( j3 − m1 − m2)!( j1 + j2 − J )!]
1
2

[( j3 + j1 + j2 + 1)!( j1 − m1)!( j1 + m1)!( j2 − m2)!( j2 + m2)!]
1
2

×
∑

j3+m1+m2≥κ≥0

(−1)κ+ j2+m2
√

(2 j3 + 1)( j3 + j2 + m1 − κ)!( j1 − m1 + κ)!

κ!( j3 − j1 + j2 − κ)!( j3 + m1 + m2 − κ)!(κ + j1 − j2 − m1 − m2)!
.



Appendix B
Symmetry Properties

B.1 Introduction

We are interested in: crystal symmetry, group table, action of symmetry operators
on real-space coordinates, first Brillouin zone (FBZ), group of wave vector Gk, irre-
ducible representations of Gk, character tables of Gk, compatibility relations, and
double groups. Most of the following information can be obtained from standard
sources (see, e.g., Bassani [445] and Birman [446]).

B.2 Zincblende

• Description
Two interpenetrating face-centered cubic (FCC) sublattices (Fig. B.1).

• Crystal lattice
FCC

x

y

z

cation

anion

Fig. B.1 Zincblende crystal structure

401
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• Space group
T 2

d — F43m (symmorphic)
• Point group

Td — 43m (inversion asymmetric)
• Cubic vector set

a1 = a0[100], a2 = a0[010], a3 = a0[001]. (B.1)

• Primitive vector set

t1 = a0

2
[110], t2 = a0

2
[101], t3 = a0

2
[011]. (B.2)

• Fourier vector set

B1 = 2π

a0
[111], B2 = 2π

a0
[111], B3 = 2π

a0
[111]. (B.3)

The corresponding Brillouin zone is displayed in Fig. B.2. The labeling of sym-
metry points are given in Table B.1.

k z

k y

∇

∑

k x

W

L

Γ

X
K

Fig. B.2 First Brillouin zone of the face-centered cubic lattice

B.2.1 Point Group

The symmetry operations of the Td point group are given in Table B.2. The def-
inition of the operators follows that of Bassani [445] (but is opposite to that of
Birman [446]).
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Table B.1 Labeling of symmetry points in the first Brillouin zone of zincblende

k (2π/a0)

Γ 0,0,0
X 1,0,0
L 1

2 , 1
2 , 1

2
W 1, 1

2 ,0
K 0, 3

4 , 3
4

K ′ 1, - 1
4 , - 1

4
K ′′ = U 1, 1

4 , 1
4

Table B.2 Symmetry operations of the point group Td

Class Operation R R−1r

E {E |0} x y z

C2
4 {C2x |0} x y z

{C2y |0} x y z
{C2z |0} x y z

IC4 {IC4x |0} x z y
{IC−1

4x |0} x z y
{IC4y |0} z y x
{IC−1

4y |0} z y x
{IC4z |0} y x z
{IC−1

4z |0} y x z

IC2 {IC2xy |0} y x z
{IC2x y |0} y x z
{IC2yz |0} x z y
{IC2yz |0} x z y
{IC2xz |0} z y x
{IC2xz |0} z y x

C3 {C3xyz |0} y z x
{C−1

3xyz |0} z x y
{C3x yz |0} y z x
{C−1

3x yz |0} z x y
{C3xyz |0} y z x
{C−1

3xyz |0} z x y
{C3x yz |0} y z x
{C−1

3x yz |0} z x y

B.2.2 Irreducible Representations

The character tables of the irreducible representations of the double group at various
k points are given in Table B.3.

For example, at k = 0, the group is Td . Various notations and basis functions are
given in Table B.4.
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Table B.3 Character tables of the double group of wave vector for zincblende

T ′
d E E 3C2

4 , 3C
2
4 6I C4 6I C4 6I C2, 6I C2 8C3 8C3

Γ1 1 1 1 1 1 1 1 1
Γ2 1 1 1 −1 −1 −1 −1 1
Γ12 2 2 2 0 0 0 −1 −1
Γ15 3 3 −1 −1 −1 1 0 0
Γ25 3 3 −1 1 1 −1 0 0

Γ6 2 −2 0
√

2 −√
2 0 1 −1

Γ7 2 −2 0 −√
2

√
2 0 1 −1

Γ8 4 −4 0 0 0 0 −1 1

Γ1 ∼ s → Γ6

Γ15 ∼ (x, y, z), (xy, yz, zx) → Γ7(∼ Y 1
2 m ) + Γ8(∼ Y 3

2 m )

Γ12 ∼ (x2 − y2, 3z2 − r2) → Γ8

C ′
2v E E C2x , C2x I C2yz, I C2yz I C2yz, I C2yz

Δ1 1 1 1 1 1
Δ2 1 1 1 −1 −1
Δ3 1 1 −1 1 −1
Δ4 1 1 −1 −1 1

Δ5 2 −2 0 0 0

D′
2d E E C2x , C2x C2y, C2z, C2y, C2z I C4x , I C−1

4x I C4x , I C
−1
4x I C2yz, I C2yz, I C2yz, I C2yz

X1 1 1 1 1 1 1 1
X2 1 1 1 1 −1 −1 −1
X3 1 1 1 −1 −1 −1 1
X4 1 1 1 −1 1 1 −1
X5 2 2 −2 0 0 0 0

X6 2−2 0 0
√

2 −√
2 0

X7 2−2 0 0 −√
2

√
2 0

C ′
3v E E I C2x y, I C2xz, I C2yz I C2x y, I C2xz, I C2yz C3xyz, C−1

3xyz C3xyz, C
−1
3xyz

Λ1, L1 1 1 1 1 1 1
Λ2, L2 1 1 −1 −1 1 1
Λ3, L3 2 2 0 0 −1 −1

Λ4, L4 1 −1 i −i −1 1
Λ5, L5 1 −1 −i i −1 1
Λ6, L6 2 −2 0 0 1 −1
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B.3 Diamond

• Description
Two interpenetrating FCC sublattices. The Brillouin zone is the same as for
zincblende.

• Crystal lattice
FCC

• Space group
O7

h — Fd3m (nonsymmorphic)
• Point group

Oh — m3m (inversion symmetric)

B.3.1 Symmetry Operators

The symmetry operators are given in Table B.5. The remaining description of the
real-space lattice is identical to the zincblende case.

Table B.5 Rotational symmetry operations for diamond (Oh symmetry); τ = (1, 1, 1)a0/4

Type {R|0} {R|0}−1r Type {R|τ } {R|τ }−1r

E x y z I x y z

C2x x y z I C2x x y z
C2y x y z I C2y x y z
C2z x y z I C2z x y z

I C4x x z y C4x x z y
I C−1

4x x z y C−1
4x x z y

I C4y z y x C4y z y x
I C−1

4y z y x C−1
4y z y x

I C4z y x z C4z y x z
I C−1

4z y x z C−1
4z y x z

I C2xy y x z C2xy y x z
I C2x y y x z C2x y y x z
I C2yz x z y C2yz x z y
I C2yz x z y C2yz x z y
I C2xz z y x C2xz z y x
I C2xz z y x C2xz z y x

C3xyz y z x I C3xyz y z x
C−1

3xyz z x y I C−1
3xyz z x y

C3x yz y z x I C3x yz y z x
C−1

3x yz z x y I C−1
3x yz z x y

C3xyz y z x I C3xyz y z x
C−1

3xyz z x y I C−1
3xyz z x y

C3x yz y z x I C3x yz y z x
C−1

3x yz z x y I C−1
3x yz z x y
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B.3.2 Irreducible Representations

The character table of the irreducible representations of the O ′
h double group at the

Γ point is given in Table B.6. Various notations and basis functions are given in
Table B.7.

B.4 Wurtzite

• Description
The primitive cell is a hexagonal prism with four atoms (Fig. B.3). It is charac-
terized by three lattice parameters: the length of the c axis, the c/a ratio, and the
bond-length parameter u.

• Crystal lattice
Hexagonal close packed (HCP)

Fig. B.3 Primitive cell for wurtzite. Atomic coordinates: r1 = (0, 0, 0), r2 = (0, 0, uc), r3 =
(0, a√

3
, c

2 ), r4 = (0, a√
3
, c

2 + uc). Reprinted with permission from [48]. c©1996 by the American
Physical Society
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Table B.7 Diamond: Γ point – Oh . l designation in last column refers to lowest l value for that
representation as given by von der Lage and Bethe [27]

KDWS [33] DKK [2] BSW [447] VLB [27] Heine [449] L56 [4] BP [1]
E54 [35]

Γ +
1 Γ +

1 Γ1 α A1g A1 A+
1 s

Γ +
2 Γ +

2 Γ2 β ′ A2g A2 A+
2 (l = 6)

Γ +
3 Γ +

12 Γ12 γ Eg E E+ x2 − y2, 3z2 − r2

Γ +
4 Γ +

15 Γ ′
15 δ′ T1g T2 F+

1 Rx , Ry, Rz (l − 4)
Γ +

5 Γ +
25 Γ ′

25 ε T2g T1 F+
2 xy, yz, zx

Γ −
1 Γ −

1 Γ ′
1 α′ A1u A1 A−

1 (l = 9)
Γ −

2 Γ −
2 Γ ′

2 β A2u A2 A−
2 xyz

Γ −
3 Γ −

12 Γ ′
12 γ ′ Eu E E− (l = 5)

Γ −
4 Γ −

15 Γ15 δ T1u T2 F−
2 x, y, z

Γ −
5 Γ −

25 Γ25 ε′ T2u T1 F−
1 (l = 3)

k z

A

H

∑

Γ

∇L

K
M

S

P

T’

R

T

S’

Fig. B.4 First Brillouin zone for wurtzite

Table B.8 Labeling of symmetry points in the first Brillouin zone of wurtzite [33]

k (2π )

Γ 0,0,0
A 0, 0, 1

2c
L 0, 1√

3a
, 1

2c

M 0, 1√
3a

, 0

H − 1
3a , 1√

3a
, 1

2c

K − 1
3a , 1√

3a
, 0

• Space group
C4

6v – P63mc (non-symmorphic)
• Point group

C6v − 6mm
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• Hexagonal vector set

a1 = a[100], a2 = a[010], a3 = c[001]. (B.4)

• Primitive vector set

t1 = a

2
[
√

310], t2 = a[010], t3 = c[001]. (B.5)

• Fourier vector set

B1 = 2π

a
[

2√
3

00], B2 = 2π

a
[

1√
3

10], B3 = 2π

c
[001]. (B.6)

The corresponding Brillouin zone is displayed in Fig. B.4. The labeling of sym-
metry points is given in Table B.8.

B.4.1 Irreducible Representations

The character table of the irreducible representations of the C6v double group at
the Γ point is given in Table B.9. Note that the ordering differs slightly from, for
example, Rashba [450]. Various notations are given in Table B.10.

Table B.9 Character table for the single and double group of k, C6v (6mm), at the zone center (Γ
point) of the Brillouin zone for the wurtzite crystal structure

C6v E C2 2C3 2C6 3σv 3σd

Γ1 1 1 1 1 1 1
Γ2 1 1 1 1 −1 −1
Γ3 1 −1 1 −1 −1 1
Γ4 1 −1 1 −1 1 −1
Γ5 2 −2 −1 1 0 0
Γ6 2 2 −1 −1 0 0

E E C2, C2 2C3 2C3 2C6 2C6 3σv, 3σ v 3σd , 3σ d

Γ7 2 −2 0 1 −1
√

3 −√
3 0 0

Γ8 2 −2 0 1 −1 −√
3

√
3 0 0

Γ9 2 −2 0 −2 2 0 0 0 0
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Table B.10 Wurtzite: Γ point – C6v (6mm). Notation for representations and corresponding basis
functions [20, 33]

KDWS[33] IP95[20] Basis
Γ1 A1 s, z, 3z2 − r2

Γ2 A3 Rz

Γ3 A4 x3 − 3xy2

Γ4 A2 y3 − 3yx2

Γ5 E2 (Rx , Ry), (x, y), (zx, yz)
Γ6 E1 (x2 − y2, xy)

Γ7 E ′
1 α, β

Γ8 E ′
2 (x + iy)3α, (x − iy)3β

Γ9 E ′
3 (x + iy)α, (x − iy)β



Appendix C
Hamiltonians

C.1 Basis Matrices

In the method of invariants, the matrix representation of the effective k · p Hamilto-
nian is achieved with the use of basis matrices. Three sets are used in this book and
will be given using Eq. (A.27).

C.1.1 s = 1
2

For a basis of spinors quantized along the z direction, the Pauli spin matrices are:

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (C.1)

C.1.2 l = 1

In the basis |l m〉 (|1, 1〉, |1, 0〉, |1,−1〉) and writing Ii = Li/�,

Ix = 1√
2

⎛
⎝0 1 0

1 0 1
0 1 0

⎞
⎠ , Iy = i√

2

⎛
⎝0 −1 0

1 0 −1
0 1 0

⎞
⎠ , Iz =

⎛
⎝1 0 0

0 0 0
0 0 −1

⎞
⎠ , (C.2)

I+ =
⎛
⎝0 1 0

0 0 1
0 0 0

⎞
⎠ , I− =

⎛
⎝ 0 0 0

1 0 0
0 1 0

⎞
⎠ , (C.3)

C.1.3 J = 3
2

In the |J MJ 〉 basis with MJ = 3
2 , 1

2 ,− 1
2 ,− 3

2 ,

413
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Jx =

⎛
⎜⎜⎜⎝

0
√

3
2 0 0√

3
2 0 1 0

0 1 0
√

3
2

0 0
√

3
2 0

⎞
⎟⎟⎟⎠ , Jy =

⎛
⎜⎜⎜⎝

0 −i
√

3
2 0 0

i
√

3
2 0 −i 0

0 i 0 −i
√

3
2

0 0 i
√

3
2 0

⎞
⎟⎟⎟⎠ , Jz =

⎛
⎜⎜⎝

3
2 0 0 0
0 1

2 0 0
0 0 − 1

2 0
0 0 0 − 3

2

⎞
⎟⎟⎠ ,

J+ =

⎛
⎜⎜⎝

0
√

3 0 0
0 0 2 0
0 0 0

√
3

0 0 0 0

⎞
⎟⎟⎠ , J− =

⎛
⎜⎜⎝

0 0 0 0√
3 0 0 0

0 2 0 0
0 0

√
3 0

⎞
⎟⎟⎠ . (C.4)

C.2 |J MJ〉 States

For the cubic semiconductors, the
∣∣J = 3

2 MJ
〉

states are useful for describing the
states at k = 0. One choice is given in Table C.1. A comparison of different choices
is given in Table C.2.

Table C.1 |J, MJ 〉 states

∣∣∣∣3

2

3

2

〉
=

∣∣∣∣ 1√
2

〉
|(x + iy) ↑〉 ,

∣∣∣∣3

2

1

2

〉
= 1√

6
|(x + iy) ↓〉 −

√
2

3
|z ↑〉,

∣∣∣∣3

2
−1

2

〉
= − 1√

6
|(x − iy) ↑〉 −

√
2

3
|z ↓〉,

∣∣∣∣3

2
−3

2

〉
= 1√

2
|(x − iy) ↓〉,

∣∣∣∣1

2

1

2

〉
= 1√

3
|(x + iy) ↓〉 + 1√

3
|z ↑〉,

∣∣∣∣1

2
−1

2

〉
= − 1√

3
|(x − iy) ↑〉 + 1√

3
|z ↓〉,

i|s ↑〉,
i|s ↓〉.

C.3 Hamiltonians

A representative set of Hamiltonians described in this book is collected together
and repeated in this appendix for ease of reference. Some of the larger ones (e.g.,
the 14-band extended Kane Hamiltonian) are not repeated here; they are clearly
displayed within the book.
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−
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C.3.1 Notations

Hψnk(r) = En(k)ψnk(r) , (C.5)

H = p2

2m0
+ V (r) + �

4m2
0c2

(σ × ∇V ) · p = H0 + Hso , (C.6)

H0 = p2

2m0
+ V (r) , (C.7)

Hso = �

4m0c2
(σ × ∇V ) · p = Hs,iσi , (C.8)

H (k)unk = En(k)unk , (C.9)

H (k) = H0 + Hso(k) + Hk·p , (C.10)

Hso(k) = Hso + Hso,k , (C.11)

Hso,k = �

4m2
0c2

(σ × ∇V ) · k. (C.12)

C.3.2 Diamond

The valence-band Hamiltonians of Dresselhaus, Kip and Kittel [2], of Chuang [15],
and of Cardona and Pollak [5] are given in Tables C.3, C.4, C.5, and C.6.

C.3.3 Zincblende

The Hamiltonians within the Kane model for zincblende are given in Tables C.7,
and C.8.

C.3.4 Wurtzite

The commonly-used basis functions for bulk wurtzite semiconductors are given in
Table C.9.

Three valence-band Hamiltonians for wurtzite are given in Tables C.10, C.11,
and C.12. The four-band Hamiltonian by Andreev and O’Reilly is given in Table C.13.

C.3.5 Heterostructures

We now give the Hamiltonians for various nanostructures (Tables C.13, C.14, C.15,
C.16, C.17, and C.18).

C.4 Summary of k · p Parameters

A few of the valence-band parameters are compared in Table C.19. Example band
parameters for a few semiconductors are given in Tables C.20 and C.21.
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Table C.3 Dresselhaus–Kip–Kittel Hamiltonian without spin for diamond

HDKK(k) =

⎛
⎜⎜⎝

|yz〉 |zx〉 |xy〉
Lk2

x + M
(
k2

y + k2
z

)
Nkx ky Nkx kz

Nkx ky Lk2
y + M

(
k2

z + k2
x

)
Nkykz

Nkx kz Nkykz Lk2
z + M

(
k2

x + k2
y

)

⎞
⎟⎟⎠ ,

with

L = �
2

m2
0

′∑
α∈Γ −

2 ,Γ −
12

|〈xy|pz |lαν〉|2
EΓ +

25
− Elα

= F + 2G,

M = �
2

m2
0

′∑
α∈Γ −

15 ,Γ −
25

|〈xy|py |lαν〉|2
EΓ +

25
− Elα

= H1 + H2,

N = �
2

m2
0

′∑
α∈Γ −

2 ,Γ −
12 ,Γ −

15 ,Γ −
25

〈xy|pz |lαν〉〈lαν|px |yz〉 + 〈xy|px |lαν〉〈lαν|pz |yz〉
EΓ +

25
− Elα

= F − G + H1 − H2,

F = �
2

m2
0

′∑
l∈Γ −

2

|〈yz|px |β−
l 〉|2

EΓ +
25

− El
,

G = �
2

m2
0

′∑
l∈Γ −

12

|〈yz|px |γ −
νl 〉|2

EΓ +
25

− El
,

H1 = �
2

m2
0

′∑
l∈Γ −

15

|〈xy|py |δ−
3l 〉|2

EΓ +
25

− El
,

H2 = �
2

m2
0

′∑
l∈Γ −

25

|〈xy|py |ε−
3l 〉|2

EΓ +
25

− El
.
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Table C.4 Dresselhaus–Kip–Kittel Hamiltonian in |JMJ 〉 basis for diamond

H (k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

| 3
2

3
2 〉 | 3

2
1
2 〉 | 3

2 − 1
2 〉 | 3

2 − 3
2 〉 | 1

2
1
2 〉 | 1

2 − 1
2 〉

1
2 P R S 0 − 1√

2
R

√
2S

R∗ 1
6 P + 2

3 Q 0 −S 1
3
√

2
(P − 2Q) −

√
3
2 R

S∗ 0 1
6 P + 2

3 Q R
√

3
2 R∗ 1

3
√

2
(P − 2Q)

0 −S∗ R∗ 1
2 P −√

2S∗ − 1√
2

R∗

− 1√
2

R∗ 1
3
√

2
(P − 2Q)

√
3
2 R −√

2S 1
3 (P + Q) − Δ0 0

√
2S∗ −

√
3
2 R∗ 1

3
√

2
(P − 2Q) − 1√

2
R 0 1

3 (P + Q) − Δ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with

P = (L + M)(k2
x + k2

y) + 2Mk2
z + �

2k2

m0
,

Q = M(k2
x + k2

y) + Lk2
z + �

2k2

2m0
,

R = − N√
3

(kx − iky)kz,

S = − 1

2
√

3

[
(L − M)(k2

x − k2
y) − 2iNkx ky

]
.

Table C.5 Six-band Hamiltonian in |JMJ 〉 basis using Chuang’s notation for diamond

H (k) = −

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

| 3
2

3
2 〉 | 3

2
1
2 〉 | 3

2 − 1
2 〉 | 3

2 − 3
2 〉 | 1

2
1
2 〉 | 1

2 − 1
2 〉

P + Q −S R 0 1√
2

S
√

2R

−S∗ P − Q 0 −R
√

2Q
√

3
2 S

R∗ 0 P − Q −S −
√

3
2 S∗ √

2Q

0 −R∗ −S∗ P + Q −√
2R∗ 1√

2
S∗

1√
2

S∗ √
2Q −

√
3
2 S −√

2R P + Δ0 0
√

2R∗
√

3
2 S∗ √

2Q 1√
2

S 0 P + Δ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with

P = �
2γ1

2m0
(k2

x + k2
y + k2

z ),

Q = �
2γ2

2m0
(k2

x + k2
y − 2k2

z ),

S = �
2γ2

2m0
2
√

3γ3(kx − iky)kz,

R = �
2

2m0
[−

√
3γ2(k2

x − k2
y) + 2i

√
3γ3kx ky].

Parameters:
γ1, γ2, γ3,Δ0.
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′′′ 2

k y

0
0

E
(Γ

u 25
′)

0
0

P
′ 2
k z

−
1

2√ 2
R

′ k
z

√ 3
2√ 2

R
′ k

z
P

′′′ 2
k z

E
(Γ

u 1
)

0
0

0
0

0
E

(Γ
l 1
)

0
0

0
0

E
(Γ

l 2′
)

0
0

0
E

(Γ
12

′ )
0

0
E

(Γ
12

′ )
0

E
(Γ

u 2′
)⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦+

�
2
k2

2m
0
,

w
he

re
P

=
2i

� m
0
〈Γ

l 25
′|p

|Γ
l 2′
〉,

P
′ =

2i
� m

0
〈Γ

l 25
′|p

|Γ
l 2′
〉,

P
′′

=
2i

� m
0
〈Γ

l 25
′|p

|Γ
u 2′
〉,

P
′′′

=
2i

� m
0
〈Γ

u 25
′|p

|Γ
u 2′
〉,

Q
=

2i
� m

0
〈Γ

l 25
′|p

|Γ
15

〉,
Q

′ =
2i

� m
0
〈Γ

u 25
′|p

|Γ
15

〉,

R
=

2
� m

0
〈(y

z)
l |p

x
|γ

− 1
〉,

R
′ =

2
� m

0
〈(y

z)
u
|p

x
|γ

− 1
〉,

T
=

2i
� m

0
〈Γ

u 1
|p

|Γ
15

〉,
T

′ =
2i

� m
0
〈Γ

l 1
|p

|Γ
15

〉.
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Table C.7 First-order eight-band Kane Hamiltonian in |J MJ 〉 basis for zincblende

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

i|S ↑〉 | 3
2

1
2 〉 | 3

2
3
2 〉 | 1

2
1
2 〉 i|S ↓〉 | 3

2 − 1
2 〉 | 3

2 − 3
2 〉 | 1

2 − 1
2 〉

ε(k) + E0 −
√

2
3 Pkz

P√
2
k+

√
1
3 Pkz 0 −

√
1
6 Pk− 0 −

√
1
3 Pk−

−
√

2
3 Pkz ε(k) 0 0

√
1
6 Pk− 0 0 0

P√
2
k− 0 ε(k) 0 0 0 0 0√

1
3 Pkz 0 0 ε(k) − Δ0

√
1
3 Pk− 0 0 0

0
√

1
6 Pk+ 0

√
1
3 Pk+ ε(k) + E0 −

√
2
3 Pkz

P√
2
k−

√
1
3 Pkz

−
√

1
6 Pk+ 0 0 0 −

√
2
3 Pkz ε(k) 0 0

0 0 0 0 P√
2
k+ 0 ε(k) 0

−
√

1
3 Pk+ 0 0 0

√
1
3 Pkz 0 0 ε(k) − Δ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

ε(k) = �
2k2

2m0
,

k± ≡ kx ± iky,

P = −i
�

m0
〈Sc|px |Xv〉.
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Table C.8 Second-order four-band Kane Hamiltonian for zincblende

H (k) = ε(k)1+

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

S X Y Z

A′k2 + E0 Bkykz + ikx P Bkx kz + iky P Bkx ky + ikz P

L ′k2
x + M(k2

y + k2
z N ′kx ky N ′kx kz

† L ′k2
y + M(k2

x + k2
z ) N ′kykz

L ′k2
z + M(k2

x + k2
y)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

ε(k) = �
2k2

2m0
, P = −i

�

m0
〈S|px |X〉,

L ′ = F ′ + 2G,

M = H1 + H2,

N ′ = F ′ − G + H1 − H2,

F ′ = �
2

m2
0

Γ1;Γ −
2∑

l

′ |〈X |px |ul〉|2
EΓv

− El
,

G ≡ �
2

2m2
0

Γ12;Γ −
12∑

l

′ |〈X |px |ul〉|2
EΓv

− El
,

H1 = �
2

m2
0

Γ15;Γ −
15∑

l

′ |〈X |py |ul〉|2
Ev − El

,

H2 = �
2

m2
0

Γ25;Γ −
25∑

l

′ |〈X |py |ul〉|2
Ev − El

,

A′ = �
2

m2
0

Γ15;Γ +
25∑

l

′ |〈S|px |ul〉|2
Ec − El

,

B = 2�
2

m2
0

∑
l∈Γ15

′ 〈S|px |ul〉〈ul |py |Z〉
E0
2 − El

,
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↑〉

.
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Table C.10 Six-band Rashba–Sheka–Pikus Hamiltonian in L S basis for wurtzite

HRSP(k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

|Y1 1 ↑〉 |Y1 1 ↓〉 |Y1 0 ↑〉 |Y1 0 ↓〉 |Y1 −1 ↑〉 |Y1 −1 ↓〉
F 0 −H∗ 0 k∗ 0
0 G Δ −H∗ 0 k∗

−H Δ λ 0 I ∗ 0
0 −H 0 λ Δ I ∗

k 0 I Δ G 0
0 k 0 I 0 F

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

where
Δ =

√
2Δ3,

F = Δ1 + Δ2 + λ + θ,

G = Δ1 − Δ2 + λ + θ,

k = A5k2
+ + D5ε+,

H = i (A6k+kz + D6εz+ + A7k+) ,

I = i (A6k+kz + D6εz+ − A7k+) ,

λ = A1k2
z + A2k2

⊥ + D1εzz + D2ε⊥,

θ = A3k2
z + A4k2

⊥ + D3εzz + D4ε⊥.

Parameters: Δ1,Δ2,Δ3, A1, A2, A3, A4, A5, A6, A7,

D1, D2, D3, D4, D5, D6.

Table C.11 Six-band Hamiltonian in L S basis for wurtzite according to Sirenko and cowork-
ers [43]

HS J K L S(k) = −

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

|Y1 1 ↑〉 |Y1 1 ↓〉 |Y1 0 ↑〉 |Y1 0 ↓〉 |Y1 −1 ↑〉 |Y1 −1 ↓〉
P + Q − Δ2 0 T + S 0 R 0

0 P + Q + Δ2 −√
2Δ3 T + S 0 R

T ∗ + S∗ −√
2Δ3 P 0 T − S 0

0 T ∗ + S∗ 0 P −√
2Δ3 T − S

R∗ 0 T ∗ − S∗ −√
2Δ3 P + Q + Δ2 0

0 R∗ 0 T ∗ − S∗ 0 P + Q − Δ2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

P = Δ1 + Δ2 + B1k2
z + B3k2

⊥ + C1εzz + C3ε⊥,

Q = −Δ1 + B2k2
z + B4k2

⊥ + C2εzz + C4ε⊥,

R = B5k2
− + C5ε−,

S = B6kzk− + C6ε−z,

T = i
�

2K
2m0

k−.

Parameters:

Δ1,Δ2,Δ3, B1, B2, B3, B4, B5, B6,K,

C1, C2, C3, C4, C5, C6.
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Table C.12 Six-band Chuang–Chang Hamiltonian in u basis for wurtzite

HCC(k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u1〉 |u2〉 |u3〉 |u4〉 |u5〉 |u6〉
F −K ∗ −H∗ 0 0 0

−K G H 0 0 Δ

−H H∗ λ 0 Δ 0

0 0 0 F −K H

0 0 Δ −K ∗ G −H∗

0 Δ 0 H∗ −H λ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

F = Δ1 + Δ2 + λ + θ,

G = Δ1 − Δ2 + λ + θ,

λ = L2k2
z + M3(k2

x + k2
y),

θ = (M2 − L2)k2
z +

(
L1 + M1

2
− M3

) (
k2

x + k2
y

)
,

K = N1

2

(
kx + iky

)2
,

H = N2√
2

(kx + iky)kz,

Δ =
√

2Δ3.

Parameters:

Δ1,Δ2,Δ3,

L1, L2, M1, M2, N1, N2.
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Table C.13 Four-band Andreev–O’Reilly Hamiltonian for wurtzite

HAO(k) =

⎛
⎜⎜⎜⎜⎜⎝

|̃u1〉 |̃u2〉 |̃u3〉 |̃u4〉
E0

1√
2

P⊥k+ 1√
2

P⊥k− P||kz
1√
2

P⊥k− F K ∗ −H∗
1√
2

P⊥k+ K F H

P||kz −H H∗ λ

⎞
⎟⎟⎟⎟⎟⎠

,

where

F = Δ1 + λ + θ,

K = Ã5
(
kx + iky

)2
,

H = i Ã6
(
kx + iky

)
kz,

θ = Ã3k2
z + Ã4

(
k2

x + k2
y

)
,

λ = −Δ1 + Ã1k2
z + Ã2

(
k2

x + k2
y

)
,

and

Ã1 = A1 + 2m0

�2

P2
⊥

E0
,

Ã2 = A2,

Ã3 = A3 − 2m0

�2

P2
⊥

E0
,

Ã4 = A4 + m0

�2

P2
||

E0
,

Ã5 = A5 + m0

�2

P2
||

E0
,

Ã6 = A6 +
√

2m0

�2

P|| P⊥
E0

,

P2
|| = �

2

2m0

(
m0

m||
c

− 1

)
(E0 + Δ1 + Δ2)(E0 + 2Δ2) − 2Δ2

3

E0 + 2Δ2
,

P2
⊥ = �

2

2m0

(
m0

m⊥
c

− 1

) [
(E0 + Δ1 + Δ2)(E0 + 2Δ2) − 2Δ2

3

]
E0

(E0 + Δ2)(E0 + Δ1 + Δ2) − Δ2
3

.

Parameters:

Δ1,Δ2,Δ3, E0,

A1, A2, A3, A4, A5, A6, A7,

m||
c , m⊥

c .
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Table C.14 Six-band Burt–Foreman Hamiltonian in |J MJ 〉 basis for arbitrary quantization for
zincblende

HBF1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

| 3
2

3
2 〉 | 3

2
1
2 〉 | 3

2 − 1
2 〉 | 3

2 − 3
2 〉 | 1

2
1
2 〉 | 1

2 − 1
2 〉

P ′ S− −R 0 − 1√
2

S− −√
2R

S†
− P ′′ −C R −√

2Q −
√

3
2 Σ−

−R† −C† P ′′∗ S†
+

√
3
2 Σ+ −√

2Q∗

0 R† S+ P ′∗ √
2R† − 1√

2
S+

− 1√
2

S†
− −√

2Q†
√

3
2 Σ

†
+ −√

2R P ′′′ − Δ0 C

−√
2R† −

√
3
2 Σ

†
− −√

2Q − 1√
2

S†
+ C† P ′′′∗ − Δ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with

P ′ = 1

2

{̂
kx (L + M )̂kx + k̂y(L + M )̂ky + k̂z2Mk̂z

}

+ i

2

{̂
kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx

}
,

P ′′ = 1

6

{̂
kx (L + 5M )̂kx + k̂y(L + 5M )̂ky + 2̂kz(2L + M )̂kz

}

+ i

6

{̂
kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx

}
,

P ′′′ = 1

3

{̂
kx (L + 2M )̂kx + k̂y(L + 2M )̂ky + k̂z(L + 2M )̂kz

}

+ i

3

{̂
kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx

}
,

Q = −1

6

{̂
kx (L − M )̂kx + k̂y(L − M )̂ky + 2̂kz(L − M )̂kz

+ i[̂kx (F − G − H1 + H2)̂ky − k̂y(F − G − H1 + H2)̂kx ]
}
,

R = 1

2
√

3

{̂
kx (L − M )̂kx − k̂y(L − M )̂ky − i[̂kx N k̂y + k̂y N k̂x ]

}
,

S± = − 1√
3

{̂
k±(F − G )̂kz + k̂z(H1 − H2)̂k±

}
,

C = −1

3

{̂
kz(F − G − H1 + H2)̂k− − k̂−(F − G − H1 + H2)̂kz

}
,

Σ− = − 1

3
√

3

{̂
k−(F − G + 2H1 − 2H2)̂kz + k̂z(2F − 2G + H1 − H2)̂k−

}
.
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Table C.15 Six-band Burt–Foreman Hamiltonian in |J MJ 〉 basis for [001] quantization for
zincblende

HBF2 = −

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

| 3
2

3
2 〉 | 3

2
1
2 〉 | 3

2 − 1
2 〉 | 3

2 − 3
2 〉 | 1

2
1
2 〉 | 1

2 − 1
2 〉

P + Q −S− R 0 1√
2

S−
√

2R

−S†
− P − Q C −R

√
2Q

√
3
2 Σ−

R† C† P − Q −S†
+ −

√
3
2 Σ+

√
2Q∗

0 −R† −S+ P + Q −√
2R† 1√

2
S+

1√
2

S†
−

√
2Q −

√
3
2 Σ

†
+ −√

2R P + Δ0 −C

√
2R†

√
3
2 Σ

†
−

√
2Q 1√

2
S†

+ −C† P + Δ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with

P = �
2

2m0

(
γ1k2

|| + k̂zγ1̂kz
)
,

Q = �
2

2m0

(
γ2k2

|| − 2̂kzγ2̂kz
)
,

R = − �
2

2m0

√
3
(
γ k2

− − μk2
+
)
,

S± = �
2

m0

√
3k±

[
(σ − δ)̂kz + k̂zπ

]
,

C = �
2

m0
k−

[̂
kz(σ − δ − π ) − (σ − δ − π )̂kz

]
,

Σ± = �
2

m0

√
3k±

{
[
1

3
(σ − δ) + 2

3
π ]̂kz + k̂z[(

2

3
(σ − δ) + 1

3
π ]

}
.

Table C.16 Four-band Sercel–Vahala Hamiltonian within axial approximation for zincblende

HSV (Fz) = −

⎛
⎜⎜⎜⎝

∣∣ 3
2

3
2

〉 ∣∣Fz − 3
2

〉 ∣∣ 3
2

1
2

〉 ∣∣Fz − 1
2

〉 ∣∣ 3
2 − 1

2

〉 ∣∣Fz + 1
2

〉 ∣∣ 3
2 − 3

2

〉 ∣∣Fz + 3
2

〉
P ′ −S R 0

−S∗ P ′′ 0 −R
R∗ 0 P ′′ −S
0 −R∗ −S∗ P ′

⎞
⎟⎟⎟⎠

with

P ′ = �
2

2m0

{
(γ1 + γ2)k2

|| + (γ1 − 2γ2)k2
z

}
,

P ′′ = �
2

2m0

{
(γ1 − γ2)k2

|| + (γ1 + 2γ2)k2
z

}
,

S = �
2

2m0
2
√

3γ̃ k||kz,

R = − �
2

2m0

√
3γ̃ k2

||.
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Table C.17 Mireles–Ulloa Hamiltonian in L basis for wurtzite heterostructures

H =

⎛
⎜⎜⎜⎜⎜⎜⎝

|X〉 |Y 〉 |Z〉
k̂x L 1̂kx + k̂y M1̂ky + k̂z M2̂kz k̂x N1̂ky + k̂y N ′

1̂kx k̂x N2̂kz + k̂z N ′
2̂kx

k̂y N1̂kx + k̂x N ′
1̂ky k̂x M1̂kx + k̂y L 1̂ky + k̂z M2̂kz k̂y N2̂kz + k̂z N ′

2̂ky

k̂z N2̂kx + k̂x N ′
2̂kz k̂z N2̂ky + k̂y N ′

2̂kz k̂x M3̂kx + k̂y M3̂ky + k̂z L 2̂kz

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Table C.18 Mireles–Ulloa Hamiltonian in L S basis for wurtzite heterostructures

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u1〉 |u2〉 |u3〉 |u4〉 |u5〉 |u6〉
D̃11 + Δ1 + Δ2 D̃12 D̃13 0 0 0

D̃†
12 D̃22 + Δ1 − Δ2 D̃23 0 0 Δ

D̃†
13 D̃†

23 D̃33 0 Δ 0

0 0 0 D̃22 + Δ1 + Δ2 D̃†
12 D̃23

0 0 Δ D̃12 D̃11 + Δ1 − Δ2 D̃13

0 Δ 0 D̃†
23 D̃†

13 D̃33

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

D̃11 = 1

2

{̂
kx (L1 + M1)̂kx + k̂y(L1 + M1)̂ky + 2̂kz M2̂kz + i

[̂
kx (N1 − N ′

1)̂ky − k̂y(N1 − N ′
1)̂kx

]}
,

D̃22 = 1

2

{̂
kx (L1 + M1)̂kx + k̂y(L1 + M1)̂ky + 2̂kz M2̂kz − i

[̂
kx (N1 − N ′

1)̂ky − k̂y(N1 − N ′
1)̂kx

]}
,

D̃33 = D33 = k̂x M3̂kx + k̂y M3̂ky + k̂z L 2̂kz,

D̃12 = −1

2

{̂
kx (L1 − M1)̂kx − k̂y(L1 − M1)̂ky − i

[̂
kx (N1 + N ′

1)̂ky + k̂y(N1 + N ′
1)̂kx

] }
,

D̃13 = − 1√
2

{̂
k− N2̂kz + k̂z N ′

2̂k−
}
,

D̃23 = 1√
2

{̂
k+ N2̂kz + k̂z N ′

2̂k+
}
,

D̃21 = −1

2
k̂+(L1 − M1)̂k+,

D̃31 = − 1√
2

{̂
kz N2̂k+ + k̂+ N ′

2̂kz

}
,

D̃32 = 1√
2

{̂
kz N2̂k− + k̂− N ′

2̂kz

}
.
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Table C.19 Comparison of valence k · p parameters

DKK Luttinger Foreman

L F + 2G
DKK M H1 + H2

N F − G + H1 − H2

γ1 − 2m0
3�2 (L + 2M) − 1

Luttinger γ2 − 2m0
6�2 (L − M)

γ3 − 2m0
6�2 N

σ − 2m0
6�2 F − 1

18 (γ1 − 8γ2 − 12γ3 + 1)

Foreman π − 2m0
6�2 H1

1
6 (γ1 − 2γ2 + 1)

δ − 2m0
6�2 G 1

9 (γ1 + γ2 − 3γ3 + 1)

A 2m0
�2 (F + 2G) + 1 −(γ1 + 4γ2) 1 − 6σ − 12δ

Stravinou B 2m0
�2 (H1 + H2) + 1 −(γ1 − 2γ2) 1 − 6π

-van Dalen C1
2m0
�2 (F − G) γ1 − 2γ2 − 6γ3 + 1 6δ − 6σ

C2 − 2m0
�2 (H1 − H2) γ1 − 2γ2 + 1 6π

Table C.20 Selection of band parameters for cubic semiconductors [85]

γ1 γ2 γ3 κ q E p mc gc

Si 4.22 0.39 1.44 −0.26 0.01 21.6 0.23 1.96
Ge 13.35 4.25 5.69 3.41 0.07 26.3 0.038 −2.86
AlAs 4.04 0.78 1.57 0.12 0.03 21.1 0.22 1.52
GaAs 7.65 2.41 3.28 1.72 0.04 25.7 0.067 −0.06
CdTe 5.29 1.89 2.46 1.27 0.05 20.7 0.096 −1.12
HgTe −18.68 −10.19 −9.56 −10.85 0.06 18.0 −0.031 59.0
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Table C.21 Parameters for wurtzite
InN GaN AlN ZnO MgO
[51] [51] [57] [57] [53] [130] [130]

a (Å) 3.189 3.112 3.250 3.2505 3.199
c (Å) 5.185 4.982 5.210
E0 (eV) 0.7 3.475 6.23 3.34 3.2 5.289
Δcr (eV) 0.019 −0.164 0.0391 0.0305
Δso (eV) 0.014 0.019 −0.0035 0.0126
mc 0.24
m⊥

c 0.071 0.212
m||

c 0.067 0.190
A1 −15.230 −5.798 −6.56 −3.95 −6.68036 −3.78
A2 −0.520 −0.545 −0.91 −0.27 −0.45388 −0.44
A3 14.673 5.259 5.65 3.68 6.12750
A4 −7.012 −2.473 −2.83 −1.84 −2.70374
A5 −6.948 −2.491 −3.13 −1.95 −4.62566 −3.13
A6 −3.143 −9.794 −4.86 −2.91 −4.62566
A7 (eV Å) 0.174 0.049
E⊥

p (eV) 8.89 16.22
E ||

p (eV) 8.97 17.39
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379. L. Jacak, P. Hawrylak, A. Wójs, Quantum Dots (Springer, Berlin, 1998)
380. V. Fonoberov, E.P. Pokatilov, A.A. Balandin, Phys. Rev. B 66, 085310 (2002)
381. J.C. Maan, in Two-Dimensional Systems, Heterostructures, and Superlattices, Solid-State

Sciences, vol. 53, ed. by G. Bauer, F. Kuchar, H. Heinrich, Solid-State Sciences (Springer-
Verlag, Berlin, 1984), pp. 183–191

382. G. Belle, J.C. Maan, G. Weimann, Surf. Sci. 170, 611 (1986)
383. J.C. Maan, Superlattices Microstruct. 2(6), 557 (1986)
384. M. Masale, N.C. Constantinou, D.R. Tilley, Phys. Rev. B 46(23), 15432 (1992)
385. E.X. Ping, V. Dalal, J. Appl. Phys. 76(4), 2547 (1994). DOI 10.1063/1.357570.

http://link.aip.org/link/?JAP/76/2547/1
386. N. Villamil, N. Porras-Montenegro, J.C. Granada, Phys. Rev. B 59(3), 1605 (1999)
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10.1103/PhysRevB.54.7666.

409. M. Shayegan, T. Sajoto, J. Jo, M. Santos, H.D. Drew, Phys. Rev. B 40(5), 3476 (1989). DOI
10.1103/PhysRevB.40.3476.
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